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Chapter 1

Research Context and Hypothesis

The investigation of the fundamental relations between computational (theoretical) mod-
els and real, physical systems goes back to the first works of Turing on morphogene-
sis [42] and artificial intelligence [41]. With the development of computer science, the
questions related to the existence of the real computation in nature specialised and re-
vealed concrete computational phenomena in the real world. In such a context, also
due to the evolution of the technology, it became increasingly important to model and
understand the possible interactions between a real and a human-made computational
systems. Such systems are called cyber-physical systems.

Complex cyber-physical systems in areas as diverse as aerospace, automotive en-
gineering, chemical processes, civil infrastructures, energy, healthcare, manufacturing,
transportation, and consumer appliances, are often represented as stochastic processes to
model ignorance, uncertainty or inherent randomness.

A stochastic process uses real-valued parameters (probabilities of transitions, distri-
butions characterizing the residence-time in a state, etc.) to abstract missing information
about the analyzed system. Such systems are frequently modular in nature, consisting
of parts which are systems in their own right. Their global behavior depends on the
behavior of their parts and on the links which connect them.

To define the concept of behavior for a stochastic or probabilistic systems were in-
troduced various concepts of stochastic/probabilistic behavioral equivalences, which are re-
lations that equates systems with identical behaviors. These concepts follow the original
definition of probabilistic bisimulation introduced by Larsen and Skou [29]. On the other
hand, to characterize the behavior of a system, logics such as probabilistic modal logics
or probabilistic-timed-temporal logics have been used to encode characteristic behavioral
properties [2, 17, 18, 29, 43].

Since these behavioral equivalences relate stochastic systems with identical proba-
bilistic behaviors, they are too “exact” for most purposes. In applications, one needs
instead to know whether two processes that may differ by a small amount in the real-
valued parameters have sufficiently similar behaviors.

The main motivation of the research presented in this monograph was to study a
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12 CHAPTER 1. RESEARCH CONTEXT AND HYPOTHESIS

relaxation of the notion of behavioral equivalence for stochastic systems that supports
a metric theory of behavioral “nearness” which measures the dissimilarities between two
models. Since the equivalence-based theory enjoys interesting properties in relation to
logics, our intention was to verify to what extent a metric theory can support similar
properties. However, the development of the behavioural metric was mainly driven by
a series of topological properties that intuitively any approximation theory for stochas-
tic systems must satisfy. The study of the logical foundation of this metric theory pro-
vided concepts and techniques for designing analysis tools for cyber-physical systems.

A series of fundamental questions regarding the similarity of behaviours arise from
the attempts of analysing concrete stochastic systems.

In Figure 1.1 is represented a famous modelling problem from systems biology [36]:
the cell-cycle switch, a Nobel prize winning network, which is a fundamental mecha-
nism in all Eukaryotic cells.

Figure 1.1: The Cell-Cycle Switch

In Figure 1.2 we have, according to [8], three large continuous-time Markov chains
that abstract, at different levels, the chemical representation of Figure 1.1. The intention
is to study the cell-cycle switch by analyzing its models and use these results to make
trustful predictions about the stochastic behavior of the cell-cycle switch. Since m1, m2
and m3 are increasingly accurate stochastic models of the chemical network, we expect
that the predictions we can make using each model will be increasingly accurate as well,
in the sense that the errors obtained from m3 are significantly less relevant than the ones
we get from m1.

A behavioural metric is expected, in this case, to provide the framework for verifying
that m3 is indeed “more similar” to the real system than m1 or m2. Concretely, such a
metric shall be used to verify, for instance, the following properties:

• if the models show oscillatory behaviours, then the real system oscillates;
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• if the approximants have steady states, then a similar property can be indeed inferred for
the real system.

Figure 1.2: A sequence of increasingly accurate models for the Cell-Cycle Switch

In other situations, as represented in Figure 1.3, the model n1 of the cell-cycle switch
is too complex for certain analyses, so that simpler versions of it, such as n2 and n3, have
been proposed [8]. In this context, a behavioural metric must guarantee that these are
“good approximations” of n1 and that

• if the simplified models (approximations) show certain behaviour in a given context, then
the approximated system has a very similar behaviour in the same context.

Figure 1.3: A model and its refinements

Another interesting case of a cyber-physical system is that of a pacemaker inter-
acting with the heart. To design such a system, one has firstly to abstract the electrical
mechanisms of the heart and to design the pacemaker such that to guarantee its optimal
functionality in whatever imaginable stochastic context.

According to [30], the basic electrical mechanism of the heart can be represented as
in Figure 1.4, where the graph represents the abstraction of the electrical conduction
system of the heart. Abstracted as a stochastic system, the electrical system of the heart
should interact with the components of the pacemaker, themselves represented as a
stochastic systems, in [12]. The pacemaker system contains five interactive components,



14 CHAPTER 1. RESEARCH CONTEXT AND HYPOTHESIS

represented as stochastic timed-automata in Figure 1.5. These are behavioral specifica-
tions with hard timing constraints that the components of the pacemaker must guar-
antee. However, the design process for such devices is an iterative procedure, where
component specifications are repeatedly being updated and refined until eventually a
final implementation may be readily (or even automatically) derived. To support such
a refinement process, one needs to evaluate the dissimilarities between various specifi-
cations and guarantee that

Figure 1.4: Electrical conduction system of the heart

• by replacing a component (specification) with another one that is sufficiently similar, we
get an overall behavior (as a result of the interaction with the other components) that is
not very different from the original one.

Another interesting example of stochastic system is described in Figure 1.6, where
m represents a wireless communication protocol in a hostile environment, where the
probability of a safe communication is p. The models mi are better and better models of
m obtained from repeated experiments, i.e., the sequence (ei)i∈I converges to 0. Observe
that mi and m always differ by a value ei that eventually will be very small. Neverthe-
less, it prevents the two systems from being behavioural equivalent. This limitation can
be compensated by the use of behavioural metric: the infinite sequence (mi)i∈I of mod-
els should converge to m in the topology induced by the metric. This means that we
expect that the distance between mi and m should converge to 0. This example empha-
sizes a series of topological properties that we expect to be satisfied by an appropriate
behavioral distance. For instance, we expect that the distance is defined such that it will
answer questions such as

• if each model mi has a certain property, is this property also satisfied by the real system m?
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Figure 1.5: The components of a Pacemaker

Figure 1.6: Models of a wireless communication protocol

All these problems are cornerstones for modelling, simulation and verification of
complex systems establishing the limits of knowledge transfer between models and
the systems being modelled. Due to the insufficient understanding of the role of a
behavioural metric, the research in this field evolved on two parallel tracks. On one
hand, computability and complexity issues were studied for metrics defined as the fixed
points of some operators, usually based on the Kantorovich metric [4, 11, 14, 22, 43–45].
On the other hand, the research on model verification focused on metrics from a logical
perspective [17, 37], where the distance between two models is defined as the variation
difference with respect to the degree of satisfaction of logical properties.

At the moment the research presented in this monograph was initiated, there was no
result known to connect the two research directions and consequently, no authentic ap-
proximation theory for stochastic systems that allows one to answer questions similar to
the ones emphasized by our examples. In fact, as we will emphasize in this monograph,
some particular measures used in the literature fail to correctly reflect our intuition of
“nearness”.
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In this context, we have taken the challenge of developing an appropriate theory that
will support such analysis for a general concept of stochastic systems. There are various
levels of abstraction that one can consider in the definition of a stochastic processes:

1. the state space can be modelled by using particular types of structures that can
vary from discrete finite spaces to topological or measurable spaces;

2. the indeterminacy can be modelled by using probability or sub-probability distri-
butions over the state space to describe the probability of transitions or by assum-
ing certain distributions to characterize the time durations between transitions.

To cope with this level of generality, we have adopted a general notion of Markov
process (MP), following [18, 20, 37], which encapsulates various notions of Markovian
stochastic systems such as Markov chain with discrete or continuous time [27]. A Markov
process in this understanding, is a coalgebraic structure that encodes stochastic behav-
iors and can be seen, following the transition-systems-as-coalgebras paradigm [16, 28], as
a generalisation of the notion of transition system: a transition system associates to
each state of a system an action-indexed set of functions over the state space; functions
with boolean values define labelled transition systems while probabilistic distributions define
labelled Markov processes [7, 17, 18] and Harsanyi type spaces [26, 35]; further, one can
associate to states arbitrary distributions to also encode continuous-time systems. This
paradigm is particularly appropriate when one is interested in systems with a complex
state space where transitions cannot be represented from one state to another, but from
a state to a measurable set of states or to a (topological) neighbourhood. In earlier pa-
pers, these models were called labeled Markov processes to emphasize the fact that there
were multiple possible actions that can label the transitions, but in this Monograph we
will suppress the labels, as they do not contribute any relevant structure for our results.

To complete this research, one needs to deeply understand the metric-logical prin-
ciples behind the concept of metrized behaviour for MPs. The main hypothesis that
motivated and driven our research presented in this Monograph can be summarized as
follows.

(i) There exists a fundamental duality between the metric space of stochastic systems and the
metric space of (stochastic) logical properties; this generalizes the duality between stochas-
tic systems and stochastic properties in the way the behavioural metrics generalize the
behavioural equivalences.

(ii) The aforementioned duality reflects fundamental approximated reasoning principles that
are for the metric theory what the Boolean reasoning principles are for the behavioural
theory.

(iii) The approximate reasoning principles are the basis for an approximation theory for stochas-
tic systems where concrete questions related to the knowledge transfer between models and
the systems being modelled can be formally addressed and answered.
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(iv) The metric reasoning for the concrete cases of continuous-time Markov chains and stochas-
tic timed-automata can be devised with proof systems, deductive techniques and algorith-
mic methods in a similar way in which the bisimulation relation has been axiomatized and
shown computable.



18 CHAPTER 1. RESEARCH CONTEXT AND HYPOTHESIS



Chapter 2

The Monograph

2.1 An Overview

This Monograph contains a series of research results achieved by the candidate in the
last years, focussed on topics related to the logical foundation of metric behavioural the-
ory for Markov processes. This research addresses the hypothesis listed in the previous
section and it is summarized in what follows.

This Monograph is based on a series of articles listed below but it is not, however,
just the sum of these articles. It was conceived as a proper monograph that constructs
iteratively the arguments from the first to the last Chapter. It also relies on previous
research results that have not been included explicitely in this Monograph. More details
about the structure of this Monograph can be found in Section 2.2.

2.1.1 Preliminary research supporting this Monograph

The research included in this Monograph was initiated during the period the candidate
worked as a researcher at the Microsoft Research CoSBi center (Italy), where he had
studied the logical and computational structures of biological and physical systems.
Many of these firsts results are not included in the Monograph, nor the practical results
that the candidate published in fields such as systems biology, membrane computing,
colonies of synchronizing agents, or quantum information. Nevertheless, this research
experience was the promoter and a powerful impetus for the results summarized in this
Monograph.

A key achievement obtained while working at CoSBi has been the use of logical anal-
ysis and model-checking techniques for validating models and predicting behaviours of
natural systems. The paper [34] of the candidate was one of the first papers to introduce
model-verification techniques for biological processes; a technique that has now become
standard in the field. The candidate has also used probabilistic model-checking tech-
niques to prove oscillatory behaviours for bio-chemical systems and pinpoint the qual-
itative differences between stochastic models and the nondeterministic models based

19
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on ordinary differential equations [5]. In the same period Mardare has coordinated a
project aiming to develop a statistical model-checking technique to predict properties
of very large stochastic systems by combining Gillespie-based simulations with quan-
titative (Monte Carlo-based) model checking and statistical analysis. All these results
contributed to consolidate Mardare’s intuition about the role of logical analysis in the
study of cyber-physical systems.

Mardare has tested the potentiality of applying axiomatized logics in the field of
membrane computing (P-systems), which studies computation in hierarchical formal
systems. The candidate has introduced a completely axiomatized logic for membrane
systems and emphasized the advantage of using theorem proving techniques for such
applications [9]. This logic is designed to specify local information at membrane-levels
and to use this information for proving global properties of the overall computation.
This work inspired a new research direction in the field and eventually guided the can-
didate towards the problems of compositionality and modularity in reasoning, which is
a key issue in this Monograph.

The first intuitions regarding the necessity of a metric behavioural theory for stochas-
tic systems arose in the period when Mardare developed a model inspired by the in-
tercellular and intracellular interactions in tissues called colonies of synchronizing agents
(CSA), which generalizes the concept of cellular automata [10, 33]. The key novelty of
this model is the focus on local interactions between arbitrary populations of agents,
which nevertheless produces robust behaviour at a global level. The paper that intro-
duced the CSA model [33] was ranked between the 25 “hottest papers” in the journal
Theoretical Computer Science. Based on CSA models the candidate proposed a defini-
tion for the concept of robustness for a class of systems [32]. Despite its importance for
the study of biological systems, this concept had thus far evaded all attempts at a formal
definition. Eventually, it has been demonstrated that this definition recovers many key
concepts in ecology, such as stability, reliability, resistance and resilience, as well as the
concepts of species and mutants in biology. This research experience was a promoter
for the ideas of metric reasoning that emerged from the attempt of catching the concept
of robustness for a stochastic system.

2.1.2 Research included in this Monograph

The first investigations on the general structure of stochastic systems were done in col-
laboration with Luca Cardelli (Micrososft Research Cambridge, UK). This concluded
with a series of publications regarding the structural operational semantics for stochas-
tic process algebras and the first observations regarding the possibility to provide a
metric semantics to stochastic processes [I,V,XV].

The algebraic structure of stochastic processes leads to logical analysis. In an at-
tempt of comprehending the logical structure of stochastic processes, the candidate to-
gether with Cardelli and Kim G. Larsen (Aalborg University, Denmark) pioneered the
model theoretical studied of the Markovian logics proposing axiomatic systems for var-
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ious semantics and studying metatheoretical aspects that include a metric metatheory
[XI,XIII,XIV].

In the process of identifying the most general concept of stochastic systems, Mardare
learned about the Markov processes in the definition of Prakash Panangaden (McGill
University, Canada). Mardare, Larsen and Panangaden teamed up with the intention
of apprehending the logical-topological principles of the Markovian logics defined for
labelled continuous-space Markov processes [XII].

The aforementioned research opened the perspective of a Stone-like duality for Markov
processes, which was eventually demonstrated with the contribution of Dexter Kozen
(Cornell University, USA). This work, that represent one of the major contribution of
our Monograph, identified the concept of Aumann algebra, that is the Boolean algebra
with operators corresponding to Markovian logic [VI]. A residual of the duality is the
strong-completeness result for the Markovian logic [VIII]. This result completes the pre-
vious work by Goldblatt who studied strongly-complete axiomatizations for logics on
coalgebras defined by polynomial functors constructed from a standard monad on the
category of measurable spaces.

At the time the duality research was concluded, even if it has clarified a series of
open problems regarding the relation between Markov processes, logics, topology and
Boolean algebras, the issues related to metric reasoning for Markov processes was not
integrated. In collaboration with Panangaden and Kozen, Mardare has continued the
investigation of the mathematical structures that support the development of the theory
of Markov processes in order to understand if the concept of bisimilarity can be relaxed
to a concept of pseudometric on Markov processes while preserving the elegant connec-
tion with the logic. This is how they arived to the concept of metrized Markov process
and metrized Aumann algebra [II]. In this context, a new type of duality was proven:
a Stone-like duality that extends the classic Stone duality for Markov processes. This
research provides a novel perspective on the research of behavioural distances and clar-
ifies a series of problems regarding the relation between the Stone topology induced by
the classic Stone duality and the open-ball topology defined by a “proper” behavioural
distance.

All the theoretical research has been done in parallel with practically-oriented in-
vestigations aimed to comprehend particular examples of behavioural distances for
discrete-time and continuous-time Markov chains or Markov decision processes. This
research is the result of a collaboration with Larsen, Giorgio Bacci (Aalborg University,
Denmark) and Giovanni Bacci (Aalborg University, Denmark). Bacci and Bacci were
initially hired as research assistants for Mardare’s fellowship Sapere Aude. This part of
our research was mainly oriented towards computability and algorithm developments,
with the intention of developing tools for metric reasoning [III,IV,VII,IX,X]. This inves-
tigation played a central role in the research landscape described in this Monograph, as
it provided the case studies on which Mardare based his research.

The research presented in this Monograph was supported by the prestigious fellow-
ship Sapere Aude: DFF Young Researchers Grant and by an Individual Research Grant,
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both awarded to Mardare by The Danish Council for Independent Research in 2010. The
research was partially supported also by the VKR Center of Excellence MT-LAB and by
the Sino-Danish Basic Research Center IDEA4CPS.

2.1.3 The publications included in the Monograph

The research results presented in this monograph have been mainly published in the
papers listed chronologically below.

[I] L. Cardelli, R. Mardare. The Measurable Space of Stochastic Processes. Fundamenta
Informaticae, FI volume 131(3-4), pages:351-371, 2014.

[II] D. Kozen, R. Mardare, P. Panangaden. A Metrized Duality Theorem for Markov Pro-
cesses. In Proc. of 30th Conference Mathematical Foundation of Programming
Semantics, MFPS2014, Electronic Notes in Theoretical Computer Science, ENTCS
vol. 308, pages: 211-227, 2014.

[III] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. On-The-Fly Computation of Bisimilarity
Distances. Logical Methods in Computer Science, LMCS, to appear, 2015.

[IV] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. On the Total Variation Distance of Semi-
Markov Chains. under submission 2014.

[V] L. Cardelli, R. Mardare. Stochastic Pi-calculus Revisited. In Proc. of 10th Interna-
tional Colloquium Theoretical Aspects of Computing, ICTAC 2013, LNCS 8049,
pages: 1-21, 2013.

[VI] D. Kozen, K. G. Larsen, R. Mardare, P. Panangaden. Stone Duality for Markov Pro-
cesses. In Proc. of 28th Annual ACM/IEEE Symposium on Logic in Computer
Science, LICS 2013, IEEE Computer Society, pages: 321-330, 2013.
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666, 2013.

[IX] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. The BisimDist Library: Efficient Com-
putation of Bisimilarity Distances for Markovian Models. In Proc. of 10th Interna-
tional Conference Quantitative Evaluation of Systems, QEST 2013, Lecture Notes
in Computer Science, LNCS 8054, pages: 278-281, 2013.



2.1. AN OVERVIEW 23

[X] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. On-the-Fly Exact Computation of Bisim-
ilarity Distances. In Proc. of 19th International Conference Tools and Algorithms
for the Construction and Analysis of Systems, TACAS 2013, Lecture Notes in Com-
puter Science, LNCS 7795, pages:1-15, 2013.

[XI] R. Mardare, L. Cardelli, K. G. Larsen. Continuous Markovian Logics - Axiomatization
and Quantified Metatheory. Logical Methods in Computer Science, LMCS vol.8(4):1-
28, 2012.

[XII] K. G. Larsen, R. Mardare, P. Panangaden. Taking it to the Limit: Approximate Reason-
ing for Markov Processes. In Proc. of 37th International Symposium Mathematical
Foundations of Computer Science, MFCS 2012, Lecture Notes in Computer Sci-
ence, LNCS 7464, pages: 681-692, 2012.

[XIII] L. Cardelli, K.G. Larsen, R. Mardare. Continuous Markovian Logics - From Complete
Axiomatization to the Metric Space of Formulas. In Proc. of Computer Science Logic,
CSL2011, LIPIcs 12 Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik, vol.12,
pages: 144-158, 2011.

[XIV] L. Cardelli, K.G. Larsen, R. Mardare. Modular Markovian Logic. in Proc. of the 38th
International Colloquium on Automata, Languages and Programming, ICALP
2011, Lecture Notes in Computer Science, LNCS 6756: 380-391, 2011.

[XV] L. Cardelli, R. Mardare. The Measurable Space of Stochastic Processes. In Proc. of Sev-
enth International Conference on the Quantitative Evaluation of Systems, QEST2010,
IEEE Computer Society, pages: 171-180. 2010.
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2.2 The Structure

The Monograph is divided into five distinct Parts, each reflecting a particular aspect of
the theory we are developing. The Parts complete each other and contribute altogether
to the description of the mathematical universe of Markov processes. Part I, II, III and
IV are dedicated to theoretical developments, while in Part V the theory is applied for
developing dedicated algorithms.

Each Part is organized in several chapters, each chapter summarizing research re-
sults published in one or more articles. In each Chapter the notations are uniformly and
consistently used. However, the notation might differ from a Chapter to an other. When
this is the case, the Chapter contains an introductory section where the notation is fixed.
Each Chapter is written with the intention of being, as much as possible, self-contained.
Nevertheless, we did not repeat basic definitions or concepts that are repeatedly used
in more Chapters. Instead, many of these recurrent concepts have been collected in
Chapter 3: Preliminaries.

