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Talk Outline

+ Summary of the Calculus and Logic

+ Proof of model checking undecidability
calculus with replication
logic with adjoints and quantifiers

+ Conclusions
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(Basic) Brane Calculus [Cardelli ’04]

Intended to be a model of biological membranes

systems P,Q ::= k | σhPi | P m Q |!P nests of membranes
branes σ, τ ::= 0 | σ|τ | a.σ |!σ combination of actions
actions a,b ::= . . . (not now)

σ P
membrane

contents

h iσ P

σ P
membrane

patches

h iσ|τ P

τ
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Structural Equivalence ≡

Systems Membranes

Fl
ui

di
ty P m Q ≡ Q m P

P m (Q m R) ≡ (P m Q) m R
P m k ≡ P

σ|τ ≡ τ |σ
σ|(τ |ρ) ≡ (σ|τ)|ρ

σ|0 ≡ σ

P
le

ni
tu

de

!P ≡ Pm!P
etc.

!σ ≡ σ|!σ
etc.

C
on

gr
ue

nc
e

P ≡ Q ⇒ P m R ≡ Q m R
P ≡ Q ⇒!P ≡!Q

σ ≡ τ ⇒ σ|ρ ≡ τ |ρ
σ ≡ τ ⇒!σ ≡!τ
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Brane Reactions } (PEP semantics)

actions . . .Jn | JI
n(σ) | Kn | KI

n | G(σ) phago J, exo K, pino G

Q

τ

τʻρ
σ
P σʻphagoQ

JI(ρ).τn

τʻ
J .σn

P σʻ

P
Q τʻ
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τσ
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P σʻ

.σnK

P
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σ
ρ
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P

(ρ).τG
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Brane Logic [CMSB ’06]: motivations

Logics allow to express formally the properties of biological systems,
usually written in natural language.

System specification and verification (possibly automatic): check
whether a given system P satisfies a given property A

System synthesis: find a system which satisfies a given property
A (synthetic biology)

System characterization: find the formula which characterizes
the behaviour of the system P

Model validation: predict a property which should hold in a
system and mount an experiment to verify it (predictive biology)
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Brane Logic: syntax

There are two interacting logics:

sy
st

em
fo

rm
ul

as A,B ::= T | ¬A | A ∨ B (classical propositional fragment)

k (void system)

MhAi | A@M (compartment, compartment adjoint)

A m B | A B B (spatial composition, composition adjoint)

NA | mA (eventually modality, somewhere modality)

∀x .A (quantification over names)

like Ambient
Logic

but . . .

br
an

e
fo

rm
ul

as

M,N ::= T | ¬M | M∨N (classical propositional fragment)

0 (void membrane)

M|N | M I N (spatial composition, composition adjoint)

)α*M (action modality)

a kind of
Hennessy-Milner

logic
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Brane Logic: satisfaction �

Spatial connectives and their adjoints. . .
(properly of spatial calculi)

P � A m B , ∃P ′,P ′′.P ≡ P ′ m P ′′ ∧ P ′ � A ∧ P ′′ � B
P �MhAi , ∃P ′, σ.P ≡ σhP ′i ∧ P ′ � A ∧ σ �M

P � A@M , ∀σ.σ �M⇒ σhPi � A
P � A B B , ∀P ′.P ′ � A ⇒ P m P ′ � B (guarantee)

. . . both temporal and spatial modalities (bi-modal logic)

P � NA , ∃P ′ : Π.P }∗ P ′ ∧ P ′ � A
P � mA , ∃P ′ : Π.P ↓∗ P ′ ∧ P ′ � A
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Undecidability of model checking

Given P and A, is P � A?
Two sources of undecidability:

1 if processes have unbound replication (!P), model
checking is undecidable
Solution:

consider only finite calculi (without replications)
or admit only guarded replications [Busi-Zavattaro ’04]

2 if the logic contain guarantee (B) and quantifiers, model
checking the finite state Brane Calulus is also undecidable.

In [CMSB ’06] a model checking algorithm for finite calculus
and B-free logic

9 / 26



Outline Calculus + Logic Undecidability with Replication Guarantee + Quantifiers Conclusions

Undecidability of model checking

Given P and A, is P � A?
Two sources of undecidability:

1 if processes have unbound replication (!P), model
checking is undecidable
Solution:

consider only finite calculi (without replications)
or admit only guarded replications [Busi-Zavattaro ’04]

2 if the logic contain guarantee (B) and quantifiers, model
checking the finite state Brane Calulus is also undecidable.

In [CMSB ’06] a model checking algorithm for finite calculus
and B-free logic

9 / 26



Outline Calculus + Logic Undecidability with Replication Guarantee + Quantifiers Conclusions

Undecidability in presence of replication

The proof is done by reduction of a undecidable problem:

Proof Outline
encode in Brane Calculus the Post Corrispondence
Problem
give a formula that holds iff PCP as a solution
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Encoding PCP

Post Corrispondence Problem
Instance: a finite set of pairs of words {(α1, β1), . . . , (αn, βn)}

Question: there exist a sequence i0, i1, . . . , ik (1 ≤ ij ≤ n for all
0 ≤ j ≤ k ) such that αi0 · . . . · αik = βi0 · . . . · βik

Encoding idea:
start from two empty words W1, W2

non-deterministically choose a pair from the instace to
concatenate to W1 and W2

compare the two words

and repeat. . .
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Encoding PCP: strings

. . . we use membranes as string constructors

“a1“

“a2“

...
“ak“

String a1 a2 ... ak

action names used 
as symbols of the alphabet

double layer
to preserve tonality

systems are immersed in a fluid, so order
does not matter

membrane nesting preserves the ordering
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Encoding PCP: concatenation & comparison
co

nc
at

en
at

io
n

“b1“
...

