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Probabilistic Timed Graphs

De�nition

A probabilistic timed graph is a tuple

G = (S, L, sinit,X , inv, prob, 〈τs〉s∈S), where

S is a �nite set of nodes,

L : S → 2AP are the atomic propositions being true in each s,

sinit is the start node,

X is a �nite set of clocks,

inv : S → AFX are the invariant of each s

prob : S → P(µ(S × 2X )) are the probabilistic transitions for

each s, and

τs : prob(s) → AFX is a guard to each p ∈ prob(s), for each s.
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Probabilistic Timed Graph Example

x ≤ 1 ∧ y ≤ 1

s1x = y = 0
s2

x ≤ 1 ∧ y ≤ 1

x := 0

y > 0

0.3

0.7

1

x = 1 ∨ y = 1x := 0, y := 0
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Semantics

The semantics of probabilistic timed graphs are de�ned in

terms of probabilistic timed structures.

The logic PTCTL is a logic for such structures
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Probabilistic Timed Structure

De�nition

A probabilistic timed structure M is a triple (Σ,Tr ,End) where

Σ is a set of states.

Tr is a function on Σ that returns a set of pairs (t, p) where t

is a delay and p is a discrete probability distribution on Σ.

End is a set of states where time is allowed to increase

without bound.

Tr(σ1) = {(7, p1), (3, p2)} σ1

(7, p1)

0.6

0,4

1

σ2

(3, p2)
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Semantics of PTG in terms of PTS

De�nition

Let G = (S, L, sinit,X , inv, prob, 〈τs〉s∈S) be a probabilistic timed

graph.

A state of G is a tuple 〈s, v〉, where s ∈ S and v ∈ Γ(X ) s.t.
v satis�es inv(s).

The probabilistic timed structure of G is de�ned as
MG = (ΣG ,TrG ,EndG ) where

ΣG is the set of states of G .
(t, p) ∈ Tr(〈s, v〉) exactly when ∃ps ∈ prob(s) s.t.:

v + t satis�es inv(s).
v + t′ satis�es τs(ps) for all 0 ≤ t′ ≤ t.

p(〈s ′, v ′〉) =
P

C⊆X∧(v+t)[C 7→0]=v ′ ps(s
′,C) for all 〈s ′, v ′〉.

EndG = {〈s, v〉 | ∀t ≥ 0 we have v + t satis�es inv(s)}.
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Recall (slide is skipped at �rst)

De�nition

A probabilistic timed graph is a tuple

G = (S, L, sinit,X , inv, prob, 〈τs〉s∈S), where

S is a �nite set of nodes,

L : S → 2AP are the atomic propositions being true in each s,

sinit is the start node,

X is a �nite set of clocks,

inv : S → AFX are the invariant of each s

prob : S → P(µ(S × 2X )) are the probabilistic transitions for

each s, and

τs : prob(s) → AFX is a guard to each p ∈ prob(s), for each s.
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Probabilistic Timed Computation Tree Logic

De�nition

Let C be a set of clocks. A set of atomic formulae AFC is de�ned

inductively by the syntax:

ϕ ::= c ≤ k | k ≤ c | ¬ϕ | ϕ ∨ ϕ

De�nition

The syntax of PTCTL is de�ned as follows:

φ ::= true | a | ϕ | φ ∧ φ | ¬φ | z .φ | [φ∃Uφ]wλ | [φ∀Uφ]wλ ,

where a ∈ AP , ϕ ∈ AFX∪Z , z ∈ Z, λ ∈ [0, 1], and w∈ {≥, >}.
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Example Adversary

1

Note that each path has a probability

2

3

1

3

1

2 1

2

1

2
· 1 = 1

2

1

2
· 1

3
= 1

6

The set of paths de�ned by some adversary

1

2
· 2

3
= 2

6
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Probabilistic Branching Time Logic

De�nition

The syntax of PBTL is de�ned as follows:

Φ ::= true | a|Φ ∧ Φ | ¬Φ | z .Φ | [Φ∃UΦ]wλ | [Φ∀UΦ]wλ ,

where a ∈ AP∗, z ∈ Z, λ ∈ [0, 1], and w∈ {≥, >}.

AP∗ = AFφ ∪ AP where AFφ is the set of atomic formulae in φ.
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Region Graph

De�nition (simpli�ed)

Let G be a probabilistic timed graph and φ a PTCTL formula. The

region graph R(G , φ) is a triple (V ∗, Steps∗,End∗) where

V ∗ is the set of augmented regions on the form 〈s, [v , E ]〉.
Steps∗ : V ∗ → P(µ(V ∗)) is a set of probabilistic transitions

where time may pass with probability 1, and the state may

change with probability

ps,αsucc(
〈
s ′, β

〉
) =

∑
C⊆X∧

[C 7→0]α=β

ps(s
′,C )

End∗ ⊆ V ∗ is the set of end regions.
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Labelled Region Graph

Recall that G = (S, L, sinit,X , inv, prob, 〈τs〉s∈S) where especially

L : S → 2AP are the atomic propositions being true in each s,

De�nition

For a region graph R(G , φ) we de�ne its associated labelled region

graph by (R(G , φ), L∗), where L∗ : V ∗ → 2AP
∗
is de�ned as

L∗(〈s, [v , E ]〉) = {a ∈ L(s)} ∩ {aϕ | [v , E ] satis�es ϕ, ϕ ∈ AFφ}
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PBTL derived from PTCTL

PTCTL PBTL

Subformula of φ Subformula of Φ

true true

a a

ϕ aϕ

φ1 ∨ φ2 Φ1 ∨ Φ2

¬φ ¬Φ
[φ1∃Uφ2]vλ [Φ1∃UΦ2]vλ

[φ1∀Uφ2]vλ [Φ1∀UΦ2]vλ

Recall

L∗(〈s, [v , E ]〉) = {a ∈ L(s)} ∪ {aϕ | [v , E ] satis�es ϕ, ϕ ∈ AFφ}
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. . . THE END
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