Each Part contains an independent bibliography.

Part I: Introduction

Chapter 3: Preliminaries fixes the basic notation and presents a series of concepts and
results from set theory, measure theory, topology and model theory that are used in
this Monograph. Some of these results are original being developed for the particular
settings in which they are applied. This is, for instance, the case with Section 3.7 where
we demonstrate a series of results from model theory that, at the best of our knowledge,
have not been used nor stated before, despite their potentiality in applications.

Part II: Stochastic Process Algebras

The research summarized in Part II represents the first step towards a deeper under-
standing of the Markov processes. This research, inspired by the experience of the ap-
plicant with real examples of stochastic systems from Systems Biology, is an attempt
to answer a long-standing open question in concurrency theory regarding the possi-
bility to develop a stochastic process algebra on the mathematical pattern used to de-
velop nondeterministic process algebras. The major challenge that the researchers had
to face was that, in the attempt of providing a general structural operational seman-
tic (GSOS) format for a stochastic or probabilistic calculus, almost always one arrives
to prove anomalies or is required to provide an infinite set of behavioural axioms to
handle measurability issues. It is a classic example in this respect Priami’s stochastic
Pi-calculus [38], where the parallel composition of processes is not associative.

In the research presented in Part II of this monograph we have tried to explain this
situation from a mathematical perspective and offer a solution to the aforementioned
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problem. In our opinion, the problem is generated by the fact that most of the re-
searchers who have tried to adapt the Turi-Plotkin GSOS format [40] for the stochas-
tic or probabilistic case used the wrong functors. The Turi-Plotkin GSOS format was
designed for a freely generated monad, while the case of the stochastic or probabilistic
process algebra the underline monad is equational, being defined by the structural con-
gruence. This is essential to understand, because a measurable set of processes must be
closed under structural congruence. Consequently, the measurable space of processes is
not organized by the powerset, but by the σ-algebra generated by the structural congru-
ence; thus, pointwise probabilistic or stochastic transitions between processes shall not
be defined. Instead, the structure of the GSOS should include transitions from processes
to distributions over the measurable set of processes. And measure theory shall play a
central role in the development of process algebras.

We demonstrate that our idea solve, on block, the problems related to the definition
of SOS systems for probabilistic and stochastic process algebras.

Chapter 4 is a proof of concept to support our ideas. Here we develop such a GSOS
for a finite fragment of Stochastic-CCS in order to understand how the algebraic struc-
ture of processes can be lifted to the level of distributions over the space of processes.
Central is the observation that these structures are, in fact, Markov processes in the
sense of [37].

Chapter 5 develops further this idea and demonstrates that the work presented in
the previous Chapter can be, in fact, extended to the entire Pi-calculus that includes the
name passing mechanism, the private name management and recursion (in the form of
replication). This work revealed a series of unexpected results from the process of lifting
the complex algebraic structure of the Pi-calculus to the level of distributions.

In addition to providing an example of a correct and canonical way to define GSOS
formats for stochastic process algebras, our idea of organizing the space of processes as
a measurable space of structural congruence-closed sets and considering the distribu-
tions over this space, gave us a the technical tools needed to go beyond the concept of
bisimulation. In Chapter 6 we show how one can extend this setting to define pseu-
dometrics between processes that measure the dissimilarities between non-bisimilar
processes. Thus, we propose a simple way of discussing about the robustness of the
processes.

The results summarized in Chapter 6 determined us to look deeper into the rela-
tion between bisimulation and metrics for Markov processes and inspired most of the
research that we will further discuss in this Monograph.

Part III: Markovian Logics

Inspired by the work we have done on stochastic process algebras, we started to be
interested in the logical properties of these processes. We realized that, in fact, the set-
ting of stochastic process algebras is too restrictive and we focused our interest towards
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the Markov processes in general. From the lesson we learned while studying process
algebras, we realized that the discrete processes are not sufficiently robust from a math-
ematical perspective and that, instead, one needs a definition of Markov processes with
continuous state space. This is how we eventually arrived to the concept of Markov
process (MPs) introduced by Panangaden et al. [18, 37] that we use in the rest of this
Monograph.

Regarding the logical properties of MPs, Desharnais et al. [18,37] have demonstrated
that the logical equivalence induced by a simple version of probabilistic modal logic on
the class of MPs coincides with bisimulation equivalence. Moreover, the same equiva-
lence can already be induced by the negation-free fragment of this logic. These results
were very surprising because for the nondeterministic transition system a similar char-
acterization is only possible for systems that are image-finite.

Being this exciting context, we have decided to focus our research on the study of
these probabilistic/stochastic logics, that we have called Markovian logics, and try to
develop a model theory for them that will help us understanding their relation to the
space of MPs. Chapter 7 summarizes our results obtained for sub-probabilistic, proba-
bilistic and stochastic MPs. We have extended the proof of Desharnais and shown that it
works in larger settings. We have developed complete axiomatizations for these logics
and initially proved the weak-completeness of the axiomatic systems1. We have proven
that they enjoy the finite model property and we have constructed canonical models
based on the maximal-consistent sets of formulas.

The construction of the canonical models helped us explaining why the negation-
free fragment of the Markovian logic can characterize the bisimilarity of MPs. This
is because the mentioned fragment forms a field in the σ-algebra generated by the
(sets of models of the) logical formulas and because a finitely-additive and countable-
subadditive set function on a field can be uniquely extended to a measure on the σ-
algebra generated by that field. These arguments emphasized one more time the central
role of topology and measure theory in the study of MPs.

Last but not least, involving some topological techniques in model theory, due to Ra-
siowa and Sikorski [39], we succeed to also develop a strongly-complete axiomatization
for the Markovian logics, thus improving the previous results of [24, 46].

In Chapter 8 we return to the problem of behavioural distances for MPs and try to
address a general question.

Assume the Markovian logics with their semantics and suppose that we have a
“well-behaved” behavioural distance. Let ϕ be a logical property and (mi)i∈N be a
sequence of MPs that converges to a limit MP m in the topology of the distance.

If we can prove that for each i ∈N, mi satisfies ϕ, can we also claim that ϕ is satisfied at the
limit m?

1The Markovian logics are non-compact and for this reason the weak-completeness does not imply
the strong completeness.
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This is a question that in natural sciences is implicitly assumed to have a positive answer
since we often take better and better approximations of a system, verify properties on
the approximations and infer the results to the approximated system.

In Chapter 8 we demonstrate that for the Markovian logics this question does not
have always a positive answer. We classify the logical properties from this perspective
and identify major differences between probabilistic and stochastic systems.

Part IV: Stone Dualities for Markov Processes

The results presented in the previous Part of the Monograph motivated us to look
deeper into the relation between bisimulations on MPs, consistent formulas of Marko-
vian logics (seen as the sets of their models) and the possibility of defining a behavioural
pseudometric on MPs that guarantees certain topological properties that we expect to
see when we speak about approximations of MPs. This leads towards dualities.

The classical Stone duality theorem states that for every Boolean algebra one can
construct a certain kind of topological space (called a Stone space) and for every Stone
space one can construct a Boolean algebra. If one goes back and forth in either direction
one gets the “same” object back. These things were known in the 1930s and exten-
sions to other kinds of mathematical objects are now numerous. In computer science
there are many examples as well: forward and backward flow in static analysis, state-
transformer semantics and predicate-transformer semantics, a probabilistic analogue of
the latter due to Kozen and, in general between transition systems and logics for reason-
ing about them. Such a relationship is called a Stone-type duality. In the case of logics
and transition systems it subsumes completeness theorems.

For this reason, after proving the completeness theorems for Markovian logics we
decided that, in order to understand deeper the relation between logics and bisimula-
tion we should try to identify a Stone-like duality for MPs. We proved such a Stone-type
duality for Markov processes and these results are presented in Chapter 9. This gave
us a stronger completeness theorem than was hitherto known for any Markovian logic
or similar probabilistic modal logic. The work was far from a routine extension: we
had to replace many of the standard ideas and had to establish some rather intricate
lemmas relying on results from measure theory, topology and model theory, in order to
complete the program.

The Stone duality presented in Chapter 9 revealed for us deeper relations between
bisimulation and logic in the sense that the Stone topology induced by the Boolean core
of Markovian logic has the property that its separability relation refines any concept of
bisimulation on MPs. This observation was a breakthrough that helped us understand-
ing better what should be the role of a behavioural pseudometric in such a context. We
have understood at this point what are the right conditions that characterize a distance
that behaves properly from the topological perspectives of Chapter 8. Following this in-
tuitions, we arrived to the concept of metrized Markov process which is, essentially, an
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MP devised with an axiomatized behavioural distance. This axiomatization guarantees
an enforcement of the concept of dynamic-continuity studied in Chapter 8. All these
results are comprised in Chapter 10 where we proposed a metrized Stone duality for
Markov processes. To summarize, the concepts in Chapter 10 establish the most general
conditions that any behavioural metric and any metric semantics for Markov processes
should satisfy in order to guarantee a correct “behavioural nearness”.

Part V: Computational Aspects of Behavioural Distances

In parallel with the theoretical results presented in the previous parts of this Mono-
graph, in order to enforce our intuitions about what a behaviour distance should be,
we have also done more concrete research centered on key studies. In the Part V of the
Monograph we present, in evolution, some of the more practical research done in these
years. Mainly, we dedicate this part to a class of algorithms that we have developed
and implemented to compute some concrete behavioural distances for some particular
classes of Markov processes.

In Chapter 11 we approach the pseudometric introduced by Desharnais et al. [19] for
discrete-time Markov chains (MCs). At the time we start working on this, van Breugel
et al. [44] have presented a fixed point characterization of this pseudometric and several
iterative algorithms have been developed in order to compute its approximation up to
any degree of accuracy. In this Chapter, we propose an alternative approach, which al-
lows us to compute the pseudometric exactly and efficiently in practice. This is inspired
by the characterization of the undiscounted pseudometric using couplings. We aim at
finding an optimal coupling using a greedy strategy that starts from an arbitrary cou-
pling and repeatedly looks for new couplings that improve the discrepancy function.
This strategy will eventually find an optimal coupling. We use it to support the design
of an on-the-fly algorithm for computing the exact behavioural pseudometric that can
be either applied to compute all the distances in the model or to compute only some par-
ticular distances. By using an on-the-fly approach, we avoid to exhaustively explore the
state space. Instead, we only consider those fragments that are needed in the local com-
putation. The efficiency of our algorithm has been evaluated on a significant set of ran-
domly generated Markov chains. The results show that our algorithm performs orders
of magnitude better than the corresponding iterative algorithms in [14, 22]. Moreover,
we provide empirical evidence for the fact that our algorithm enjoys good execution
running times.

Our on-the-fly technique was proven to be sufficiently robust for even more complex
models, such as the Markov Decision Processes with rewards (MDPs), for which a simi-
lar pseudometric was proposed in [22]. In Chapter 12 we present the BISIMDIST library,
composed of two Mathematica packages which implement our on-the-fly algorithm for
computing the bisimilarity distances both for MCs and MDPs. BISIMDIST is available
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at http://people.cs.aau.dk/~mardare/tools.htm together with simple tutorials pre-
senting useful examples that show all the features of the library.

However, the case of MDPs is interesting in practice also because there are many
examples reflecting the compositional features of such models. Realistic models are
usually specified compositionally by means of operators that describe the interactions
between the subcomponents. These specifications may thus suffer from an exponen-
tial growth of the state space. Moreover, when we consider approximate behaviors, the
concept of distances requires non-extensive composition operators [19]. In Chapter 13
we study to which extent compositionality on MDPs can be exploited in the computa-
tion of the behavioral pseudometrics of [22], hence how the compositional structure of
processes can be used in an approximated analysis of behaviors. This research has been
inspired by our experience with probabilistic and stochastic process algebras and by
our study of the interaction between the operational semantics of such an algebra and
the behavioural pseudometrics, detailed in Part I of this Monograph. As a result, we
provide an algorithm to compute the bisimilarity pseudometric by exploiting both the
on-the-fly state space exploration and the compositional structure of MDPs built over
“safe” operators. Experimental results show that the compositional optimization yields
a significant additional improvement on top of that obtained by the on-the-fly method.

In Chapter 14 we push further the idea of the on-the-fly algorithm for computing
the behavioural distances, and we move from discrete-time models to continuous time
models. Continuous-time Markov chains (CTMCs) are one of the most prominent mod-
els in performance and dependability analysis, constituting the underlying semantics of
many modeling formalisms for real-time probabilistic systems. We extend the distance
considered in the previous Chapters to CTMCs and we show that it can be computed
in polynomial time in the size of the CTMC. This is obtained by reducing the problem
of computing the distance to that of finding an optimal solution of a linear program
that can be solved using the ellipsoid method. However, our linear program charac-
terization has a number of constraints that is bounded by a polynomial in the size of
the CTMC. This, in particular, allows us to avoid the use of the ellipsoid algorithm in
favor of the simplex or the interior point methods. Nevertheless, we propose to follow
an on-the-fly approach for computing the distance, by relying on the concept of cou-
pling structure generalized for CTMCs. With respect to the previous algorithms, in this
Chapter we have a series of innovations required by the fact that we need, in addition,
to handle the information regarding the residence-time in a state of the system.

The first proposals of behavioral distances in the literature are based on the Kan-
torovich metric and are branching-time. In Chapter 15 we consider a linear-time metric,
motivated by the fact that in many applications, such as in systems biology, model-
ing/testing, and machine learning, the system to be modeled cannot be internally ac-
cessed, but only tested via observations performed over a set of random executions. In
this respect, we introduce a general class of models, the semi-Markov chains (SMCs),

http://people.cs.aau.dk/~mardare/tools.htm
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which are continuous-time probabilistic transition systems where the residence time
on states is governed by generic distributions on the positive real line. SMCs sub-
sume many probabilistic models including the discrete-time Markov chains and the
continuous-time Markov Chains. Regarding the behavioural distance, we study the
total variation between probability measures induced by an SMC over infinite timed
traces, which corresponds to the largest possible difference between the probabilities
that the measures assign to the same event. In applications, the events are specified
either as metric temporal logic (MTL) formulas [2, 3], or languages accepted by timed
automata (TAs) [1]. We prove that each of these classes of specifications characterize the
total variation.

However, the problem of computing the total variation is known to be NP-hard al-
ready for the case of MCs [13, 31] and there is no proof that it is, in fact, decidable. In
this context, in Chapter 15, we also prove that the problem of approximating the to-
tal variation distance with arbitrary precision is computable. This is done providing
two sequences that converge from below and above to the total variation distance. Our
results are based on a duality that characterizes the total variation between two mea-
sures as the minimal discrepancy associated with their couplings. The computability of
the converging sequences provides us with a computable procedure to approximate the
total variation distance on SMCs with arbitrary precision.



Chapter 3

Preliminaries

In this chapter we introduce notation and establish basic terminology that will be used
in this Monograph. We also present a set of results that will be applied in our research.
Some of these are classic well-known facts and some others are genuine results that
we proved for our particular settings. This is, for instance, the case of Section 3.7 that
contains, at the best of our knowledge, original results.

3.1 Set Theory - Basic Notations

For arbitrary sets A and B, 2A denotes the powerset of A, A∪ B, A∩ B, A] B and A× B
denote their union, intersection, disjoint union and cartesian product respectively.
Both [A→ B] and BA are used to denote the class of functions from A to B.

For an arbitrary function f : A→ B, f−1 : 2B → 2A denotes the pre-image of f .
Given a set A and an equivalence relation R ⊆ A × A, the set of R-equivalence

classes will be denoted by A/R and for arbitrary x ∈ A, [x]R denotes the equivalence
class of x.

Given a set A and a relation R ⊆ A× A, a set B ⊆ A is said to be R-closed if and
only if

{x ∈ A | ∃y ∈ B, (x, y) ∈ R} ⊆ B.

In what follows we use N, Q and R to denote the set of natural, rational and real
numbers respectively. Q+ and R+ are used to denote the sets of positive rationals and
positive reals (including 0).

3.2 Basic concepts of Measure Theory

In this section we introduce a few concepts and results from measure theory. For more
details, we refer the reader to [6, 21].

Let M be an arbitrary nonempty set.

31
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A nonempty family of subsets Π ⊆ 2M closed under finite intersection is called a
π-system.

A nonempty family of subsets Λ ⊆ 2M is a λ-system if it contains M and is closed
under complementation and countable union of pairwise disjoint sets.

A field (of sets) over M is a family F ⊆ 2M that contains M and is closed under
complement and union.

A semiring of subsets of M is a nonempty family S ⊆ 2M that contains ∅, is closed
under finite intersection, and it is such that whenever A, B ∈ S and A ⊆ B, the set
difference B \ A is a finite union of elements of S . Clearly any field is a semiring.

A σ-algebra (also called a σ-field) over M is a field of sets Σ over M closed under
countable union. The tuple (M, Σ) where Σ is a σ-algebra over M, is called a measurable
space and the elements of Σ measurable sets.

If Ω ⊆ 2M, the σ-algebra generated by Ω, denoted in literature by σ(Ω) or Ωσ, is the
smallest σ-algebra containing Ω.

Every topological space has a natural σ-algebra associated with it, namely the one
generated by the open sets. This is called the Borel algebra of the space, and the measur-
able sets are called Borel sets.

Given two measurable spaces (M, Σ) and (N, Θ), a function f : M→ N is measurable
if f−1(T) ∈ Σ for all T ∈ Θ.

A nonnegative real-valued set function µ is finitely additive if

µ(A ∪ B) = µ(A) + µ(B) whenever A ∩ B = ∅.

We say that µ is countably subadditive if

µ(
⋃

i

Ai) ≤∑
i

µ(Ai)

for a countable family of measurable sets, and we say that µ is countably additive if

µ(
⋃

i

Ai) = ∑
i

µ(Ai)

for a countable pairwise-disjoint family of measurable sets. Finite additivity implies
monotonicity and countable additivity implies certain continuity properties.

Theorem 3.2.1. Let F ⊆ 2M be a field of sets. If µ : F → R+ is finitely additive, then

(i) µ(∅) = 0;

(ii) µ is monotone: if A ⊆ B then µ(A) ≤ µ(B); and

(iii) if A ⊆ B then µ(B \ A) = µ(B)− µ(A).
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The next theorem provides five equivalent properties that a finitely additive function
over a field of sets can have.

Theorem 3.2.2. Let F ⊆ 2M be a field of sets. Let µ : F → R+ be finitely additive. The
following are equivalent:

(i) µ is countably subadditive: for any countable collection Ai such that
⋃

i Ai ∈ F ,

µ(
⋃

i

Ai) ≤∑
i

µ(Ai);

(ii) µ is countably additive: for any countable collection Ai such that
⋃

i Ai ∈ F and the Ai
are pairwise disjoint,

µ(
⋃

i

Ai) = ∑
i

µ(Ai);

(iii) µ is ω-continuous from below: for any countable chain A0 ⊆ A1 ⊆ · · · such that
⋃

i Ai ∈
F ,

µ(
⋃

i

Ai) = sup
i

µ(Ai);

(iv) µ is ω-continuous from above: for any countable chain A0 ⊇ A1 ⊇ · · · such that
⋂

i Ai ∈
F ,

µ(
⋂

i

Ai) = inf
i

µ(Ai);

(v) µ is ω-continuous from above at ∅: for any countable chain A0 ⊇ A1 ⊇ · · · such that⋂
i Ai = ∅,

µ(
⋂

i

Ai) = 0.

Given a measurable space (M, Σ), a countably additive set function µ : Σ → R+

such that µ(∅) = 0 is a measure on (M, Σ). A measure µ : Σ → [0, 1] is a subprobability
measure. Thus, for a subprobability measure µ(M) ≤ 1; if in addition µ(M) = 1, µ is
a probability measure. Observe that all measures satisfy the five equivalent properties
stated in Theorem 3.2.2.

The null measure ω on (M, Σ) is the unique measure on (M, Σ) such that ω(M) = 0.
From monotonicity, we get that ω(A) = 0 for any A ∈ Σ.
For m ∈ M, the Dirac measure at m Dm is defined, for arbitrary S ∈ Σ, by Dm(S) = 1 if
m ∈ S and Dm(S) = 0 otherwise. Similarly, one can define the r-Dirac measure at m Dm,r
for arbitrary r ∈ R+, by Dm,r(S) = r if m ∈ S and Dm,r(S) = 0 otherwise.