“bm“

“a1“
...

“an“ *

“a1“
...

“an“
“b1“

...

“bm“

co
m

pa
ris

on “a“
“b2“

...

“bm“

“a“

“a2“
...

“an“

  match

* “b2“
...

“bm“

“a2“
...

“an“
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Undecidability in presence of replication

Two replication constructors:
replication on systems (!P ≡ Pm!P)
replication on branes (!σ ≡ σ|!σ)

We have to treat them separately. . .

PCPS PCPm
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Encoding PCP on systems: first definition

PCPS , Word1(ε) m Word2(ε) m

Concatenate m Compare

Concatenate , !Concatenate(α1, β1) m . . . m!Concatenate(αn, βn)

Compare , !Consume(a)m!Consume(b)

W
RONG!

if comparison is interleaved with concatenation?
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Synchronizing jobs. . .

W1

startmate

startmateW2

P

Q

mateI
start .0

co-actions   match

protective membrane

W1
startmate

W2
P Q

0

inactive!

no hope 
for match

the two words are
enveloped
in a protective
membrane
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Encoding PCP on systems: final definition

formally. . .

PCPS , mateI
starthWord1(ε) m Word2(ε) m Endim

Concatenate m Compare

Concatenate ,!Concatenate(α1, β1) m . . . m!Concatenate(αn, βn)

Compare ,!Consume(a)m!Consume(b)
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Undecidability (systems replication)

if PCPS satisfy the the formula A the PCP as a solution

A contains only propositional connectives, temporal
and spatial modalities and the compartment

connective.

No need of quantifiers or adjoint connectives

A , N(nonempty(w1) ∧N(empty(w1) ∧ empty(w2)))

Theorem
The model checking problem for Brane Calculi with replication
on systems against the Brane Logic is undecidable.
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Reducing membranes to systems

we do not directly define a system PCPm. . .

. . . instead we use a little trick

drip(G( ) ( ) )σ2 σ3 .σ1.JI
n

drip( )Jn.σ4

drip( )σ5

G( ) ( )σ2 σ3 .σ1.JI
n

Jn.σ4

σ5

Jn.σ4

σ5

( )σ3 .σ1JI
n

σ2
σ5

σ1

σ2

σ3
σ4

one single
membrane

3

drip

pino

phago

σ1

σ2 σ3

σ4

σ5
drip

pino / phago

drip

membrane language is
expressive enough

to produce all possible
systems
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Generate(P): definition & properties
formally. . .

Generateφ(k) , 0
Generateφ(σhPi) , drip(EndoI

φ(P, σ))|Endoφ(P)

Generateφ(P m Q) , drip(Generateφ(P))|drip(Generateφ(Q))

Endoφ(k) , 0

Endoφ(τhQi) ,

(
0 if Q ≡ k

drip(Jφ(τhQi).Generateφ(Q)) otherwise

Endoφ(P m Q) , Endoφ(P)|Endoφ(Q)

EndoI
φ(k, σ) , σ

EndoI
φ(τhQi, σ) ,

(
G(τ).σ if Q ≡ k

J
I
φ(τhQi)(τ).σ otherwise

EndoI
φ(P m Q, σ) , EndoI

φ(P, EndoI
φ(Q, σ))

Generateφ(P)hki }
∗ P

!Generateφ(P)hki }
∗ !Generateφ(P)hki m P
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Undecidability (membrane replication)

!P ≡!P m P

instead. . .

!Generateφ(P)hki }∗ !Generateφ(P)hki m P

Theorem
The model checking problem for Brane Calculi with replication
on membranes against the Brane Logic is undecidable.
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Guarantee (B) can express satisfiability

P � A B F ⇐⇒ ∀P ′.(P ′ � A ⇒ P ′ m P � F)

⇐⇒ ∀P ′.P ′ 2 A
⇐⇒ A is not satisfiable

so. . .

P � ¬(A B F) ⇐⇒ A is satisfiable
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Brane Logic is an extension of FOL

we can encode First Order Logic in Brane Logic. . .

from structures to systems

a ∈ D ⇐⇒ ∃P ′.P ≡ KdhJahkii m P
Ri(a1, . . . ,ak ) ∈ S ⇐⇒ ∃P ′′.P ≡ KrihJa1h. . .Jakhki . . .ii m P ′′

no need of
replication

JRi (x1, . . . , xk )K , )Kri *h)Jx1*h)Jx2*h. . . )Jxk *hki . . .iii m T
Jϕ ∧ ψK , JϕK ∧ JψK
J¬ϕK , ¬JϕK
J∃x .ϕK , ∃x .(()Kd *h)Jx *hkii m T) ∧ JϕK)
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Undecidability (guarantee + quantifiers)

Lemma

A closed first-order formula ϕ of FO admits
a finite model iff there exists a finite state
Brane Calculus system P such that
P � JϕK.

Theorem (Trakhtenbrot)

Given a first-order formula ϕ, it is
undecidable to know whether ϕ admits a
finite model.}

}

Lemma
Brane Logic satisfiability is undecidable

}
Theorem
The model checking problem of finite states Brane Calculus
against formulas with guarantee is undecidable.
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Conclusions

We have shown
Undecidability of model checking without quantifiers and
adjoints, in presence of replication
Undecidability of model checking with quantifiers and
adjoints, in absence of replication

Future works
look for some weaker logical connectives in place of
adjoints
look for subsets of the calculus for which satisfaction is
decidable (Mate-Bud-Drip calculus)
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Thanks.
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