We denote by ∆(M, Σ) the set of measures on (M, Σ).

The next theorem is repeatedly used for various constructions in what follows.

Theorem 3.2.3. Let F ⊆ 2M be a field of sets. Let µ : F → R+ be finitely additive and
countably subadditive. Then µ extends uniquely to a measure on σ(F ).
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Proof. This argument is known as the Carathéodory construction. For B ∈ 2M, define

µ∗(B) = inf
B⊆⋃ C
C countable

sup
F⊆C

F finite

µ(
⋃

F),

where the infimum ranges over countableF -covers C of B. The map µ∗ is called an outer
measure of µ. One can show that µ∗ satisfies the following properties:

• µ∗ and µ agree on F ;

• µ is monotone;

• µ is countably subadditive.

Now define a set B to be measurable with respect to µ∗ if for all A ∈ 2M,

µ∗(A) = µ∗(A ∩ B) + µ∗(A \ B).

One now shows that the set of measurable sets with resepect to µ∗ is a σ-algebra, there-
fore contains σ(F ), and all properties of measures are satisfied.

Given a measurable function f : (M, Σ)→ (N, Θ), any measure µ on (M, Σ) defines
a measure µ[ f ] on (N, Θ) by µ[ f ](E) = µ( f−1(E)), for all E ∈ Θ. µ[ f ] is called the push
forward of µ under f .

Given two measurable spaces (M, Σ) and (N, Θ), the product space, (M, Σ)⊗ (N, Θ),
is the measurable space (M× N, Σ⊗Θ), where Σ⊗Θ is the σ-algebra generated by the
rectangles E× F for E ∈ Σ and F ∈ Θ.

Given µ and ν measures on (M, Σ) and (N, Θ), respectively, the product measure µ× ν
on (M, Σ)⊗ (N, Θ) is uniquely defined by (µ× ν)(E× F) = µ(E) · ν(E), for all (E, F) ∈
Σ×Θ.

A measure ω on (M, Σ)⊗ (N, Θ) is a coupling for (µ, ν) if for all E ∈ Σ and F ∈ Θ,
ω(E× Y) = µ(E) and ω(X × F) = ν(F). In such a case, µ is called the left marginal and
ν the right marginal of ω.

3.3 Basic concepts of Topology

Given a set X, a collection τ of subsets of X is a topology on X if it satisfies the following
conditions.

• τ contains the empty set and X;

• arbitrary unions of sets in τ belong to τ;

• finite intersections of elements of τ belong to τ.
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The elements of τ are called open sets and the tuple (X, τ) is called a topological space.
The complements of the sets in τ are called closed sets.
A subset of X may be neither closed nor open, either closed or open, or both. A set

that is both closed and open is called a clopen set.
A set is a Gδ set if it is a countable intersection of open sets; it is a Fσ set if it is a

countable union of closed sets.

A base (or basis) B for a topological space (X, τ) is a collection of open sets in τ such
that every open set can be written as a union of elements of B. We say that the base
generates the topology τ.

Given a topological space (X, τ) and a set A ⊆ X, the closure of A is the smallest
closed set that contains A and the interior of A is the largest open set included in A. The
boundary of A is the set difference between its closure and its interior.

Given a topological space (X, τ) and a subset A ⊆ X, the relative topology (subspace
topology) on A is the topology τ′ = {S ∩ A | S ∈ τ}.

The inseparability (indistinguishability) relation induced by a topology over its support
set is the equivalence relation that pairs the points that belong to exactly the same open
sets.

Given two topological spaces (X, τ) and (Y, θ), a function f : X → Y is continuous
if the inverse image of an open set in Y is open in X, i.e., for any S ∈ θ, f−1(S) ∈ τ.
Equivalently, f is continuous if the inverse image of a closed set in Y is closed in X.

Every topological space has a natural σ-algebra associated with it, namely the one
generated by the open sets. This is called the Borel algebra of the space, and the measur-
able sets are called Borel sets.

A topological space (X, τ) is compact if any cover of the space with open sets contains
a finite subcover. Equivalently, the space is compact if any family of closed sets with
empty intersection contains a finite subfamily with empty intersection.

A subset A ⊆ X of a topological space (X, τ) is compact if any cover of A with open
sets contains a finite subcover. Equivalently, A is compact if its relative topology form a
compact topological space on A.

A topological space (X, τ) is Kolmogorov (T0) if for every pair of distinct points x, y ∈
X, there exists an open set A ∈ τ containing exactly one of the two points.

A topological space (X, τ) is Frechét (T1) if for every pair of distinct points x, y ∈ X,
there exists an open set Ax ∈ τ containing x but not y.

A topological space (X, τ) is Hausdorff (T2) if for every pair of distinct points x, y ∈ X,
there exist disjoint open sets Ax, Ay ∈ τ such that x ∈ Ax and y ∈ Ay.

A topological space (X, τ) is totally disconnected if for every pair of distinct points
x, y ∈ X, there exist two disjoint open sets Ax, Ay ∈ τ such that x ∈ Ax, y ∈ Ay and
Ax ∪ Ay = X.
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A subset of a topological space is a dense set if its closure is the entire space. For ex-
ample, the set Q of rational numbers is dense in the topological space R of real number
with the topology generated, for instance, by the open intervals – which is the usual
topology on reals.

A topological space is zero-dimensional (with respect to the small inductive dimen-
sion) if it has a base consisting of clopen sets.

A topological space (X, τ) is separable if it contains a countable dense subset. It is
second countable if its topology has a countable base. Second countability implies sepa-
rability, but separability does not imply second countability. However, the two concepts
coincide for metric spaces.

3.4 Metric and Pseudometric Spaces

Given a set X, a pseudometric on X is a function d : X × X → R+ such that for arbitrary
x, y, z ∈ X the following conditions are satisfied

(1): d(x, x) = 0
(2): d(x, y) = d(y, x)
(3): d(x, y) ≤ d(x, z) + d(z, y)

The function d is a hemimetric on X if it is not symmetric, i.e., it does not satisfy the
condition (2); d is a metric on X if, it satisfies (1)-(3) and, in addition, it also satisfy the
condition (4) below.

(4): d(x, y) = 0 implies x = y

If d is a pseudometric on X, the pair (X, d) is a pseudometric space; if d is a metric on X,
the pair (X, d) is a metric space.

In a pseudometric or metric space (X, d), the open ball with center x ∈ X and radius
ε > 0 is the set {y ∈ X | d(x, y) < ε}. The collection of open balls forms a base for a
topology called the open-ball topology induced by d.

Given a (pseudo-) metric space (X, d), a sequence (xi)i∈N converges to x ∈ X if for
any ε > 0 there exists k ∈ N such that for any j ≥ k, d(xj, x) < ε. In such a case we say
that x is the limit of the sequence (xi)i∈N.

In pseudometric spaces the limit of a sequence is not necessarily unique: if x is a
limit and y ∈ X is such that d(x, y) = 0, then y is also a limit of the sequence. In the case
of metric spaces and Hausdorff spaces in general (any metric space with the open-ball
topology is Hausdorff) one can prove that if a sequence has a limit, then the limit is
unique.

A sequence (xi)i∈N is a Cauchy sequence if for any ε > 0 there exists k ∈ N such that
for any i, j ≥ k, d(xi, xj) < ε.

A metric space is complete when every Cauchy sequence converges.
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A pseudometric d on X defines an equivalence relation on X, called the inseparability
relation, by pairing the elements at distance zero, i.e., the inseparability relation is the
kernel

ker(d) = {(x, y) ∈ X2 | d(x, y) = 0}.
Observe that the inseparability relation induced by a pseudometric coincides with the
inseparability relation of the open-ball topology induced by the pseudometric.

Given a pseudometric space (X, d), we can lift the pseudometric structure from the
points in X to sets of points in 2X in a manner analogous to the way in which one extends
metrics to compact sets. We define the Hausdorff pseudometric dH on the class of subsets
of X by

dH(X, Y) = max(sup
x∈X

inf
y∈Y

d(x, y), sup
y∈Y

inf
x∈X

d(x, y)).

Lemma 3.4.1. If d : M×M → [0, 1] is a pseudometric on M, then dH is a pseudometric on
subsets of M.

Proof. Obviously, dH(X, X) = 0 for any X ⊆ M, since inf
x′∈X

d(x′, x) = 0.

We prove now the triangle inequality for arbitrary subsets X, Y, Z ⊆ M. Note that
since d takes values in [0, 1] the inf and sup are well defined.

We have that d(x, y) ≤ d(x, z) + d(z, y). From it we derive the following inequalities.

d(x, y) ≤ d(x, z) + sup
z′∈Z

d(z′, y)

inf
y′∈Y

d(x, y′) ≤ d(x, z) + sup
z′∈Z

d(z′, y)

inf
y′∈Y

d(x, y′) ≤ d(x, z) + sup
z′∈Z

inf
y′′∈Y

d(z′, y′′).

We define d∗(X, Y) = sup
x∈X

inf
y∈Y

d(x, y) and d∗(X, Y) = sup
y∈Y

inf
x∈X

d(x, y). The last inequality

is equivalent to:
inf

y′∈Y
d(x, y′) ≤ d(x, z) + d∗(Z, Y)

And from it we derive the following chain of inequalities.

inf
y′∈Y

d(x, y′) ≤ sup
x′∈X

d(x′, z) + d∗(Z, Y)

inf
y′∈Y

d(x, y′) ≤ inf
z′∈Z

sup
x′∈X

d(x′, z′) + d∗(Z, Y)

sup
x∈X

inf
y′∈Y

d(x, y′) ≤ inf
z′∈Z

sup
x′∈X

d(x′, z′) + d∗H(Z, Y)

This last inequality is equivalent to

d∗(X, Y) ≤ d∗(X, Z) + d∗(Z, Y).

A similar proof can be carried out for d∗. The triangle inequality for dH follows
immediately.
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3.5 Analytic Spaces

Measure theory works most smoothly in conjunction with certain topological assump-
tions; in fact a standard restriction is to consider so called Polish spaces.

A Polish space is the topological space underlying a complete separable metric space.
An analytic space1 is a continuous image of a Polish space in a Polish space. More

precisely, if X and Y are Polish spaces and f : X → Y is continuous, then the image
f (X) is an analytic space. Remarkably, one does not get a broader class by allowing f to
be merely measurable instead of continuous, nor by taking the image of a Borel subset
of X instead of X. That is, the measurable image of any Borel subset of a Polish space in
a Polish space is analytic.

Analytic spaces enjoy remarkable properties that were crucial in proving the logical
characterization of probabilistic bisimulation as well as in establishing the completeness
theorems for probabilistic modal logics – results that are central in what follows.

3.6 Rasiowa-Sikorski Lemma

The Baire category theorem is a topological result with important applications in logic. It
is used to prove the Rasiowa-Sikorski lemma [25, 39] which is a crucial result for this
monograph.

The Rasiowa-Sikorski lemma is a model-theoretic result that exploits the Baire cat-
egory theorem and the Stone duality for boolean algebras with operators. Applied to
logics, the Rasiowa-Sikorski lemma states that given a multimodal logic (possibly in-
volving an infinite set of modalities) for which the provability relation admits an axiom-
atization such that the set of instances of the infinitary proof rules (if any) is countable,
then for any consistent formula ϕ, there exists a maximally-consistent set of formulas
containing ϕ.

Recall that a subset D of a topological space X is dense if its closure D is all of X.
Equivalently, a dense set is one intersecting every nonempty open set.

A set N ⊆ X is nowhere dense if every nonempty open set contains a nonempty open
subset disjoint from N.

A set is of the first category or meager if it is a countable union of nowhere dense sets.
The term “meager” is meant to suggest that these sets are small in a topological sense.
A basic fact that we use is that the boundary of an open set is nowhere dense.

A Baire space is a topological space in which the intersection of countably many dense
open sets is dense. It follows from these definitions that the complement of a first cate-
gory set is dense in any Baire space. Baire originally proved that the real line is a Baire
space. More generally, every Polish space is Baire and every locally compact Hausdorff

1This concept is called in some mathematical communities an analytic set since they use the concept of
analytic space for another concept.
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space is Baire. For us in this Monograph, the relevant version is the following special
case: every compact Hausdorff space is Baire.

A Boolean algebra (BA) over the set B 6= ∅ can be given abstractly as a structure B =
(B,>,⊥,¬,∨,∧,≤) that satisfies the equational axioms in table 3.1, where >,⊥ ∈ B,
¬ : B → B is a monadic operation on B, ∨,∧ : B× B → B are dyadic operations on B
and ≤⊆ B× B is a relation on B.

(BA1): a ∨ (b ∨ c) = (a ∨ b) ∨ c
(BA2): a ∧ (b ∧ c) = (a ∧ b) ∧ c
(BA3): a ∨ b = b ∨ a
(BA4): a ∧ b = b ∧ a
(BA5): a ∨ (b ∧ a) = a ∧ (b ∨ a) = a
(BA6): a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c)
(BA7): a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)
(BA8): a ∨ (¬a) = >
(BA8): a ∧ (¬a) = ⊥
(BA9): a ≤ b iff a = a ∧ b iff b = a ∨ b

Table 3.1: Boolean Algebra

Let B be a boolean algebra and let T ⊆ B be such that T has a greatest lower bound∧
T in B. An ultrafilter (maximal filter) U is said to respect T if T ⊆ U implies that∧
T ∈ U. If T is a family of subsets of B, we say that an ultrafilter U respects T if it

respects every member of T .

Lemma 3.6.1 (Rasiowa–Sikorski lemma [39]). For any boolean algebra B and any countable
family T of subsets of B, each member of which has a meet in B, and for any nonzero x ∈ B,
there exists an ultrafilter in B that contains x and respects T .

This lemma was later proved by Tarski in a purely algebraic way. See [25] for a
discussion of the role of the Baire category theorem in the proof of this lemma.

3.7 Lindenbaum’s Lemma and Non-Compact Logics

In this section we instantiate the Rasiowa-Sikorski lemma to get a series of model theo-
retic results regarding Boolean logics2. We eventually prove an extension of the Rasiowa-
Sikorski lemma and use it to demonstrate that countably axiomatized logics, even if they
are non-compact or have infinitary axiomatizations, enjoy the so called Lindenbaum’s

2In this context, by a Boolean logic we mean a logic that obeys the Boolean laws; it can be modal or
first order, etc.
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lemma that states that any consistent set of formulas can be extended to a maximally-
consistent set.

Given a Boolean logic L , a relation `⊆ 2L ×L is a deducibility relation on L if it sat-
isfies the following conditions.

(R1) If F ` ϕ and F ⊆ F′, then F′ ` ϕ;
(R2) If ϕ ∈ F, then F ` ϕ;
(R3) If F ` ϕ and F ∪ {ϕ} ` ⊥, then F ` ⊥;
(R4) F ∪ {¬ϕ} ` ⊥ iff F ` ϕ.

We call the elements of ` inferences. The previous rules guarantee that a deducibility
relation is, in particular, a Boolean deducibility, i.e.,

ϕ→ ψ is a Boolean validity iff {ϕ} ` ψ.

Given a deducibility relation `, a set ϕ ⊆ L of formulas is `-consistent if it is not the
case that Φ ` ⊥; Φ is `-inconsistent if Φ ` ⊥. Similar concepts are defined for a formula
ϕ ∈ L: it is consistent/inconsistent if {ϕ} is consistent/inconsistent.

We say that a deducibility relation onL is countably-axiomatized if there exists a count-
able set (Γi ` ϕi)i∈N of inferences such that from them using the rules (R1)-(R4) we can
derive all the elements of `.

The next theorem is a direct consequence of the Rasiowa-Sikorski Lemma.

Theorem 3.7.1. Given a Boolean logic L and a countably-axiomatized deductibility relation `,
for any `-consistent formula ϕ ∈ L there exists a `-maximally consistent set of formulas that
contains ϕ.

Proof. Observe that the Lindenbaum algebra L↔ (the quotient of L w.r.t. logical equiv-
alence) is a Boolean algebra. Each of the inferences in the class (Γi ` ϕi)i∈N state that
the meet of the elements in Γi exists in L↔ and it is equal to ϕi, for each i = 1, n. Con-
sequently, a `-maximally consistent set of formulas is an ultrafilter that respects each
element of the class (Γi)i∈N. Since this class is countable, applying Rasiowa-Sikorski
lemma we get that there must exist an ultrafilter of L↔ that contains ϕ and respects
each element in (Γi)i∈N - this is a `-maximally consistent set of formulas.

Observe that the previous theorem states that each consistent formula is contained in
a maximally-consistent set. This does not mean that each consistent set of formulas has
a maximally-consistent extension (Lindenbaum’s lemma). While in the case of compact
logics this can be proved using Zorn’s lemma, in the case of non-compact logics one
cannot prove constructively the existence of a maximal-consistent extension.

In what follows we prove that under the assumptions of the previous theorem Lin-
denbaum’s lemma is satisfied also for the case of non-compact logics that admit a count-
able (possibly infinitary) axiomatization.
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In order to prove this, we firstly introduce a few concepts.

A completion of a Boolean algebra A is a Boolean algebra B enjoying the following
properties:

1. A is a subalgebra of B;

2. every subset of A has a supremum in B;

3. every element in B is the supremum (in B) of some subset of A.

Now, we state a few basic facts about the completion of a Boolean algebra (for more
see [23]). First of all, any Boolean algebra A has a completion, namely (an isomorphic
copy of) the Boolean algebra of complete ideals in A. The completion is a complete
Boolean algebra. Every element in the completion is the supremum (in the completion)
of the set of elements in A that are below it. Condition (3) in the previous definition is
equivalent to the assertion that A is a dense subset of B in the sense that every non-zero
element in B is above a non-zero element in A.

These results will support us in proving the following lemma.

Lemma 3.7.2 (Extended Rasiowa-Sikorski Lemma). Let B be a Boolean algebra, B its com-
pletion and T a countable family of subsets of B each member of which has a meet in B. If S ⊆ B
is such that

∧
S 6= 0 in B, then there exists an ultrafilter U of B such that S ⊆ U and U respects

T .

Proof. Since
∧

S 6= 0 in B, there exists an ultrafilter U of B such that
∧

S ∈ U and U
respects T .

Let U = U ∩ B. Because B is a subalgebra of B, U is an ultrafilter of B.
Since

∧
S ∈ U and for any s ∈ S,

∧
S ≤ s, we obtain that S ⊆ U , because U is a filter.

But we also know that S ⊆ B. Hence, S ⊆ U .
Consider an arbitrary set T ∈ T and assume that T ⊆ U . Then, T ⊆ U . Because

U respects T, we get that
∧

T ∈ U . But
∧

T ∈ B from hypothesis. Hence,
∧

T ∈ U .
Consequently, U respects each elements of T and contains S.

A direct consequence of the previous lemma is the Lindenbaum’s lemma for a count-
ably–axiomatized deductibility relation.

Theorem 3.7.3 (Lindenbaum’s Lemma for Countably-Axiomatized Logics). Given a Boolean
logic L and a countably-axiomatized deductibility relation `, then for any `-consistent set for-
mula Φ ⊆ L there exists a `-maximally consistent set of formulas that extends Φ.

Proof. As in the case of Theorem 3.7.1, we consider the Lindenbaum algebra L↔, which
is a Boolean algebra. Each of the countably many inferences (Γi ` ϕi)i∈N that axiom-
atize ` state that the meet of the elements in Γi exists in L↔ and it is equal to ϕi, for
each i = 1, n. Consequently, a `-maximally consistent set of formulas is an ultrafilter
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that respects each element of the class (Γi)i∈N. Since this class is countable and Φ is
consistent, meaning that in the completion L↔ of L↔ it has a meet which is different
than⊥, we can apply the Extended Rasiowa-Sikorski lemma 3.7.2 to get that there must
exist an ultrafilter of L↔ that contains ϕ and respects each element in (Γi)i∈N - this is a
`-maximally consistent set of formulas.

3.8 Markov Processes

To gain the maximum level of generality we will consider, in the same time, three
types of Markov processes: the probabilistic, the sub-probabilistic and the so-called stochas-
tic Markov process. The first two classes are continuous-state space models of what
we usually call discrete-time processes, while the stochastic case generalizes, for the
continuous-state space the continuous-time processes. Each of these types of systems
is defined for a measurable space of states and the transitions are from states to mea-
surable sets of states. In the sub-probabilistic and probabilistic cases, these measures
represent the probability that a transition from the initial state can be performed to a
random state in the target measurable set, hence this value is in the interval [0, 1]. In
the stochastic case the transition from a state to a measurable set is described by a pos-
itive real that represents the rate of an exponentially-distributed random variable that
characterizes the time when the transition is fired.

Formally, we assume an analytic space (M, Σ), where Σ is the Borel algebra induced
by the underlying topology. And let ∆(M, Σ), Π(M, Σ) and Π∗(M, Σ) be the classes of
general, probabilistic and subprobabilistic measures on (M, Σ) respectively.

The space of measures on (M, Σ) is organized as a measurable space as follows. We
define a σ-algebra on ∆(M, Σ), which is the one generated by the sets

{µ ∈ ∆(M, Σ) | µ(S) ≥ r} for S ∈ Σ and r ∈ Q+.

This is the least σ-algebra on ∆(M, Σ) such that all maps µ 7→ µ(S) : ∆(M, Σ) → R+

for S ∈ Σ are measurable, where the set of positive reals is endowed with the σ-algebra
generated by all rational intervals, i.e. the Borel σ-algebra. This is the stochastic case.

Similarly, the set Π∗(M, Σ) of subprobabilistic measures on (M, Σ) and the set Π(M, Σ)
of probabilistic measures on (M, Σ) can be organized as measurable spaces by defining
the σ-algebras generated by the sets

{µ ∈ Π∗(M, Σ) | µ(S) ≥ r}

and
{µ ∈ Π | µ(S) ≥ r}

respectively, defined for S ∈ Σ and r ∈ [0, 1] ∩Q.
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A Markov process (MP) is a tupleM = (M, Σ, θ), where θ : (M, Σ) → Ω(M, Σ) is a
measurable function defined, in various cases in what follows, for Ω ∈ {∆, Π∗, Π}.

Thus, we will have stochastic, probabilistic and sub-probabilistic MPs.
In a Markov processM = (M, Σ, θ), M is the support set, denoted by supp(M), and

θ is the transition function.
For the probabilistic (sub-probabilistic) case, θ(m) : Σ → [0, 1] for m ∈ M, is a

probability (sub-probability) measure on the state space (M, Σ); and for N ∈ Σ, the
value θ(m)(N) ∈ [0, 1] represents the probability of a transition from m to a state in N.

In the stochastic case, θ(m) : Σ → R+ for m ∈ M, is a measure on the state space
(M, Σ) and for N ∈ Σ, the value θ(m)(N) ∈ R+ represents the rate of an exponentially-
distributed random variable that computes the probability that a transition from m to a
state in N is fired within a given time.

In all these cases, the condition that θ is a measurable function from M to ∆(M, Σ)
is equivalent to the condition that for fixed N ∈ Σ, the function m 7→ θ(m)(N) is a
measurable function from M to R. (see e.g. Proposition 2.9 of [20]).

Given two Markov processes (of the same type) Mi = (Mi, Σi, θi), i = 1, 2, a sur-
jective measurable function f : M1 → M2 is a zig-zag if for any m ∈ M1 and B ∈ Σ2,
θ1(m)( f−1(B)) = θ2( f (m))(B). Such a map is essentially a functional version of bisim-
ulation [18].

A span in a category is a pair of morphisms f : A→ B and g : A→ C with a common
domain. A cospan is a pair of morphisms f : B → A and g : C → A with a common
codomain.

Two Markov processes M1,M2 are said to be bisimilar if there is a third Markov
processM and a span of zig-zags fi :M→Mi, i = 1, 2.

Two states mi ∈ supp(Mi), i = 1, 2, are said to be bisimilar if there exist a span of
zig-zags fi :M→Mi, i = 1, 2 and m ∈ supp(M) such that mi = fi(m), i = 1, 2.

We write (M1, m1) ≈ (M2, m2) to indicate that m1 and m2 are bisimilar in this sense.

In order to show that this definition actually is transitive one needs to restrict the
class of measurable spaces one is working with to analytic spaces. This is a restriction
but any space that one encounters in practice is likely to be Polish and almost certainly
analytic. This notion of bisimulation is equivalent to the following on analytic spaces.

Two Markov processesM1,M2 are bisimilar if there is a third Markov processM
and a co-span of zig-zags f :M1 →M and g :M2 →M.

In the context of analytic spaces, one can alternatively define bisimulation between
the states of a Markov process using a relational definition [18, 29, 37]. This concept is
equivalent to the previous two concepts of bisimilarity defined in categorial settings.

Given a binary relation R ⊆ M×M on a set M, we call a subset N ⊆ M R-closed iff

{m ∈ M | ∃n ∈ N, (n, m) ∈ R} ⊆ N.

If (M, Σ) is a measurable space, Σ(R) denotes the set of measurable R-closed subsets of
M.
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LetM = (M, Σ, θ) be an A-Markov process. A bisimulation relation is an equivalence
relation R ⊆ M×M such that (m, n) ∈ R iff for any C ∈ Σ(R) and any α ∈ A,

θ(α)(m)(C) = θ(α)(n)(C).

Two MPs (M, m) and (M, n) are bisimilar, written m ∼M n, if m and n are related
by a rate-bisimulation relation. The bisimilarity is the largest rate-bisimulation.

Observe in the previous definition the role of R as it is reflected in the structure of
C. This definition reflects subtle coalgebraic facts that we will not discuss here. For a
detailed analysis of the concept of stochastic bisimulation the reader is referred to [15].

This last definition of bisimulation can be further extended to define bisimulation
between states of different Markov processes by simply taking the disjoint union of the
two and use the relational definition in this larger MP.
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The problem of specifying and analyzing nondeterministic concurrent systems has
found a successful solution in the class of Process Algebras (PAs) [8]. The composition-
ality of the processes is reflected by the construction principles of PAs, while their be-
haviours are transition systems. As a result, one obtains a class of processes with an
elegant algebraic-coalgebraic structure, supported by appealing theories and easy to
adapt to various modelling requirements.

The same approach has been taken for probabilistic and stochastic concurrent sys-
tems. Probabilistic process algebras [8], interactive Markov chain algebra [11, 37] and stochas-
tic process algebras (SPA) such as TIPP [32], PEPA [35, 36], EMPA [9] and stochastic Pi-
calculus [47] are extensions of classic PAs. The nondeterminism is replaced by a race
policy and this requires important modifications in the semantic format.

Stressed to mimic the pointwise structural operational semantics (SOS) of nonde-
terministic PAs, the stochastic process algebras find ad hoc solutions to the problems
introduced by stochasticity, such as the multi-transition system approach of PEPA or the
proved SOS approach of stochastic Pi-calculus. These result in complex constructs that
are difficult to extend to a general SOS format for well-behaved stochastic specifica-
tions and problematic when recursion or fresh name quantification are considered. As
emphasized by Klin and Sassone in [38], for stochastic Pi-calculus of Priami [47] the par-
allel composition fails to be associative up to bisimulation, while for PEPA, if arbitrary
relations between the rates of processes and subprocesses are allowed, stochastic bisim-
ulation ceases to be a congruence. An explanation for these situations is given in [38]:
the information carried by the aforementioned SOS frameworks is excessive, while a
well-behaved framework should only carry the exact amount of data required for the
derivation of the intended semantics.

These problems motivate our research summarized in this part of the monograph,
initiated with [17] and extended with [16, 18], that aims to reconsider the semantics of
SPAs from a perspective faithful to the algebraic-coalgebraic structure of stochastic pro-
cesses. The key observation is that structural congruence induces a σ-algebra on processes
and organizes a measurable space of stochastic processes.

We propose a semantics that assigns to each process a set of measures indexed by
observable actions. Thus, difficult instance-counting problems that otherwise require
complicated versions of SOS can be solved by exploiting the properties of measures
(e.g. additivity). Our previous work showed that along this line one obtains an elegant
semantics that resembles the one of nondeterministic PAs and provides a well-behaved
notion of bisimulation.

Moreover, our approach allow us to propose a natural extension of the equivalence-
based behavioural theory, typically centred on concepts such as bisimilarity or trace
equivalence, to a metric theory that instead of equating systems with identical behaviours,
it quantifies the differences between non-equivalent systems. In this respect, our work
relates to [50] where it is proposed a definition of a rule format that guaranties non-
expansivity for operators on discrete states probabilistic systems with respect to epsilon-
bisimulation metrics.



52

Recent related works. The research on bialgebraic approach for the definition of
GSOS formats for probabilistic and stochastic Markov processes with continuous state
space, initiated with the research presented in this Chapter, has been further extended
in [5, 6]. In [19], it is studied how one can obtain a set of equations that axiomatizes
bisimilarity from a set of SOS rules, for discrete state probabilistic systems; this is also
extended to the metric setting by proving the equation systems that computes the Kan-
torovich distance. Other recent research regards the subclasses of the dual of the GSOS
format (i.e., lookahead and negative clauses are allowed in the premises) [20,41]. These
works are preliminary attempts to obtain probabilistic extension of the ntyft/ntyxt for-
mats for standard labelled transition systems.

This part of the paper consists in two case studies of stochastic process algebras: the
case of Stochastic CCS in Chapter 4 and the case of Stochastic Pi-Calculus with channel-
based communication, mobility, fresh name quantification and replication, in Chapter
5. Both these calculi are designed to satisfy the specific requirements of Systems Biology
that we have identified in our previous research.

This Part of the Monograph summarizes our work published in the following arti-
cles.

[I] L. Cardelli, R. Mardare. The Measurable Space of Stochastic Processes. Fundamenta
Informaticae, FI volume 131(3-4), pages:351-371, 2014.

[II] L. Cardelli, R. Mardare. Stochastic Pi-calculus Revisited. In Proc. of 10th Interna-
tional Colloquium Theoretical Aspects of Computing, ICTAC 2013, LNCS 8049,
pages: 1-21, 2013.

[III] L. Cardelli, R. Mardare. The Measurable Space of Stochastic Processes. In Proc. of Sev-
enth International Conference on the Quantitative Evaluation of Systems, QEST2010,
IEEE Computer Society, pages: 171-180. 2010.



Chapter 4

Stochastic-CCS

4.1 Introduction

The content of this Chapter summarizes the results published in [17, 18]. At the time of
the publication of [17], these results opened a new research direction by revealing the
necessity to involve measure theory into the research on structural operational seman-
tics for stochastic process algebras.

Process algebras (PAs) [8] are formalisms designed to describe the evolution of con-
current communicating systems. For capturing observable behaviors, PAs are concep-
tualised along two orthogonal axes. From an algebraic point of view, they are endowed
with construction principles in the form of algebraic operations that allow composing
larger processes from more basic ones; a process is identified by its algebraic term. On
the other hand, there exists a notion of nondeterministic evolution, described by a coal-
gebraic structure, in the form of a transition system. The algebraic and coalgebraic
structures are not independent: Structural Operational Semantics (SOS) defines the be-
havior of a process inductively on its syntactic structure. In this way, classic PAs are
supported by an easy and appealing underlying theory that guarantees their success.

In the past decades probabilistic and stochastic behaviors have also become of central
interest due to the applications in performance evaluation and computational systems
biology. Probabilistic process algebras solve non-determinism by labeling the transitions
with probabilities [8, 40, 55]. Stochastic process algebras such as TIPP [32], PEPA [35, 36],
EMPA [9] and stochastic π-calculus [47] have been defined as extensions of classic PAs,
by considering more complex coalgebraic structures. The label of a stochastic transition
contains, in addition to the name of the action, the rate of an exponentially distributed
random variable that characterizes the duration of the transition. Consequently, SOS
associates a non-negative rate value to each tuple 〈state, action, state〉. This additional
information imposes important modifications in the SOS format, such as the multi-
transition system approach of PEPA or the proved SOS approach of stochastic π-calculus,
mainly because the nondeterminism is replaced by the race policy.

53
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With the intention of developing a stochastic process calculus for applications in
Systems Biology, in this chapter we propose a stochastic version of CCS [43] based on the
mass action law [12] and equipped with an SOS particularly suited to a domain where an
equational theory and a measure of similarity of behaviours is important. At the same
time we aim to avoid the complicated labeling and counting of previous approaches
and to provide an operational semantics that resembles the ones for non-deterministic
process algebras, by lifting process-results to measure-results. For doing this, our SOS
rules are not given in the pointwise style, but using constructions based on measure
theory.

We organise the set of processes as a measurable space and associate to each process
an indexed set of measures. Thus, for an action a and a measurable set S of processes,
the measure µa associated to a process P specifies the rate µa(S) ∈ R+ of a-transitions
from P to (elements of) S. In this way, difficult instance-counting problems that oth-
erwise require complicated versions of SOS can be solved by exploiting the properties
of measures (e.g. additivity). Similar ideas have been proposed for probabilistic au-
tomata [39, 49] and Markov processes [11, 37, 46]. Following the transition-systems-as-
coalgebras paradigm [24, 48], this approach follows naturally in the sequence started by
nondeterministic and probabilistic transition systems.

The idea of transitions from states to measures has been previously advocated in
the context of probabilistic automata [39, 49] and Markov processes [46]. The transition-
systems-as-coalgebras paradigm [24,48] exploits it providing a uniform characterisation of
transition systems that covers the sequence nondeterministic, probabilistic and stochas-
tic systems. A general SOS format for SPAs without new name operators or recursion
is proposed in [38]. In [23] these ideas are applied to particular SPAs with pointwise
semantics. With respect to these works, in our research we consider a different measur-
able space that not only answers to practical modelling requirements, but also simplifies
the semantics and gives us smooth solutions for the complex technical problems, such
as fresh name quantification and replication addressed in Chapter 5, without requiring
additional constructs.

The novelty of our approach derives firstly from the structure of the measurable
space of stochastic processes. This space is organised by structural congruence, an equiv-
alence that equates processes that are indistinguishable from a modeling perspective.
For instance, if we model the parallel evolution of two processes, say Q and R, we ex-
pect no difference between Q|R, R|Q and R|Q|0 (0 denotes an inactive process). This
relation is required in systems biology where it models chemical mixing: structural
congruence was invented in the first place from a chemical analogy [7]. In effect, our σ-
algebra is generated by the structural congruence classes and our stochastic transitions
are defined from processes to measurable (structural congruence-closed) sets of pro-
cesses. In this way, if P can perform an action a with a rate r to Q|R, written P a,r−→ Q|R,
we can also derive

P a,r−→ R|Q and P a,r−→ R|(Q|0).
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Otherwise, the alternative approach of considering any set of processes measurable per-
mits to calculate the rate of the a-transitions from P to the set

{Q|R, R|Q, R|(Q|0)}

and obtain the undesired result

P a,3r−→ {Q|R, R|Q, R|(Q|0)}.

The Example 4.5.5 in Section 4.5 presents an anomaly that derives from a pointwise
semantics for stochastic SOS and underlines the kind of problems we want to address
in this part of the monograph.

Anticipating the development of our theory, consider the stochastic CCS processes

A = b.0|c.0 and B = b.c.0 + c.b.0.

As in the case of the classic CCS, we expect them to be bisimilar and consequently, the
processes

P = τr.A + τr.B, Q = τr.A + τr.A and R = τr.B + τr.B

have to be bisimilar as well, where τr denotes a τ-action with rate r.
However, a pointwise semantics will prove that

P τ,r−→ A, P τ,r−→ B,

Q τ,2r−→ A, Q τ,0−→ B,

R τ,0−→ A and R τ,2r−→ B,

implying that the three processes are not bisimilar. To avoid such undesirable anoma-
lies, in the literature have been proposed complicated variants of SOS that make the
underlying theory heavy and problematic. In particular they propose to handle each
structural congruence case by a different dedicated SOS rule. While this might work in
”linear” syntaxes such as CCS or Pi-Calculus, in hierarchical calculi, such as Ambient
Calculus [15], Brane Calculus [14], etc., this approach recals an infinite set of SOS rules
that does not have a finitary representation.

The theory of GSOS [51] has been extended for the case of stochastic systems in [38],
where general congruence formats for stochastic GSOS (SGSOS) are studied. The SG-
SOS framework, as well as GSOS, focuses on the monads freely generated by the algebraic
signature of a process calculus. Our case is different: we have an equational monad be-
cause the structural congruence provides extra structure for the class of processes and
thus we get a different type of SOS. In our format, for instance, the algebraic signature of
processes is different from the algebraic signature of behaviours. Using a non-discrete
σ-algebra makes our approach different, while considering the measurable sets closed
to some congruence relation makes it more appropriate for modelling and for extensions
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to other equational theories. Recent papers followed and generalized the ideas proposed
in this part of our monograph [4, 5].

Our choice of developing a stochastic process algebra under the restrictions of the
equational theory of structural congruence not only that solves the aforementioned
problems, but it is sustained by an elegant SOS that supports a smooth development
of the basic theory, which in the next chapter will be further generalized for stochastic
Pi-calculus.

The structures we work with, simply called in this part of the monograph Markov
processes (MPs), are the class of the stochastic Markov processes with continuous state-
space and continous-time evolution defined in [28]. In the Preliminaries we denoted
the set of these processes over the measurable space (M, Σ) by ∆(M, Σ) to underline the
fact that we use general distributions. These MPs extend the notions of labelled Markov
process [10,26,27] and Harsanyi type space [34,45] on to the stochastic level. However, MPs
are more general than the continuous-time Markov chains because only the transitions
to measurable sets are permitted (which are never singletons) and cannot be described
in a pointwise style.

We also introduce a notion of stochastic bisimulation for MPs, along the lines of [26–28,
40]. It generalizes rate aware bisimulation of [23], being defined for arbitrary measurable
spaces and closed to an equational theory. We prove that stochastic bisimulation is a
congruence that extends structural congruence.

Another advantage of our approach consists in the fact that it can be naturally ex-
tended to define a class of metrics on stochastic processes which measure the similarity
of process behaviours. This result has considerable practical application. The stan-
dard notion of bisimulation for probabilistic or stochastic systems cannot distinguish
between two processes that are substantially different and two processes that differ by
only a small amount in a real valued parameter. It is often more useful to say how sim-
ilar two processes are than to say whether they are exactly the same. This is precisely
what our metrics do: stochastic bisimilar processes are at distance zero, processes that
differ by small values of rates are closer than the processes with bigger differences.

The Chapter is organised as follows. Section 4.2 defines the general concept of
Markov process (MP) and the stochastic bisimulation of MPs. Section 4.3 introduces
the syntax of our process algebra and the axiomatization of structural congruence; we
prove that the space of processes can be organised as a Markov kernel and that each
process is an MP. These results guide us, in Section 5.2.4, to the definition of a structural
operational semantics which induces a notion of behavioural equivalence that coincides
with the bisimulation of MPs. In Section 4.5 we show that the bisimulation behaves well
with respect to the algebraic structure of processes: stochastic bisimulation is a congru-
ence. This relation is extended in Chapter 6 with a class of metrics on the space of
processes that measure how similar two processes are. We also have a section dedicated
to related work and a concluding section.
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4.2 Basic Concepts and Notations

In this section we establish the basic terminology and notations used in this chapter.
The concept of Markov processes used in what follows is slightly different of the

same concept introduce in preliminaries. The difference consists in the fact that it in-
volves a set A of labels. The labels α ∈ A represent types of interactions with the
environment. If m is the current state of the system and N is a measurable set of states,
θ(α)(m) is a measure on the state space and θ(α)(m)(N) ∈ R+ represents the rate of
the exponentially distributed random variable that characterizes the duration of an α-
transition from m to arbitrary n ∈ N. Indeterminacy is solved by races between events
executing at different rates.

Definition 4.2.1 (Labeled Markov kernels and labeled Markov processes). Let (M, Σ) be
an analytic space, where Σ represents the Borel algebra, and A a countable set disjoint of M. An
A-Markov kernel is a tupleM = (M, Σ, θ), with

θ : A→ JM→ ∆(M, Σ)K,

where JM → ∆(M, Σ)K denotes the set of measurable functions between (M, Σ) and ∆(M, Σ).
If m ∈ M then the tuple (M, Σ, θ, m) is an A-Markov process ofM and m is its initial state.

Notice that θ(α) is defined as a measurable mapping between (M, Σ) and the mea-
surable space ∆(M, Σ) of the measures on (M, Σ). This condition is equivalent to the
conditions on the two-variable rate function used in [28, 46] (see, e.g. Proposition 2.9,
of [29]). IfM = (M, Σ, θ), we sometimes denote the process (M, Σ, θ, m) by (M, m).

We define the rate-bisimulation relations on MPs following the similar definitions
of [26, 28, 46].

Given a binary relation R ⊆ M×M on a set M, we call a subset N ⊆ M R-closed iff

{m ∈ M | ∃n ∈ N, (n, m) ∈ R} ⊆ N.

If (M, Σ) is a measurable space, Σ(R) denotes the set of measurable R-closed subsets of
M.

Definition 4.2.2 (Rate-bisimulation). LetM = (M, Σ, θ) be an A-Markov kernel. A rate-
bisimulation relation is an equivalence relation R ⊆ M×M such that (m, n) ∈ R iff for any
C ∈ Σ(R) and any α ∈ A,

θ(α)(m)(C) = θ(α)(n)(C).
Two MPs (M, m) and (M, n) are stochastic bisimilar, written m ∼M n, if m and

n are related by a rate-bisimulation relation. The stochastic bisimilarity is the largest rate-
bisimulation.

Observe in the previous definition the role of R in the structure of C. This defini-
tion reflects the coinductive nature of this definition. Notice also that, for any A-MP
(M, Σ, θ), there exist rate-bisimulation relations: for instance, the identity of the ele-
ments of M is a rate-bisimulation relation. However exist also rate-bisimulations that
are non-trivial as we will see in what follows.
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4.3 A minimal Stochastic Process Algebra

In this section we introduce a stochastic extension of CCS without replication [43].
As usual in stochastic process algebras, each transition a has associated a rate in R+

representing the parameter of an exponentially distributed random variable that char-
acterizes the duration of an a-action. In addition, we also consider synchronizations of
actions. As in CCS, the set of actions is equipped with an involution that associates with
each action a its paired action a; the paired actions have the same rates. The synchro-
nization of (a, a) counts as an internal τ-action with the rate satisfying the mass action
law [12].

Formally, the set of labels (actions) is a countable set A endowed with

1. an involution associating to each a ∈ A an element a ∈ A such that a 6= a and
a = a;

2. a weight function ι : A→ Q+, such that for any a ∈ A, ι(a) = ι(a).

In what follows we use two extensions of A defined for the internal action τ 6∈ A. On
syntactic level we involve the set

A∗ = A∪ {τr | r ∈ Q+},

where indexed internal actions will be used for modelling delays in a system1.
We extend ι to A∗ by ι(τr) = r. For operational semantics we use the set

A+ = A∪ {τ}

of labels.
We use a, a′, ai to denote arbitrary elements of A, ε, ε′, εi to denote arbitrary elements

of A∗ and α, α′, αi to denote arbitrary elements of A+.

Definition 4.3.1. A-stochastic processes are defined, for arbitrary ε ∈ A∗, as follows

P ::= 0
... ε.P

... P|P ... P + P .

We denote by P the set of stochastic processes.
An essential notion for processes is the structural congruence relation which equates

processes that, in spite of their different syntactic forms, they represent the same sys-
tems.

Definition 4.3.2 (Structural congruence). Structural congruence ≡ ⊆ P×P is the smallest
equivalence relation satisfying, for arbitrary P, Q, R ∈ P and ε ∈ A∗ the following conditions:

1. P|Q ≡ Q|P
1In practice we cannot measure nor specify models with irrational rates and for this reason we have

chosen ι(ε) ∈ Q+ for all ε ∈ A∗. However, the technical development does not change if ι : A→ R+.
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2. (P|Q)|R ≡ P|(Q|R)

3. P|0 ≡ P

4. P + Q ≡ Q + P

5. (P + Q) + R ≡ P + (Q + R)

6. P + 0 ≡ P

7. P ≡ Q =⇒ P|R ≡ Q|R

8. P ≡ Q =⇒ P + R ≡ Q + R

9. P ≡ Q =⇒ ε.P ≡ ε.Q

Let P≡ be the set of ≡-equivalence classes on P. For arbitrary P ∈ P, we denote by
P≡ the ≡-equivalence class of P.

The set of stochastic processes is organized as a measurable space (P, Π), where Π
is the σ-algebra generated by P≡.

Note that P≡ is a base for the σ-algebra Π and the measurable sets are (possibly
countable) unions of ≡-equivalence classes on P.

In what follows we use P ,Pi,R,Q to denote arbitrary measurable sets of Π.

Consider the following operations on the measurable sets in Π, defined for arbitrary
P ,Q ∈ Π and P ∈ P as follows.

P|Q =
⋃

P∈P ,Q∈Q
(P|Q)≡,

PP =
⋃

P|R∈P
R≡.

Notice that, by construction, P|Q and PP are measurable sets.

Now we show that the measurable space (P, Π) of stochastic processes can be or-
ganized as an A+-Markov kernel. This will implicitly provide a structural operational
semantics for our process algebra such that the behavioural equivalence coincides with
the bisimulation of MPs.

For the beginning, notice that (P, Π) is a Polish space, hence, analytic space.

Next, we define a function θ : A+ → JP → ∆(P, Π)K which organizes (P, Π, θ) as
an A+-Markov kernel. In this interpretation, for arbitrary P ∈ P, P ∈ Π and α ∈ A+,
θ(α)(P)(P) will represent the total rate of the α actions from P to (elements of) P .

We use ω to denote the null measure on (P, Π); and for P ∈ P and r ∈ R+, let D(r, P)
be the r-Dirac measure at P defined, for arbitrary P ∈ Π, by D(r, P)(P) = r if P ∈ P and
D(r, P)(P) = 0 otherwise.
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Definition 4.3.3. Let θ : A+ → [P → ∆(P, Π)] be defined, by induction on the structure of
P ∈ P, as follows

The case P = 0: For any α ∈ A+, let θ(α)(0) = ω.

The case P = ε.Q with ε ∈ A∗: For arbitrary a ∈ A, let

θ(τ)(ε.Q) =

{
D(ι(ε), Q), ε 6∈ A

ω, ε ∈ A

θ(a)(ε.Q) =

{
D(ι(ε), Q), ε = a
ω, ε 6= a

The case P = Q + R: For any α ∈ A+ and P ∈ Π,

θ(α)(Q + R)(P) = θ(α)(Q)(P) + θ(α)(R)(P) .

The case P = Q|R: For any a ∈ A and P ∈ Π,

θ(a)(Q|R)(P) =θ(a)(R)(PQ) + θ(a)(Q)(PR),

θ(τ)(Q|R)(P) =θ(τ)(R)(PQ) + θ(τ)(Q)(PR)+

a∈A,ι(a) 6=0

∑
P1|P2⊆P

θ(a)(Q)(P1) · θ(a)(R)(P2)

2 · ι(a)
.

If we define the set of active actions of a process P ∈ P by
act(0) = ∅,
act(a.P) = {a},
act(P + Q) = act(P) ∪ act(Q),
act(P|Q) = act(P) ∪ act(Q),

then any process has only a finite set of active actions.
Notice that θ(a)(P) 6= ω iff a ∈ act(P). This means that for any a 6∈ act(P) and any

R ∈ Π, θ(a)(P)(R) = 0. Consequently, the infinitary sum involved in Definition 4.3.3,
the case P = Q|R, has a finite number of non-zero summands. Regarding this sume,
observe that it is divided by 2 because we count the interaction pairs (a, a) twice since
a = a; and it is divided by ι(a) to guarantee that the mass action law is satisfied.

The next theorem states that the space of processes with the function defined above
is an A+-Markov kernel. It implicitly states the correctness of the previous definition:
for each α ∈ A+ and each P ∈ P, θ(α)(P) ∈ ∆(P, Π). It follows that for each α ∈ A+,
θ(α) ∈ JP→ ∆(P, Π)K.
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Theorem 4.3.4. (P, Π, θ) is an A+-Markov kernel.

Proof. It is sufficient to show that for each P ∈ P and each α ∈ A+, θ(α)(P) is a measure
on (P, Π).

The proof follows the inductive steps of Definition 4.3.3.
The cases P = 0 and P = ε.Q with ε ∈ A∗ are trivial.
The case P = Q + R:

Firstly notice that for any α ∈ A, θ(α)(Q + R)(∅) = θ(α)(Q)(∅) + θ(α)(R)(∅) = 0.
Consider now an arbitrary sequence of pairwise disjoint sets (Ri)i∈I ∈ Π. Then, for

arbitrary α ∈ A,

θ(α)(Q + R)(∪i∈IRi) = θ(α)(Q)(∪i∈IRi) + θ(α)(R)(∪i∈IRi).

The inductive hypothesis guarantees that

θ(α)(Q)(∪i∈IRi) = ∑
i∈I

θ(α)(Q)(Ri) and

θ(α)(R)(∪i∈IRi) = ∑
i∈I

θ(α)(R)(Ri).

Consequently,

θ(α)(Q + R)(∪i∈IRi) = ∑
i∈I

θ(α)(Q)(Ri) + ∑
i∈I

θ(α)(R)(Ri)

= ∑
i∈I

(θ(α)(Q)(Ri) + θ(α)(R)(Ri)) = ∑
i∈I

θ(α)(Q + R)(Ri).

The case P ≡ Q|R:
For a ∈ A,

θ(a)(Q|R)(∅) = θ(a)(R)(∅Q) + θ(a)(Q)(∅R) = 0,

because using the inductive hypothesis one can get that θ(a)(R) and θ(a)(Q) are mea-
sures and ∅Q = ∅R = ∅. Moreover,

θ(τ)(Q|R)(∅) = θ(τ)(R)(∅Q) + θ(τ)(Q)(∅R)+

+
a∈A

∑
P1|P2⊆∅

θ(a)(Q)(P1) · θ(a)(R)(P2)

2 · ι(a)
= 0.

This is because ∅Q = ∅R = ∅ and P1|P2 ⊆ ∅ implies P1 = P2 = ∅ and the inductive
hypothesis guarantees that

θ(τ)(R)(∅) = θ(τ)(Q)(∅) = θ(a)(R)(∅) = θ(a)(Q)(∅) = 0.
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Consider now an arbitrary sequence of pairwise disjoint sets (Ri)i∈I ∈ Π and let
P = ∪i∈IRi. Observe thatRi

Q andRi
R are pairwise disjoint. Consequently,

θ(a)(Q|R)(P) = ∑
i∈I

[θ(a)(R)(Ri
Q) + θ(a)(Q)(Ri

R)] = ∑
i∈I

θ(a)(Q|R)(Ri).

θ(τ)(Q|R)(P) = θ(τ)(R)(PQ) + θ(τ)(Q)(PR) +
a∈A

∑
P1|P2⊆P

θ(a)(Q)(P1) · θ(a)(R)(P2)

2 · ι(a)

= ∑
i∈I

θ(τ)(R)(Ri
Q) + ∑

i∈I
θ(τ)(Q)(Ri

R) + ∑
i∈I

a∈A

∑
P1|P2∈Ri

θ(a)(Q)(P1) · θ(a)(R)(P2)

2 · ι(a)
=

= ∑
i∈I

θ(τ)(Q|R)(Ri).

A consequence of the previous theorem is that for each P ∈ P, (P, Π, θ, P) is a
Markov process. In effect, we can define a stochastic bisimulation for the elements of
our process algebra simply as stochastic bisimulation of Markov processes in (P, Π, θ).

4.4 Structural Operational Semantics

In this section we introduce the structural operational semantics for the minimal pro-
cess algebra, with the intention to induce a behavioural equivalence on processes that
coincides with their bisimulation as MPs. In this case we do not associate to each tuple
(process, action, process) a rate, as usual in stochastic process algebras, because a transition
in our case is not between two processes, but from a process to an infinite measurable set
of processes. However, our intention is to maintain “the spirit” of process algebras and
for this reason we use “generalised” transitions of type P→ µ where µ : A+ → ∆(P, Π)
is a function defining a class of A+-indexed measures on (P, Π).

For simplifying the rules of the operational semantics, we first define some opera-
tions on the functions in ∆(P, Π)A+

that are required in the process of lifting the alge-
braic structure of processes to the level of distribution over the space of processes. We
analyze firstly the mathematical structures and properties of these operations.

We say that a function µ ∈ ∆(P, Π)A+
has finite support if A \ µ−1(ω) is finite or

empty.

Definition 4.4.1 (Operations on indexed-distributions.).
1. Let ω : A+ → ∆(P, Π) be defined by

ω(α) = ω, for any α ∈ A+.
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2. For arbitrary ε ∈ A∗ and P ∈ P, let [εP] : A+ → ∆(P, Π) be defined, for arbitrary
a ∈ A, as follows

[εP](τ) =

{
D(ι(ε), P), ε 6∈ A

ω, ε ∈ A

[εP](a) =

{
D(ι(ε), P), a = ε

ω, a 6= ε

3. For arbitrary µ′, µ′′ ∈ ∆(P, Π)A+
, let µ′⊕ µ′′ : A+ → ∆(P, Π) be defined, for α ∈ A+,

as follows
(µ′ ⊕ µ′′)(α) = µ′(α) + µ′′(α) .

4. For arbitrary µ′, µ′′ ∈ ∆(P, Π)A+
with finite support and arbitrary P, Q ∈ P, let

µ′ ⊗P Q µ′′ : A+ → ∆(P, Π) be defined as follows

(µ′ ⊗P Q µ′′)(a)(R) = µ′(a)(RQ) + µ′′(a)(RP) for a ∈ A

(µ′ ⊗P Q µ′′)(τ)(R) = µ′(τ)(RQ) + µ′′(τ)(RP) +
a∈A,ι(a) 6=0

∑
P1|P2⊆R

µ′(a)(P1) · µ′′(a)(P2)

2 · ι(a)
.

Because µ′ and µ′′ have finite support, the sum involved in the definition of ⊗P Q
has a finite number of non-zero summands.

The next lemma proves that the definitions of ⊕ and ⊗P Q for arbitrary P, Q ∈ P are
correct; it also states some basic properties of these operators.

Lemma 4.4.2.
1. For arbitrary µ, µ′, µ′′ ∈ ∆(P, Π)A+

, µ⊕ µ′ ∈ ∆(P, Π)A+
and

(a) µ⊕ µ′ = µ′ ⊕ µ,
(b) (µ⊕ µ′)⊕ µ′′ = µ⊕ (µ′ ⊕ µ′′),
(c) µ = µ⊕ω.

2. For arbitrary P, Q, R∈P and arbitrary µ′, µ′′, µ′′′∈∆(P, Π)A+
with finite support,

µ ⊗P Qµ′ ∈ ∆(P, Π)A+
and

(a) µ′ ⊗P Q µ′′ = µ′′ ⊗Q P µ′,
(b) (µ′ ⊗P Q µ′′) ⊗P|Q R µ′′′ = µ′ ⊗P Q|R (µ′′ ⊗Q R µ′′′),
(c) µ′ ⊗P 0 ω = µ′.

3. For arbitrary P, P′, Q, Q′ ∈ P, arbitrary ε ∈ A+ and arbitrary µ′, µ′′ ∈ ∆(P, Π)A+
with

finite support,
(a) if P ≡ P′ and Q ≡ Q′, then µ′ ⊗P Q µ′′ = µ′ ⊗P′ Q′ µ′′,
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(b) if P ≡ Q, then [εP] = [εQ].

Proof. We only prove 2(b) and 2(c), the other cases being trivial.
2(b). Let µ = µ′ ⊗P Q µ′′ and consider arbitrary a ∈ A andR ∈ Π.

((µ′ ⊗P Q µ′′) ⊗P|Q R µ′′′)(a)(R) = (µ ⊗P|Q R µ′′′)(a)(R) =

µ(a)(RR) + µ′′′(a)(RP|Q)

However, µ(a)(R) = µ′(a)(R) ⊗P Q µ′′(a)(R) = µ′(a)(RQ) + µ′′(a)(RP).

((µ′ ⊗P Q µ′′) ⊗P|Q R µ′′′)(a)(R) =

= (µ′(a)((RR)Q) + µ′′(a)((RR)P)) + µ′′′(a)(RP|Q).

Observe that for arbitrary P, Q ∈ P and arbitrary R ∈ Π, (RP)Q = RP|Q. Using
this, we obtain

((µ′ ⊗P Q µ′′) ⊗P|Q R µ′′′)(a)(R) =

= µ′(a)(RQ|R) + µ′′(a)(RP|R) + µ′′′(a)(RP|Q).

In the same way we can prove that

µ′ ⊗P Q|R (µ′′ ⊗Q R µ′′′)(a)(R) =

= µ′(a)(RQ|R) + µ′′(a)(RP|R) + µ′′′(a)(RP|Q).

Now we prove that

((µ′ ⊗P Q µ′′) ⊗P|Q R µ′′′)(τ)(R) = (µ′ ⊗P Q|R (µ′′ ⊗Q R µ′′′))(τ)(R).

As before, we have

((µ′ ⊗P Q µ′′) ⊗P|Q R µ′′′)(τ)(R) = (µ ⊗P|Q R µ′′′)(τ)(R) =

= µ(τ)(RR) + µ′′′(τ)(RP|R) +
a∈A

∑
P1|P2⊆R

µ(a)(P1) · µ′′′(a)(P2)

2 · ι(a)
=

= µ′(τ)(RR|Q) + µ′′(τ)(RR|P) + µ′′′(τ)(RP|R)+

b∈A

∑
Q1|Q2⊆RR

µ′(b)(Q1) · µ′′(b)(Q2)

2 · ι(b) +
a∈A

∑
P1|P2⊆R

µ(a)(P1) · µ′′′(a)(P2)

2 · ι(a)
.

However,
a∈A

∑
P1|P2⊆R

µ(a)(P1) · µ′′′(a)(P2)

ι(a) · 2 =
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a∈A

∑
P1|P2⊆R

[µ′(a)((P1)Q) + µ′′(a)((P1)P)] · µ′′′(a)(P2)

ι(a) · 2 =

a∈A

∑
P1|P2⊆R

µ′(a)((P1)Q) · µ′′′(a)(P2)

ι(a) · 2 +

a∈A

∑
P1|P2⊆R

µ′′(a)((P1)P) · µ′′′(a)(P2)

ι(a) · 2 .

Observe that, due to the way the sum is defined (and because pairing is an involution)
we have that

a∈A

∑
P1|P2⊆R

µ′(a)((P1)Q) · µ′′′(a)(P2)

ι(a) · 2 =

a∈A

∑
P1|P2⊆RQ

µ′(a)(P1) · µ′′′(a)(P2)

ι(a) · 2

and
a∈A

∑
P1|P2⊆R

µ′′(a)((P1)P) · µ′′′(a)(P2)

ι(a) · 2 =

a∈A

∑
P1|P2⊆RP

µ′′(a)(P1) · µ′′′(a)(P2)

ι(a) · 2 .

Consequently,
((µ′ ⊗P Q µ′′) ⊗P|Q R µ′′′)(τ(r))(R) =

= µ′(τ)(RR|Q) + µ′′(τ)(RR|P) + µ′′′(τ)(RP|R)+

a∈A

∑
P1|P2⊆RR

µ′(a)(P1) · µ′′(a)(P2)

ι(a) · 2 +

a∈A

∑
P1|P2⊆RQ

µ′(a)(P1) · µ′′′(a)(P2)

ι(a) · 2 +

a∈A

∑
P1|P2⊆RP

µ′′(a)(P1) · µ′′′(a)(P2)

ι(a) · 2 .

Similarly it can be proved that

(µ′ ⊗P Q|R (µ′′ ⊗Q R µ′′′))(τ)(R) =

= µ′(τ)(RR|Q) + µ′′(τ)(RR|P) + µ′′′(τ)(RP|R)+
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(Null) 0→ ω (Guard) ε.P→ [εP]

(Sum)
P→ µ′ Q→ µ′′

P + Q→ µ′ ⊕ µ′′
(Par) P→ µ′ Q→ µ′′

P|Q→ µ′ ⊗P Q µ′′

Table 4.1: Structural Operational Semantics

a∈A

∑
P1|P2⊆RR

µ′(a)(P1) · µ′′(a)(P2)

ι(a) · 2 +

a∈A

∑
P1|P2⊆RQ

µ′(a)(P1) · µ′′′(a)(P2)

ι(a) · 2 +

a∈A

∑
P1|P2⊆RP

µ′′(a)(P1) · µ′′′(a)(P2)

ι(a) · 2 .

3(c). We prove now that µ′ ⊗P 0 ω = µ′. Consider some arbitrary a ∈ A andR ∈ Π.

(µ′ ⊗P 0 ω)(a)(R) = µ′(a)(R0) + ω(a)(RP).

ButR0 = R and ω(a)(RP) = 0. Consequently,

(µ′ ⊗P 0 ω)(a)(R) = µ′(a)(R).

We also have

(µ′ ⊗P 0 ω)(τ)(R) = µ′(τ)(R0) + ω(τ)(RP)+

a∈A

∑
P1|P2⊆R

µ′(a)(P1) ·ω(a)(P2)

ι(a) · 2 .

But ω(a)(P1) = ω(τ)(RP) = 0 andR0 = R, where from we obtain

(µ′ ⊗P 0 ω)(τ)(R) = µ′(τ)(R).

Having these operations available and thanks to their properties, we can introduce
the operational semantics for our stochastic-CCS.

The rules of the structural operational semantics, given for arbitrary P, Q ∈ P and
ε ∈ A+, are listed in Table 4.1.

The stochastic transition relation is the smallest relation→ ⊆ P× ∆(P, Π)A+
satisfy-

ing the rules in Table 4.1.
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The operational semantics associates with each process P ∈ P a mapping
µ ∈ ∆(P, Π)A+

. For each ≡-closed set of processes P ∈ Π and each α ∈ A+,
µ(α)(P) = r ∈ R+ represents the total rate of the α-reductions of P to some arbitrary
element of P ; for simplicity we write P α,r−→ P .

The next lemma guarantees the consistency of the relation→ and of our operational
semantics. It can be trivially proved by induction on the structure of a process term.

Lemma 4.4.3. For any P ∈ P there exists a unique µ ∈ ∆(P, Π)A+
such that P → µ;

moreover, µ has finite support.

Our SOS can be further used to define pointwise semantics as, for instance, by

P α,s−→ Q iff µ(α)(Q≡) = s.

The operational semantics proposed above does not differentiate between structural
congruent processes. This can be proven inductively for each of the axioms of the struc-
tural congruence.

Lemma 4.4.4. If P ≡ Q and P→ µ, then Q→ µ.

Proof. The proof is done by induction on the structures of P and Q following the axioms
of the structural congruence.

The case P = R′|S, Q = R′′|S with R′ ≡ R′′:
Suppose that S → µ′ and R′ → µ′′ (from the inductive hypothesis, R′′ → µ′′). Then,
µ = µ′′ ⊗R′ S µ′. Using 3(a) of Lemma 4.4.2, we obtain that µ = µ′′ ⊗R′′ S µ′ and, by (Par),
Q→ µ.

The case P = R′ + S, Q = R′′ + S with R′ ≡ R′′:
Suppose that S → µ′ and R′ → µ′′ (from the inductive hypothesis, R′′ → µ′′). Then, by
(Sum), Q→ µ′′ ⊕ µ′. However, µ = µ′′ ⊕ µ′.

The case P = α.R, Q = α.S with R ≡ S:
We have µ = D(ι(α), R) and S → D(ι(α), S). As R ≡ S, we obtain that µ = D(ι(α), S),
i.e., Q→ µ.

The case P = R|S, Q = S|R:
Suppose that R → µ′ and S → µ′′. Then Q → µ′′ ⊗S R µ′ and µ = µ′ ⊗R S µ′′. At this
point, to prove that Q→ µ, it is sufficient to recall a result proven in Lemma 4.4.2,

µ′′ ⊗S R µ′ = µ′ ⊗R S µ′′.

The case P = (R|S)|T, Q = R|(S|T):
Suppose that R→ µ′, S→ µ′′ and T → µ′′′. Then,

Q→ µ′ ⊗R S|T (µ′′ ⊗S T µ′′′) and µ = (µ′ ⊗R S µ′′) ⊗R|S T µ′′′.

Howver, Lemma 4.4.2 states the following equality, which completes our proof.

µ′ ⊗R S|T (µ′′ ⊗S T µ′′′) = (µ′ ⊗R S µ′′) ⊗R|S T µ′′′.
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The case Q = P|0:
Q→ µ ⊗P 0 ω, and from Lemma 4.4.2 we know that µ ⊗P 0 ω = µ.

The case P = R + S and Q = S + R:
derives from the commutativity of ⊕ prove in Lemma 4.4.2.

The case P = (R + S) + T and Q = R + (S + T):
derives from the associativity of ⊕ prove in Lemma 4.4.2.

The case Q = P + 0:
derives from the fact that 0 → ω and ω is a null with respect to the operation ⊕, as
proven in Lemma 4.4.2.

Notice from what we have developed so far that the signature of the algebra P of
processes does not correspond to the signature of the algebra ∆(P, Π)A+

of indexed
distributions. This fact differentiates our approach from the other GSOS [51] or SGSOS
[38] formats proposed in the literature.

For instance, to the parallel operator “|”, which is a binary operator in the algebra of
processes, corresponds (in the domain of functions) a countable class of binary operators
indexed by processes – ⊗P Q. This situation is a consequence of the fact that ≡ ( ≈.

To convince ourselves that these indexed composition operators might be different
when they have different indexes, consider the processes P = a.0|b.0 and Q = a.b.0 +
b.a.0 for a, b ∈ A such that {a, a} ∩ {b, b} = ∅. Then,

P→ (µ1 = [a0] ⊗a.0 b.0 [
b
0]) and Q→ (µ2 = [ab.0]⊕ [ba.0]).

One can verify that µ1 = µ2, however P 6≡ Q. This shows that for some R → ν, we can
have µ1 ⊗P R ν 6= µ1 ⊗Q R ν.

Notice also that the “generalised” transition system induced by our SOS is image-
finite. The importance of this property was motivated from the perspective of GSOS
in [51] where it is observed that image-finite GSOS are in one-to-one correspondence
with the distributive laws that ensure the cooperation between the algebraic and the coal-
gebraic structures of the class of processes. The next lemma shows that our system has
a similar property.

We write P =⇒ Q if there exists α ∈ A+ and r 6= 0 such that P α,r−→ Q≡ and let =⇒∗
be the transitive closure of =⇒.

Lemma 4.4.5. For an arbitrary process P ∈ P the sets S1, S2 and S3 defined below are finite

S1 = {α ∈ A+ | P α,r−→ P, r 6= 0},

S2 = {Q≡ ∈ Π | P =⇒ Q},

S3 = {Q≡ ∈ Π | P =⇒∗ Q}.
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Proof. We prove it by induction on the syntactic structure of P. The nontrivial cases are:
The case P = P1 + P2: suppose that P → µ and Pi → µi for i = 1, 2. Then, for

arbitrary a ∈ A and Q ∈ P,

µ(a)(Q≡) = µ1(a)(Q≡) + µ2(a)(Q≡).

As there are a finite number of a ∈ A and a finite number of Q ∈ P such that
µ1(a)(Q≡) 6= 0 and a finite number of a ∈ A and a finite number of Q ∈ P such that
µ2(a)(Q≡) 6= 0, we deduce that there exist a finite number of a ∈ A and a finite number
of Q ∈ P such that µ(a)(Q≡) 6= 0.

Similarly, for arbitrary r ∈ Q+,

µ(τ(r))(Q
≡) = ∑

r=s+t
µ1(τ(s))(Q

≡) + µ2(τ(t))(Q
≡).

There exist a finite number of s ∈ Q+ and a finite number of Q ∈ P such that
µ1(τ(s))(Q≡) 6= 0 and there exist a finite number of t ∈ Q+ and a finite number of Q ∈ P

such that µ2(τ(t))(Q≡) 6= 0. These imply that there exist a finite number of r ∈ Q+ and
a finite number of Q ∈ P such that µ(τ(r))(Q≡) 6= 0.

The case P = P1|P2: suppose that P→ µ and Pi → µi for i = 1, 2. Then, for arbitrary
a ∈ A and Q ∈ P, µ(a)(Q≡) = µ1(a)(Q≡P2

) + µ2(a)(Q≡P1
). As there are a finite number

of a ∈ A and a finite number of R ∈ P such that µ1(a)(R≡) 6= 0 and a finite number
of a ∈ A and a finite number of R ∈ P such that µ2(a)(R≡) 6= 0, we deduce that there
exist a finite number of a ∈ A and a finite number of Q ∈ P such that µ(a)(Q≡) 6= 0.
Similarly, for arbitrary r ∈ Q+,

µ(τ(r))(Q
≡) = µ1(τ(r))(Q

≡
P2
) + µ2(τ(r))(Q

≡
P1
)+

There exist a finite number of s ∈ Q+ and a finite number of R ∈ P such that µ1(τ(s))(R≡) 6=
0, there exist a finite number of a ∈ Ar and a finite number of R ∈ Π such that
µ1(a)(R) 6= 0, there exist a finite number of s ∈ Q+ and a finite number of R ∈ P

such that µ2(τ(s))(R≡) 6= 0 and there exist a finite number of a ∈ Ar and a finite num-
ber of R ∈ Π such that µ2(a)(R) 6= 0. These imply that there exist a finite number of
r ∈ Q+ and a finite number of Q ∈ P such that µ(τ(r))(Q≡) 6= 0.

4.5 Stochastic bisimulation is a congruence

This section is dedicated to the study of stochastic bisimulation for the minimal stochas-
tic process algebra. In the pointwise approach, since the operational semantics requires
various mathematical artifacts such as the multi-transition systems [35,36] or the proved
SOS [47], the problem of stochastic bisimulation is difficult to trace. Recently, an elegant
solution was proposed in [38] for the case when there are no equational restrictions
on the algebraic level. As argued before, our algebra is endowed with an equational
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theory of structural congruence that organizes the measurable space of processes and
consequently, stochastic bisimulation requires a different treatment.

We introduce the stochastic bisimulation for the minimal process algebra as the
stochastic bisimulation on the Markov kernel (P, Π, θ). We show that it behaves well
both on coalgebraic and on algebraic levels: processes that have associated the same
functions by our SOS are bisimilar and the bisimulation is a congruence that extends
the structural congruence.

Lemma 4.4.3 shows that the operational semantics induces a function
ϑ : P→ ∆(P, Π)A+

defined by

ϑ(P) = µ iff P→ µ .

There exists an obvious relation between ϑ and the function θ that organises P as a
Markov kernel. It reflects the similarity between Definitions 4.3.3 and 5.2.7.

Lemma 4.5.1. If (P, Π, θ) is the Markov kernel of processes and ϑ : P → ∆(P, Π)A+
is the

function induced by SOS, then for arbitrary P ∈ P, α ∈ A+ and P ∈ Π,

θ(α)(P)(P) = ϑ(P)(α)(P).

Recall that for a Markov kernel (M, Σ, θ), ∼(M,Σ,θ) denotes the stochastic bisimula-
tion on it. The next result is a direct consequence of the previous lemma stating that
∼(P,Π,θ) is an extension of the inseparability relation induced by ϑ.

Corollary 4.5.2. For arbitrary P, Q ∈ P, if P→ µ and Q→ µ, then P ∼(P,Π,θ) Q.

This result guarantees that we can safely define the concepts of stochastic bisimula-
tion/bisimilarity for our process algebra as the stochastic bisimulation/bisimilarity on
the Markov kernel (P, Π, θ).

The next theorem provides a characterization of stochastic bisimilarity.

Theorem 4.5.3. The stochastic bisimilarity ∼ is the largest equivalence relation on P such that
for arbitrary P, Q ∈ P with P→ µ and Q→ µ′,

P ∼ Q iff [for any C ∈ Π(∼) and any α ∈ A+, µ(α)(C) = µ′(α)(C)].

Proof. Before proceeding with the proof observe that for arbitrary equivalence relations
R1,R2 on a set M, there exists an equivalence relation R on M such that R1 ∪ R2 ⊆
R. Moreover, each R-equivalence class is the union of R1-equivalence classes as well
as the union of R2-equivalence classes. The same result holds for a countable set of
equivalence relations.

We prove that ∼ is an equivalence relation. Reflexivity and symmetry are trivial.
Transitivity: suppose that P ∼ Q and Q ∼ R, P → µ, Q → µ′ and R → µ′′.

Then, there exist two stochastic bisimulation relations R1,R2 such that (P, Q) ∈ R1
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and (Q, R) ∈ R2. Let R be the smallest equivalence relation such that R1 ∪ R2 ⊆ R.
Consider arbitrary α ∈ A+ and C ∈ Π(R). Observe that

Π(R) = Π ∩PR,

where PR is the set ofR-equivalence classes. Hence, C ∈ PR and there exist
(Ci

1)i∈I ⊆ PR1 and (Cj
2)j∈J ⊆ PR2 such that

C =
⋃
i∈I

Ci
1 =

⋃
j∈J

Cj
2.

Assume that the elements of (Ci
k)i∈I are pairwise distinct hence, pairwise disjoint for

k = 1, 2.
Since (P, Q) ∈ R1, for each Ci ∈ Π(R1) = Π ∩PR1 and α ∈ A+,

µ(α)(Ci) = µ′(α)(Ci).

Since (Q, R) ∈ R2, for each Cj ∈ Π(R2) = Π ∩PR2 and α ∈ A+,

µ′(α)(Cj) = µ′′(α)(Cj).

We show that for each C ∈ Π(R) and each α ∈ A+, µ(α)(C) = µ′′(α)(C).
Because µ(α), µ′(α) and µ′′(α) are measures, we obtain

µ(α)(C) = ∑
i∈I

µ(α)(Ci) = ∑
i∈I

µ′(α)(Ci) = µ′(α)(C).

Similarly,
µ′(α)(C) = ∑

j∈J
µ′(α)(Cj) = ∑

j∈J
µ′′(α)(Cj) = µ′′(α)(C).

Hence, µ(α)(C) = µ′′(α)(C) proving thatR is a stochastic bisimulation and concluding
the transitivity proof.

For showing that
P ∼ Q iff [for any C ∈ Π(∼) and α ∈ A, µ(α)(C) = µ′(α)(C)],

we proceed as before, observing that P ∼ Q implies the existence of a bisimulation
relation R such that (P, Q) ∈ R. Each C ∈ Π(∼) is a countable union of pairwise
disjoint measurable R-equivalence classes and since µ(α), µ′(α) are measures, we can
prove that µ(α)(C) = µ′(α)(C).

Denote by P∼ the set of ∼-equivalence classes on P, and by P∼ the ∼-equivalence
class of P ∈ P. If P and Q are not stochastic bisimilar, we write P 6∼ Q.

In what follows we show some bisimilar processes. The first example is a general
rule for concurrent Markovian processes (see Section 4.1.2 of [37]).
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Example 4.5.4. If a, b ∈ A such that a 6= b, then for any P, Q ∈ P,

a.P|b.Q ∼ a.(P|b.Q) + b.(a.P|Q).

Indeed,
a.P|b.Q→ [aP] ⊗a.P b.Q [bQ],

a.(P|b.Q) + b.(a.P|Q)→ [aP|b.Q]⊕ [ba.P|Q]

and for arbitrary C ∈ P∼,

[aP] ⊗a.P b.Q [bQ](x)(C) = [aP|b.Q]⊕ [ba.P|Q](x)(C) =


ι(a) if x = a and P|b.Q ∈ C ,
ι(b) if x = b and a.P|Q ∈ C ,
0 otherwise .

Example 4.5.5. Let b, c ∈ A be such that b 6= c. In Example 4.5.4 we have seen that

b.0|c.0 ∼ b.c.0 + c.b.0.

Consider now the processes

P = τr.(b.0|c.0) + τr.(b.c.0 + c.b.0),

Q = τr.(b.0|c.0) + τr.(b.0|c.0) and

R = τr.(b.c.0 + c.b.0) + τr.(b.c.0 + c.b.0).

If C is the ∼-equivalence class that contains b.0|c.0 and b.c.0 + c.b.0, then

P τ,2r−→ C, Q τ,2r−→ C, R τ,2r−→ C

and for any other ∼-equivalence class C′,

P τ,0−→ C′, Q τ,0−→ C′ and R τ,0−→ C′.

Consequently, P ∼ Q ∼ R.
On the other hand, if we consider the pointwise semantics, we obtain

P τ,r−→ b.0|c.0 Q τ,2r−→ b.0|c.0 R τ,0−→ b.0|c.0

P τ,r−→ b.c.0 + c.b.0 Q τ,0−→ b.c.0 + c.b.0 R τ,2r−→ b.c.0 + c.b.0 .

Notice that they are not agreeing on any “pointwise” transition. This emphasizes the difficulties
with pointwise semantics.
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The relation∼ on P can be lifted to ∆(P)A+
by defining, for arbitrary µ, µ′ ∈ ∆(P)A+

,
µ ∼ µ′ iff for any C ∈ P∼ and any α ∈ A+, µ(α)(C) = µ′(α)(C).

Notice that∼ ⊆ ∆(P)A+×∆(P)A+
is an equivalence relation. We denote by (∆(P)A+

)∼

the set of ∼-equivalence classes on ∆(P)A+
and for an arbitrary µ ∈ ∆(P)A+

we denote
by µ∼ the ∼-equivalence class of µ.

With this notation, from Theorem 4.5.3 we derive the next corollary.

Corollary 4.5.6. Given P, Q ∈ P, if P→ µ and Q→ µ′, then P ∼ Q iff µ ∼ µ′.

A consequence of∼ being an equivalence on ∆(P)A+
is the next theorem that shows

that our processes behave “correctly” with respect to structural congruence.

Theorem 4.5.7. Given P, Q ∈ P, if P ≡ Q, then P ∼ Q.

Proof. Suppose that P → µ. P ≡ Q implies (Lemma 4.4.4) that Q → µ. As for any
∼-equivalence class C and any α ∈ A+, µ(α)(C) = µ(α)(C), we obtain P ∼ Q.

In addition, notice that∼ is strictly larger than≡, because for arbitrary a, b ∈ A with
a 6= b, we have

a.0|b.0 ∼ a.b.0 + b.a.0 and a.0|b.0 6≡ a.b.0 + b.a.0.

We now state the main theorem of this section.

Theorem 4.5.8 (Congruence). Stochastic bisimulation on P is a congruence, i.e. for arbitrary
P, P′, Q, Q′ ∈ P and ε ∈ A∗, if P ∼ P′ and Q ∼ Q′, then

1. ε.P ∼ ε.P′;

2. P + Q ∼ P′ + Q′;

3. P|Q ∼ P′|Q′.

Proof. The only non-trivial case is
[P ∼ P′ and Q ∼ Q′ implies P|Q ∼ P′|Q′].

To prove this it is sufficient to prove that
[P ∼ Q implies P|R ∼ Q|R].

We prove this last implication inductively on the complexity of the processes involved
defined by:

cx(0) = 0, cx(α.P) = cx(P) + 1 and cx(P|Q) = cx(P + Q) = cx(P) + cx(Q).
Observe that the complexity of a process is strictly related to the behavior of the

process. Indeed, if for some r 6= 0, P α,r−→ Q, then cx(P) > cx(Q).
For (x1, x2), (y1, y2) ∈N2 we write (x1, x2) < (y1, y2) iff for each i = 1, 2, xi ≤ yi and

for some j = 1, 2, xj < yj. With this notation, we will prove the result inductively on
(max(cx(P), cx(Q)), cx(R)).
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The base case is trivial, so we prove, in what follows, the inductive step.
Suppose that for any P′, Q′, R′ ∈ P with

(max(cx(P′), cx(Q′)), cx(R′)) < (max(cx(P), cx(Q)), cx(R))

we have that [P′ ∼ Q′ implies P′|R′ ∼ Q′|R′]. And we prove that
[P ∼ Q implies P|R ∼ Q|R].

Suppose that P→ µ, Q→ η and R→ ρ. Then, P|R→ µ ⊗P R ρ and Q|R→ η ⊗Q R ρ.
For showing P|R ∼ Q|R, it is sufficient to show that for arbitrary α ∈ A+ and C ∈ P∼,

(µ ⊗P R ρ)(α)(C) = (η ⊗Q R ρ)(α)(C).

The case α = a ∈ A: Due to Lemma 4.4.5 we can assume that:

• there exists a finite set of processes P = {P1
1 , ..., Pn1

1 , ..., P1
k , ..., Pnk

k }, pairwise non-

structural congruent, such that P a,0−→ P \ P and P
a,pj

i−→ Pj
i for some pj

i 6= 0; in

addition, for each i = 1..k and each j, j′ ∈ {1, ..ni}, Pj
i ∼ Pj′

i and for i 6= i′, x = 1..ni,
x′ = 1..ni′ , Px

i 6∼ Px′
i′ ; let pi = ∑j=1..ni

pj
i ;

• there exists a finite set of processesQ = {Q1
1, ..., Qm1

1 , ..., Q1
l , ..., Qml

l }, pairwise non-

structural congruent, such that Q a,0−→ P \ Q and Q
a,qj

i−→ Qj
i for some qj

i 6= 0;

in addition, for each i = 1..l and each j, j′ ∈ {1, ..mi}, Qj
i ∼ Qj′

i and for i 6= i′,
x = 1..mi, x′ = 1..mi′ , Qx

i 6∼ Qx′
i′ ; let qi = ∑j=1..mi

qj
i ;

• there exists a finite set of processes R = {R1
1, ..., Ru1

1 , ..., R1
v, ..., Ruv

v }, pairwise non-

structural congruent, such that R a,0−→ P \ R and R
a,rj

i−→ Rj
i for some rj

i 6= 0; in

addition, for each i = 1..v and each j, j′ ∈ {1, ..ui}, Rj
i ∼ Rj′

i and for i 6= i′, x = 1..ui,
x′ = 1..ui′ , Rx

i 6∼ rx′
i′ ; let ri = ∑j=1..ui

rj
i ;

P ∼ Q implies k = l; suppose that Pj
i ∼ Qj′

i and for each i = 1..k, pi = qi. For arbitrary
C ∈ P∼,

(µ ⊗P R ρ)(a)(C) = µ(a)(CR) + ρ(a)(CP) = ∑
(P1|R)≡⊆C

µ(a)(P≡1 ) + ∑
(R1|P)≡⊆C

ρ(a)(R≡1 )

and

(η ⊗Q R ρ)(a)(C) = η(a)(CR) + ρ(a)(CQ) = ∑
(Q1|R)≡⊆C

η(a)(Q≡1 ) + ∑
(R1|Q)≡⊆C

ρ(a)(R≡1 ).

If there exist i1, ..it such that for each i ∈ {i1, ..it} and only for them there exist j ∈
{1..ni} with Pj

i |R ∈ C, then, from the inductive hypothesis we have that for each j′ =



4.5. STOCHASTIC BISIMULATION IS A CONGRUENCE 75

1..ni, Pj′

i |R ∈ C. Moreover, if P′|R ∈ C such that P|R a,s−→ P′|R for s 6= 0, then there exist
i, j such that P′ ≡ Pj

i . Consequently,

∑
(P1|R)≡⊆C

µ(a)(P≡1 ) = ∑
s=1..t

ps.

Since Pj
i ∼ Qj′

i , the inductive hypothesis provides Qj′

i |R ∈ C. A similar argument
gives

∑
(Q1|R)≡⊆C

η(a)(Q≡1 ) = ∑
s=1..t

ps.

On the other hand, if there exist no i and j such that Pj
i |R ∈ C, from P ∼ Q we obtain

that there is no i, j such that Qj
i |R ∈ C; hence,

∑
(Q1|R)≡⊆C

η(a)(Q≡1 ) = ∑
(P1|R)≡⊆C

µ(a)(P≡1 ) = 0.

Observe now that using the inductive hypothesis, P ∼ Q implies P|Rj
i ∼ Q|Rj

i , i.e.,
[Rj

i |P ∈ C iff Q|Rj
i ∈ C]. Hence, if Rj

i |P ∈ C, we obtain

∑
(R′|P)≡⊆C

ρ(a)(R′) = ∑
(R′|Q)≡⊆C

ρ(a)(R′) = ri

and otherwise,
∑

(R′|P)≡⊆C
ρ(a)(R′) = ∑

(R′|Q)≡⊆C
ρ(a)(R′) = 0.

The case α = τ Due to Lemma 4.4.5 we can assume that:

• there exists a finite set of processes P = {P1
0 , ..., Pn0

0 }, pairwise non structural con-

gruent, such that P
τ,pj

0−→ Pj
0 for some pj

0 6= 0 and P τ,0−→ P \ P ; in addition, there
exists a finite set of actions a ∈ A with P a,s−→ P for some s 6= 0 and for each
such a there exists a set {P1

1 , ..., Pn1
1 , ..., P1

k , ..., Pnk
k } of processes, pairwise non struc-

tural congruent, such that P
a,pj

i−→ Pj
i for some pj

i 6= 0; moreover, for each i = 0..k

and j, j′ ∈ {1, ..ni}, Pj
i ∼ Pj′

i and for i 6= i′, x = 1..ni, x′ = 1..ni′ , Px
i 6∼ Px′

i′ ; let

pi = ∑j=1..ni
pj

i for each i = 0, ..k;

• there exists a finite set of processes Q = {Q1
0, ..., Qm0

0 }, pairwise non structural

congruent, such that Q
τ,qj

0−→ Qj
0 for some qj

0 6= 0 and Q τ,0−→ P \ Q; in addition,
there exists a finite set of actions a ∈ A with Q a,s−→ P for some s 6= 0 and for
each such a there exists a set {Q1

1, ..., Qm1
1 , ..., P1

l , ..., Pml
l } of processes, pairwise non
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structural congruent, such that Q
a,qj

i−→ Qj
i for some qj

i 6= 0; moreover, for each

i = 0..l and j, j′ ∈ {1, ..mi}, Qj
i ∼ Qj′

i and for i 6= i′, x = 1..mi, x′ = 1..mi′ ,
Qx

i 6∼ Qx′
i′ ; let qi = ∑j=1..ni

qj
i for each i = 0, ..l;

• there exists a finite set of processes R = {R1
0, ..., Ru0

0 }, pairwise non structural

congruent, such that R
τ,rj

0−→ Rj
0 for some rj

0 6= 0 and R τ,0−→ P \ R; in addition,
there exists a finite set of actions a ∈ A with R a,s−→ P for some s 6= 0 and for
each such a there exists a set {R1

1, ..., Rn1
1 , ..., R1

k, ..., Rnk
k } of processes, pairwise non

structural congruent, such that R
a,rj

i−→ Rj
i for some rj

i 6= 0; moreover, for each

i = 0..v and j, j′ ∈ {1, ..ui}, Rj
i ∼ Rj′

i and for i 6= i′, x = 1..ui, x′ = 1..ui′ , Rx
i 6∼ Rx′

i′ ;

let ri = ∑j=1..ni
pj

i for each i = 0, ..v;

Observe that P ∼ Q implies, for each a having the mentioned properties, that k = l;
we can suppose, without loosing generality, that Pj

i ∼ Qj′

i and for each i = 0..k, pi = qi.
For arbitrary C ∈ P∼,

(µ ⊗P R ρ)(τ)(C) = µ(τ)(CR) + ρ(τ)(CP)+

a∈A

∑
(P1|P2)≡⊆C

µ(a)(P≡1 ) · ρ(a)(P≡2 )

ι(a) · 2 =

∑
(P1|R)≡⊆C

µ(τ)(P≡1 ) + ∑
(R1|P)≡⊆C

ρ(τ)(R≡1 )+

a∈A

∑
(P1|P2)≡⊆C

µ(a)(P≡1 ) · ρ(a)(P≡2 )

ι(a) · 2 ,

and
(η ⊗Q R ρ)(a)(C) = η(τ)(CR) + ρ(τ)(CQ)+

a∈A

∑
(Q1|Q2)≡⊆C

η(a)(Q≡1 ) · ρ(a)(Q≡2 )
ι(a) · 2 =

∑
(Q1|R)≡⊆C

η(τ)(Q≡1 ) + ∑
(R1|Q)≡⊆C

ρ(τ)(R≡1 )+

a∈A

∑
(Q1|Q2)≡⊆C

η(a)(Q≡1 ) · ρ(a)(Q≡2 )
ι(a) · 2 .

At this level we can demonstrate, using the same strategy as in the case α = a, that
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•
∑

(P1|R)≡⊆C
µ(τ)(P≡1 ) = ∑

(Q1|R)≡⊆C
η(τ)(Q1 ≡) = ∑

i=1..t
pi,

where i1, ..it are such that for each i ∈ {i1, ..it}, there exists some j such that (hence,
for all j) Pj

i |R ∈ C and, from the inductive hypothesis, there exists j′ such that

(hence, for all j′) Qj′

i |R ∈ C;

• because P|Rj
i ∼ Q|Rj

i ,

∑
(R1|P)≡⊆C

ρ(τ)(R≡1 ) = ∑
(R1|Q)≡⊆C

ρ(τ)(R≡1 ) = ri,

where i is (the unique index) such that for some (hence, for all) j, j′, P|Rj
i , Q|Rj′

i ∈ C.

• for each a as before we also have

∑
(P1|P2)≡⊆C

η(a)(P≡1 ) · ρ(a)(P≡2 )

ι(a) · 2 = ∑
(i,j)∈I

pi · qj =

= ∑
(P1|P2)≡⊆C

η(a)(P≡1 ) · ρ(a)(P≡2 )

ι(a) · 2 ,

where I is the set of pairs of indexes (i, j) such that for some x, y (hence, for all),
Px

i |Q
y
j ∈ C.

We can proceed now with the proof of Theorem 4.5.8.
1. If P ∼ P′, we have that for any C ∈ P∼, P ∈ C iff P′ ∈ C. From here, we derive

that [εP](α)(C) = [εP′ ](α)(C).
2. If P ∼ P′ and Q ∼ Q′, then P + Q ∼ P′ + Q′.

Suppose that P→ µ, P′ → µ′, Q→ η and Q′ → η′. Consider an arbitrary C ∈ P∼.
For α ∈ A+, (µ⊕ η)(α)(C) = µ(α)(C) + η(α)(C).

But P ∼ P′ and Q ∼ Q′, i.e. for any C ∈ P∼,
µ(α)(C) = µ′(α)(C) and η(α)(C) = η′(α)(C).

Hence,

µ(α)(C) + η(α)(C) = µ′(α)(C) + η′(α)(C) = (µ′ ⊕ η′)(α)(C).

3. If P ∼ P′ and Q ∼ Q′, then P|Q ∼ P′|Q′.
Since P ∼ P′ implies P|P′ ∼ Q|P′ and Q ∼ Q′ implies Q|P′ ∼ Q′|P′, the transitivity of
∼ proves P|Q ∼ P′|Q′.
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Because the processes that agree on all instantiations of ϑ are related by ∼ and ∼ is
a congruence on the class of processes, we deduce that

if P ∼ P′, Q ∼ Q′, P→ µ, P′ → µ′, Q→ ν and Q′ → ν′, then

µ ⊗P Q ν ∼ µ′ ⊗P′ Q′ ν′

and
for any ε ∈ A∗, [εP] ∼ [εP′ ].

These show that the quotients of ∼ on processes and functions produce identical
signatures for both domains and an SOS format in the style of [38, 51].

4.6 Concluding remarks

In this chapter we developed a stochastic extension of CCS. We proposed a structural
operational semantics based on measure theory and particularly suited for the exten-
sion that we will introduce in Chapter 5 where we consider a measure of similarity of
behaviours for processes.

For organizing the set of processes as a measurable space, we have chosen the σ-
algebra generated by the structural congruence classes of processes and we base the
theory on top of it. This choice is motivated by practical modelling reasons: the cal-
culus was meant to be used for applications in computational systems biology. In this
context, the structural congruence and the distributions over the space of congruence
classes play a key role. The congruence classes represent chemical “soups” and the var-
ious syntactic representations of the same soup need to be identified. In fact, structural
congruence was inspired by a chemical analogy [7].

The stochastic behaviour is defined using a general concept of Markov process that
encapsulates most of the Markovian models, including continuous ones, as well as other
models of probabilistic systems, e.g., Harsanyi type spaces. This concept is based on
unspecified analytic (hence, measurable) spaces and generalizes rate transition systems
[23, 38]. Consequently, we obtain a general definition of stochastic bisimulation similar
to the one used in [28].

The novelty of this work consists in the fact that the measurable space of processes
is axiomatized by structural congruence and the operational semantics reflects the in-
terrelation between this space and the space of distributions on it. Our technology is
appropriate for practical modelling purposes where various congruences can be rele-
vant. It will help design (more complex) stochastic process algebras in a uniform way,
possibly involving different equational axiomatizations, while avoiding the heavy tech-
niques for counting of reductions.



Chapter 5

Stochastic Pi-Calculus

5.1 Introduction

In the previous chapter, dedicated to stochastic CCS, we have proposed an operational
semantics that assigns to each process a set of measures indexed by observable actions.
Thus, difficult instance-counting problems that otherwise require complicated versions
of SOS can be solved by exploiting the properties of measures. We have shown that
along this line one obtains an elegant semantics that resembles the one of nondetermin-
istic PAs and provides a well-behaved notion of bisimulation. In this chapter we extend
the work to stochastic Pi-calculus with channel-based communication, mobility, fresh
name quantification and replication. Also this calculus, as the one introduced in the
previous chapter, is designed to satisfy the specific requirements of Systems Biology.

There are a couple of novel ideas in this chapter that help us solving the specific
issues related to name passing, new name operators and replication.

The processes in this chapter are interpreted in stochastic environments that associate
basic rates to channels. In a rate environment E, a process P has associated a class of
measures µ, written E ` P → µ. For each action α, µ(α) is a measure over the space
of processes; µ(α)(S) ∈ Q+ is the rate of an exponentially distributed random variable
that characterizes the α-transitions from P to (elements of) a measurable set S.

As in the previous chapter, only the structural congruence-closed sets are measur-
able. This is essential for modelling in systems biology, where such sets represent chem-
ical soups. This choice provides simple solutions to the problems of replications and
bound outputs which otherwise, as with Milner’s Abstraction-Concretion method [44],
require complicated high-order reasoning.

Also novel is our stochastic bisimulation that extends other similar ones [17, 23, 38, 40,
46] by making explicit the role of the rate environments. Also in this case we show that
bisimulation is a congruence that extends structural congruence.

The use of name environments has been considered in [30, 31] where it involves the
machinery of nominal sets. We have tried to avoid this together with any coalgebraic
description of the lifting from processes to measures, as our intention is to make these

79
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ideas accessible also for the readers less familiar with this specific jargon.
Relation to Nondeterministic Pi-Calculus. There is no trivial relation between non-

deterministic Pi-calculus and our stochastic Pi-calculus, in the sense that one cannot
simply recover the semantics of the other by simple mathematical transformations.
This is because the measure-based semantics of stochastic-Pi calculus require impor-
tant modification of the SOS rules. One example regards the replication: while in classic
Pi-calculus

!a(b) ≡ a(b)|!a(b),

in stochastic-Pi this is illegal since the rate of the input on channel a in the process
a(b)|!a(b) is strictly bigger than the rate of the same input in the process !a(b). For this
reason in stochastic-Pi there exist no structural congruence rules of type

!P ≡ P|!P or !!P ≡!P
since such rules would generate processes with infinite rates; instead, there are dedi-
cated SOS rules that establish the correct behaviours.

The chapter is organised as follows. Section 4.2 defines the general concept of Markov
process (MP) and the stochastic bisimulation of MPs. Section 4.3 introduces the syntax
of our process algebra and the axiomatization of structural congruence; we prove that
the space of processes can be organised as a Markov kernel and that each process is an
MP. These results guide us, in Section 5.2.4, to the definition of a structural operational
semantics which induces a notion of behavioural equivalence that coincides with the
bisimulation of MPs. In Section 4.5 we show that the bisimulation behaves well with
respect to the algebraic structure of processes: stochastic bisimulation is a congruence.

5.2 Stochastic Pi-Calculus

In this section we introduce a version of stochastic Pi-calculus equipped with an early
semantics [8] expressed in terms of measure theory. Being developed mainly for appli-
cations in Systems Biology, this calculus is designed to respect the chemical kinetics (the
Chemical Master Equation) [13] which provides the mathematical principles for calculat-
ing the rates of the channel-based communications.

The class P of processes is endowed with structural congruence which generates a
σ-algebra Π on P. In addition, rate environments assign base rates to channel names.
The behaviour of a process P in a rate environment E is defined by an indexed set of
measures µ : A+ → ∆(P, Π), where A+ is the set of actions.

The SOS is a proof system with statements of type E ` P → µ. For an arbitrary
α ∈ A+, µ(α) is a measure on (P, Π) and for a measurable set of processes S ∈ Π,
µ(α)(S) ∈ R+ represents the rate of an exponentially distributed random variable that
characterizes the duration of the α-transitions from P to (some element of) S.
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5.2.1 Syntax

Definition 5.2.1 (Processes). Let N be a countable set of channel names. The stochastic
processes are defined, on top of 0, for arbitrary r ∈ Q+ and a, b, c ∈ N , as follows.

P := 0
... x.P

... (a@r)P
... P|P ... P + P

... !P,

x := a(b)
... a[b].

Let P be the set of stochastic processes.
0 stands for the inactive process.
An input “a(b)” is the capability of the process a(b).P to receive a name on channel

a that replaces b in all its occurrences inside P.
An output prefix “a[b]” represents the action of sending a name b on channel a.

“(a@r)” is the fresh name operator that, unlike in nondeterministic PAs, also specifies
the rate r of the fresh name1.

As usual in Pi-calculus, we have the parallel composition “|”, the choice operator “+”
and the replication operator “!”.

For arbitrary P ∈ P, we define the set fn(P) of the free names of P inductively by
fn(0) = ∅,
fn(a(b).P) = (fn(P) \ {b}) ∪ {a},
fn(a[b].P) = fn(P) ∪ {a, b},
fn(P|Q) = fn(P + Q) = fn(P) ∪ fn(Q),
fn((a@r)P) = fn(P) \ {a} and
fn(!P) = fn(P).
As usual in process algebras, for arbitrary a, b ∈ N , we write P{a/b} for the process

term obtained from P by substituting all the free occurrences of b with a, renaming as
necessary to avoid capture.

Definition 5.2.2 (Structural congruence). Structural congruence is the smallest equivalence
relation ≡⊆ P×P satisfying the following conditions.

1. (P, |, 0) is a commutative monoid for ≡, i.e.,

(a) P|Q ≡ Q|P;

(b) (P|Q)|R ≡ P|(Q|R);
(c) P|0 ≡ P.

2. (P,+, 0) is a commutative monoid for ≡, i.e.,

(a) P + Q ≡ Q + P;

(b) (P + Q) + R ≡ P + (Q + R);

1Because in practice we cannot measure nor specify models with irrational rates, we have chosen
r ∈ Q+. However, the technical development does not change if r ∈ R+.
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(c) P + 0 ≡ P.

3. ≡ is a congruence for the algebraic structure of P, i.e., if P ≡ Q, then

(a) P|R ≡ Q|R;

(b) P + R ≡ Q + R;

(c) !P ≡!Q;

(d) a[b].P ≡ a[b].Q

(e) (a@r)P ≡ (a@r)Q;

(f) a(b).P ≡ a(b).Q.

4. the fresh name quantifiers satisfy the following conditions

(a) if a 6= b, then (a@r)(b@s)P ≡ (b@s)(a@r)P;

(b) (a@r)0 ≡ 0;

(c) if a 6∈ fn(P), then (a@r)(P|Q) ≡ P|(a@r)Q and (a@r)(P + Q) ≡ P + (a@r)Q.

5. the replication satisfies the following conditions

(a) !0 ≡ 0;

(b) !(P|Q) ≡!P|!Q.

6. ≡ satisfies the alpha-conversion rules

(a) (a@r)P ≡ (b@r)P{b/a};

(b) a(b)P ≡ a(c)P{c/b}.

If Q is obtained from P by alpha-conversion (6)a-b, we write P ≡∗ Q.
Let Π be the set of the ≡-closed subsets of P. Note that P≡ is a countable partition

of P and Π is the σ-algebra generated by P≡.
Notice that, unlike in the nondeterministic case, we do not have

!!P ≡!P nor !P ≡ P|!P.
These are not sound due to the rate competition which else will generate processes with
infinite rates.

Theorem 5.2.3 (Measurable space). (P, Π) is a measurable space of processes.

The measurable sets of P are the unions of ≡-equivalence classes on P. In what
follows P ,R,Q range over Π.

We lift some functions and algebraic operations from processes to measurable sets,
for arbitrary a, b ∈ N and r ∈ Q+, as follows.
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fn(P) =
⋃

P∈P
fn(P),

P{a/b} =
⋃

P∈P
P{a/b},

P|Q =
Q∈Q⋃
P∈P

(P|Q)≡,

PQ =
Q∈Q⋃

R|Q∈P
R≡,

(a@r)P =
⋃

P∈P
(a@r)P≡.

It is not difficult to see that these operations are internal operations on Π.

Lemma 5.2.4. If P ,Q ∈ Π, a, b ∈ N , r ∈ Q+, then

P{a/b}, P|Q, PQ, (a@r)P ∈ Π.

5.2.2 Rate environments

Now we introduce rate environments used to interpret stochastic processes. They are
partial functions on N assigning rates to channels. We chose to introduce them in the
“process algebra style” instead of defining a type systems for environment correctness,
which would complicate the semantics.

Definition 5.2.5 (Rate Environment). The rate environments associated to N are defined,
on top of a constant ε, for arbitrary a ∈ N and r ∈ Q+, by

E := ε
... E, a@r.

A suffix a@r is called a rate declaration. If a@r appears in E, we write a@r ∈ E. ε
stands for the empty environment. We treat “,” as concatenation symbol for rate environ-
ments and use “E, E′” to denote the concatenation of E and E′; ε is the empty symbol
for concatenation.

Let E be the set of rate environments.
For E = E1, ..., En ∈ E and {1, .., n} = {i1, .., ik} ∪ {j1, .., jn−k} with i1 < .. < ik,

j1 < ... < jn−k, if E′ = Ei1 , .., Eik and E′′ = Ej1 , .., Ejn−k , we write E′ ⊂ E and E′′ = E \ E′.
Notice that ε ⊂ E, E ⊂ E, E = E \ ε and ε = E \ E.

The domain of a rate environment is the partial function on E defined as follows.
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1. dom(ε) = ∅;

2. if dom(E) is defined and a 6∈ dom(E), then dom(E, a@r) = dom(E) ∪ {a};

3. undefined otherwise.

In what follows, whenever we use dom(E) we implicitly assume that dom is defined
in E. Observe that, if a ∈ dom(E), then there exists a rate declaration a@r ∈ E and for no
s 6= r, a@s ∈ E; for this reason we also write r = E(a).

When dom(E) is defined, let dom(E)∗ = {a ∈ dom(E) s.t. E(a) 6= 0}.

5.2.3 The class of indexed measures

To provide the preliminary definitions needed to introduce the operational semantics,
in this section we focus on a special class of mappings over the class of measures on
(P, Π).

The semantics will involve terms of type E ` P→ µ, where E is a rate environment,
P is a process and µ : A+ → ∆(P, Π) is a mapping that defines a set of labeled measures.

The labels are the observable actions collected in the set A+ defined below.

A = {a[b], a[@r], ab, for a, b ∈ N , r ∈ Q+} and A+ = A∪ {τ}.

We denote by M the set ∆(P, Π)A+
of labeled measures.

The observable actions consist of four classes:

1. free outputs of type a[b] denoting the action of sending a free name b over the chan-
nel a,

2. bound outputs of type a[@r] denoting the action of sending a fresh unspecified
name, with base-rate r, on channel a,

3. input actions of type ab representing the fact that channel a has received a name b
(as the result of an output action on a),

4. internal action τ – communications.

In what follows we use α, αi to represent arbitrary elements of A+.

Notice the relation between the syntactic prefixes of the calculus and the observable
actions.

The output prefixes, as in Pi-calculus, represent observable output actions.
The input prefix of the calculus, such as a(b) in the process a(b).P, does not represent

an authentic action, but the capability of P to receive a name on channel a; consequently
we adopt an early semantics [8]: if a name c is sent on a, the input action is ac and it
labels the transitions to P{c/b}. In this way, to a single prefix a(b) correspond as many
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input actions ac as names c can be sent on a in the given rate-environment. Unlike
the nondeterministic case, for stochastic Pi-calculus we cannot define a late semantics
[8] because only the input actions of type ac correspond to a measure on the space of
processes, while a(b) represents a set of measures, one for each name received. Because
our semantics aims to associate a measure to each process and action label, we need to
refuse the inputs of type a(b) in the set of labels and chose an early semantics.

The bound output a[@r] in the form that ignores the argument of communication
is novel. It labels a bound output of type (b@r)a[b].P. The example below explains its
action; anticipating the semantics, E ` P α,r−→ Q≡ means that in the environment E, P
can do an α-transition with rate r to the elements of Q≡.

Example 5.2.6. The processes
Q = (b@r)a[b].P and R = (c@r)a[c].P{c/b}

are structural congruent and we want them bisimilar in our semantics. If we consider that the
(only) observable transition in which Q can be involved is a[b@r], as it is done in other PAs,
then the transition is

E ` (b@r)a[b].P
a[b@r],E(a)−→ (b@r)P≡,

while for R the transition is

E ` (c@r)a[c].P{c/b}
a[c@r],E(a)−→ (c@r)P≡{c/b}.

Obviously,
(b@r)P≡ = (c@r)P≡{c/b},

but if b 6= c, then a[b@r] 6= a[c@r] and in effect, Q and R are not bisimilar in this interpretation.
Similarly, we expect that the processes

S = (b@r)a[b].P|(b@r)a[b].P and T = (b@r)a[b].P|(c@r)a[c].P{c/b}

are bisimilar and this is equally impossible if we consider the observable actions a[b@r] and
a[c@r]; because in this case the transitions are

E ` S
a[b@r],2E(a)−→ (b@r)P|(b@r)a[b].P≡,

E ` T
a[b@r],E(a)−→ (b@r)P|(c@r)a[c].P≡{c/b} and

E ` T
a[c@r],E(a)−→ (b@r)a[b].P|(c@r).P≡{c/b}.

For obtaining the expected bisimulations, we need that for any b, c ∈ N , a[b@r] = a[c@r];
and this is equivalent with accepting that an external observer can only see that a private name
with the base rate r has been sent on channel a without seeing the name. Hence, the real observ-
able action has to be a[@r].
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Thus, the previous pairs of processes are now bisimilar, because

(b@r)P≡ = (c@r)P≡{c/b},

(b@r)a[b].P|(b@r)P≡ = (b@r)a[b].P|(c@r)P≡{c/b} = (b@r).P|(c@r)a[c].P≡{c/b},

E : Q
a[@r],E(a)−→ (b@r)P≡,

E : R
a[@r],E(a)−→ (c@r)P≡{c/b},

E : S
a[@r],2E(a)−→ (b@r)a[b].P|(b@r)P≡,

E : T
a[@r],2E(a)−→ (b@r)a[b].P|(c@r)P≡{c/b}.

Our solution is similar to the Abstraction-Concretion method proposed in [44] for non-
deterministic Pi-calculus. a[@r] does ”the job” of Abstraction, as our measurable sets of
processes are Milner’s abstracted processes. Only that in our case, because the transitions
are not between processes but from processes to structural-congruence classes, we need
no Concretions. So, the main advantage of our approach is that it solves the problem of
bound outputs without using higher order syntax as in the classic Pi-calculus.

Before proceeding with the operational semantics, we need to define a set of oper-
ations on M that lift the process constructors of stochastic Pi-calculus to the level of
the labeled distributions over the space of processes. These operations reflect the com-
plexity of the normal forms of the τ-reductions for stochastic Pi and for this reason the
reader is invited to study Definition 5.2.7 in the context of the operational semantics
presented in the next section. The SOS rules clarify and prove the correctness of these
operations.

Let
A@ = {a[@r], for a ∈ N , r ∈ Q+}

denote the set of bound output actions and

Aa = {a[b], ab, a[@r], for b ∈ N , r ∈ Q+}

be the set of actions on channel a.
A labeled measure µ ∈ M has finite support if the set of output actions α ∈ A+ with

µ(α) 6= ω is finite or empty. Recall that ω denotes the null measure and DP≡ the P≡-
Dirac measure defined for arbitrary Q ∈ Π by DP≡(Q) = 1 if Q ⊆ P≡ and DP≡(Q) = 0
otherwise.

Definition 5.2.7. Consider the following operations on M defined for arbitrary µ, η ∈ M,
E ∈ E, α ∈ A+, a, b, c ∈ N , P ∈ P and P ,Q,R ∈ Π.

1. Operations of arity 0.
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(a) Let ω ∈M defined by ω(α) = ω for any α ∈ A+;

(b) Let Ea[b]
P≡ , Ea(b)

P≡ ∈M defined whenever fn(P) ⊆ dom(E), by

Ea[b]
P≡ (a[b]) = E(a)DP≡ and Ea[b]

P≡ (α) = ω, for α 6= a[b];

Ea(b)
P≡ (ac) = E(a)DP≡{c/b}

and Ea(b)
P≡ (α) = ω, for α 6= ac.

2. Operations of arity 1.

(a) Let µP ∈ M defined by µP (α)(R) = µ(α)(RP ).
(b) Let (a@r)µ ∈ M defined as follows

• if α 6∈ Aa ∪A@, then (a@r)µ(α)((a@r)P) = µ(α)(P)
• (a@r)µ(b[@r])((a@r)P) = µ(b[a])(P) + µ(b[@r])(P)
• otherwise, (a@r)µ(α)(R) = 0

3. Operations of arity 2.

(a) Let µ⊕ η ∈ M, defined by

(µ⊕ η)(α) = µ(α) + η(α).

(b) For µ, η ∈M with finite support, let µ P⊗E
Q η ∈ M defined as follows

• for α ∈ A,

(µ P⊗E
Q η)(α)(R) = µQ(α)(R) + ηP (α)(R);

• for τ,
(µ P⊗E

Q η)(τ)(R) = µQ(τ)(R) + ηP (τ)(R)+

a∈dom(E)∗
b∈N

∑
P1|P2⊆R

µ(a[b])(P1) · η(ab)(P2) + η(a[b])(P1) · µ(ab)(P2)

E(a)
+

((x@r)y[x].P′ |P′′)+P′′′≡⊆P
(y(z).Q′ |Q′′)+Q′′′≡⊆Q

∑
(x@r)(P′|Q′{x/z})|P

′′|Q′′≡⊆R

µ(y[@r])((x@r)P′|P′′≡) · η(yx)(Q′{x/z}|Q
′′≡)

E(a)
+

(y(z).P′ |P′′)+P′′′≡⊆P
((x@r)y[x].Q′ |Q′′)+Q′′′≡⊆Q

∑
(x@r)(P′{x/z}|Q

′)|P′′|Q′′≡⊆R

µ(yx)(P′{x/z}|P
′′≡) · η(y[@r])((x@r)Q′|Q′′≡)

E(a)
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Observe that because we work with functions with finite support and because dom(E)
is defined and finite, the sums involved in the definition of µ P⊗E

Q η have finite numbers
of non-zero summands.

These operations are the building blocks for the lifting of the algebraic structure of
processes to the level of functions: the operations of arity 0 encode the process 0 and the
prefixing, the operations of arity 1 encode the quotient and the fresh name quantification
and the operations of arity 2 correspond to the choice and parallel composition.

We postpone the discussion of these operations to the next section, where their
meaning will be revealed by the SOS rules. Until then, we prove that these operations
are correctly defined and we state some of their basic properties.

Lemma 5.2.8. 1. For arbitrary µ, η, ρ ∈ M, µ ⊕ η ∈ M and the following equalities are
satisfied

(a) µ⊕ η = η ⊕ µ;
(b) (µ⊕ η)⊕ ρ = µ⊕ (η ⊕ ρ);
(c) µ = µ⊕ω.

2. For arbitrary µ, η, ρ ∈M with finite support, µ P⊗E
Q η ∈M and the following equalities

are satisfied

(a) µ P⊗E
Q η = η Q⊗E

P µ;

(b) (µ P⊗E
Q η) P|Q⊗E

R ρ = µ P⊗E
Q|R (η Q⊗E

R ρ);

(c) µ P⊗E
0≡ ω = µ.

5.2.4 Semantics

The stochastic transition relation is the smallest relation T ⊆ E× P×M satisfying the
semantics rules listed in Table 5.1, where E ` P→ µ denotes (E, P, µ) ∈ T. This relation
states that the behaviour of P in the environment E is defined by the mapping µ ∈ M.
For each ≡-closed set of processes P ∈ Π and each α ∈ A+, µ(α)(P) ∈ Q+ represents
the total rate of the α-reductions of P to the elements of P .

The rules also involve predicates of type E ` ok that encode the correctness of E, i.e.
that the environment associates base rates to a finite number of channels only, and that
no channel appears in more than one rate declaration in that environment.

Recall that ≡∗ is used to denote alpha-conversion.
The rule (Null) guarantees that in any correct environment the behaviour of the

process 0 is described by ω, which associates the rate 0 to any transition.
The rules (Out) and (Imp) have similar actions. They associate to any prefixed pro-

cess x.P, where x ∈ {a(b), a[b] | a, b ∈ N}, the mapping Ex
P≡ which, as described in

Definition 5.2.7, associates the base-rate of the channel of x to the x-transitions from x.P
to P≡ and rate 0 to all the other transitions2.

2The set {P≡, P ∈ P} is a base for Π, hence Ex
P≡ is well defined.
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(Envε). ε ` ok

(Env@). E ` ok a 6∈ dom(E)
E, a@r ` ok

(Null). E ` ok
E ` 0→ ω

(Out).
E ` ok fn(a[b].P) ⊆ dom(E)

E ` a[b].P→ Ea[b]
P≡

(Imp).
E ` ok fn(a(b).P) ⊆ dom(E)

E ` a(b).P→ Ea(b)
P≡

(Sum). E ` P→ µ E ` Q→ η

E ` P + Q→ µ⊕ η

(Par).
E ` P→ µ E ` Q→ η

E ` P|Q→ µ P≡⊗E
Q≡ η

(New). E, a@r ` P→ µ

E ` (a@r)P→ (a@r)µ

(Alpha). E ` P→ µ P ≡∗ Q
E ` Q→ µ

(Rep). E ` P→ µ

E `!P→ µ!P≡

Table 5.1: Semantics of Stochastic-Pi Calculus

The rule (Sum) computes the rate of the α-transitions from P + Q to R ∈ Π, as the
sum of the rates of the α-transitions from P and Q toR respectively.

The rule (Par) describes the possible interactions between the processes. If

ρ = µ P≡⊗E
Q≡ η,

the rate ρ(α)(R) of the α-transitions from P|Q to R for α 6= τ, is the sum of the rates
µ(α)(RQ≡) and η(α)(RP≡) of the α-transitions from P to RQ and from Q to RP re-
spectively; the rate of the τ-transitions from P|Q to R is the sum of the rates of the
τ-transitions that P or Q can do independently plus the rate of all communications be-
tween P and Q (bound communications represented by the first sum in Definition 5.2.7
3.(b) and unbound communications represented by the last two sums). Because we use
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the base rate of the channel a when we calculate the rates of both inputs and outputs on
a, the sums in Definition 5.2.7 3.(b) are normalised by E(a).

The rule (New) establishes that the rate of the transitions from (a@r)P to (a@r)R ∈
Π in the environment E is the rate of the corresponding transitions from P to R in
the environment E, a@r. The only thing one needs to take care of (see Definition 5.2.7)
is when an output becomes bound while (New) is used. Consider, for instance, the
process

Q = b[a].P + (c@r)b[c].P{c/a}.

Observe that
E, a@r ` Q

b[a],E(b)−→ P≡ and E, a@r ` Q
b[@r],E(b)−→ (c@r)P≡{c/a}.

If we consider
(a@r)Q ≡ (a@r)b[a].P + (c@r)b[c].P{c/a},

since (a@r)P ≡ (c@r)P{c/a}, the rates of the transitions in the environment E should be

E ` (a@r)Q
b[a],0−→ (a@r)P≡ and E ` (a@r)Q

b[@r],2E(b)−→ (a@r)P≡.

Notice that the rate of b[a]-transition of Q contributes to the rate of b[@r]-transition of
(a@r)Q and this is how Definition 5.2.7 introduces (a@r)µ.

The rule (Rep) encodes the intuition that in the case of stochastic systems, if

E ` P α,r−→ Q≡, then E ` !P α,r−→ !P|Q≡.

This replaces the axioms !P ≡ P|!P and !!P ≡!P that are sound in PAs but not sound in
SPAs.

And finally, the rule (Alpha) proves properties by alpha-conversion: it guarantees
that the behaviour of a process does not change if the bound variables are renamed. The
standard presentations of PAs with unlabelled reduction mixes structural congruence
with reductions by rules of type (Struct). Because our reductions are labelled (the labels
are hidden into the mappings), alpha conversion needs to be separately incorporated
both in the algebra and coalgebra.

The next example illustrates some transitions in our framework.

Example 5.2.9. I. We prove that

E ` (b@r)(a[b].P)|a(c).Q τ,E(a)−→ (b@r)(P|Q{b/c})
≡.

Applying (Out) we derive

E, b@r ` a[b].P
a[b],E(a)−→ P≡.

(New) gives us further that

E ` (b@r)a[b].P
a[@r],E(a)−→ (b@r)P≡
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and this is the only transition with non-zero rate. Observe that the definition of Ea(c)
Q≡ implies

E ` a(c).Q
ab,E(a)−→ Q≡{b/c}.

Applying the definition of (b@r)(a[b].P)≡⊗E
a(c).Q≡ , we obtain

E ` (b@r)(a[b].P)|a(c).Q τ,E(a)−→ (b@r)(P|Q{b/c})
≡.

A consequence of this result is the well-known case of communication of a private name used
for a private communication:

E ` (b@r)(a[b].b(e).P)|a(c).c[d].0 τ,E(a)−→ (b@r)(b(e).P|b[d].0)≡ τ,r−→ (b@r)P≡{d/e}.

The first transition is a particular case of the example. For the second transition, we apply the
case 3(b) of Definition 5.2.7.

II. We can also prove that

E ` (b@r)(a[b].P)|(b@r)(a[b].P)|a(c).Q τ,2E(a)−→ (b@r)(a[b].P)|(b@r)(P|Q{b/c})
≡.

The proof is similar to the previous case with the only difference that

E ` (b@r)a[b].P|(b@r)a[b].P
a[@r],2E(a)−→ (b@r)P|(b@r)a[b].P≡,

which induces the result.
Observe also that the case 3 (b) of Definition 5.2.7 guarantees that

E ` (b@r)a[b].P|(c@r)a[c].P{b/c}
a[@r],2E(a)−→ (b@r)P|(b@r)a[b].P≡.

Remark 5.2.10. In stochastic Pi calculus it is not possible to define a binary operator on
M that reflects, for a fixed environment E, the parallel composition of processes.

To prove this, assume that there exists an operator ⊗E such that if

E ` P→ µ and E ` Q→ η,

then
E ` P|Q→ µ⊗E η.

The processes
P = a[b].0|c[d].0 and Q = a[b].c[d].0 + c[d].a[b].0

have associated, in any correct environment E, the same mapping µ ∈M.
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Suppose that E ` R→ η, where R = e[ f ].0.
If, indeed, the operator ⊗E is well defined, then

E ` P|R→ µ⊗E η and E ` Q|R→ µ⊗E η,

i.e. P|R and Q|R have associated the same mapping. But this is not the case, because
P≡ 6= Q≡ and

E ` P|R e[ f ],E(e)−→ P≡ and E ` P|R e[ f ],0−→ Q≡,

while
E ` Q|R e[ f ],0−→ P≡ and E ` Q|R e[ f ],E(e)−→ Q≡.

This explains why we need to index ⊗E with P≡ and Q≡ and why the algebraic signa-
ture is changed when the structure of processes is lifted to indexed measures.

The next theorem states that T is well defined and characterizes the correctness of an
environment.

Theorem 5.2.11. 1. If E ` ok and fn(P) ⊆ dom(E), then there exists a unique µ ∈M such
that E ` P→ µ.

2. If E ` P→ µ, then E ` ok. Moreover, E ` ok iff E ` 0→ ω.

Proof. 1. The existential part is proved by induction on the structure of P and the
uniqueness by induction on derivations.

Firstly we prove the existential part.
For P = 0 and P = x.Q: (Null), (Imp) and (Out) guarantee the existence of µ.
For P = Q + R: because f n(P) = f n(Q) ∪ f n(R), f n(Q) ⊆ dom(E) and f n(R) ⊆

dom(E). We use the inductive hypothesis and obtain that exist two functions η, ρ such
that E ` Q → η and E ` R → ρ. From (Sum) we obtain that exists µ = η ⊕ ρ such that
E ` P→ µ.

For P = Q|R: because f n(P) = f n(Q) ∪ f n(R), f n(Q) ⊆ dom(E) and f n(R) ⊆
dom(E). We use the inductive hypothesis and obtain that exist two functions η, ρ such
that E ` Q → η and E ` R → ρ. From (Par) we obtain that exists µ = η Q≡⊗E

R≡ ρ such
that E ` P→ µ.

For P = (a@r)Q: if a 6∈ dom(E), then E, a@r ` ok and the inductive hypothesis
guarantees the existence of η such that E, a@r ` Q → η. Further, applying (New),
we get E ` P → (a@r)η. If a ∈ dom(E), let b ∈ N \ dom(E). Then E, b@r ` ok and
the inductive hypothesis guarantees the existence of η such that E, b@r ` Q{b/a} → η.
Further, applying (New), we get

E ` (b@r)Q{b/a} → (b@r)η

and (Alpha) gives
E ` (a@r)Q→ (b@r)η.
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Consequently, in all the cases there exists µ such that E ` (a@r)Q→ µ.
For P =!Q: because f n(Q) = f n(P), the inductive hypothesis guarantees the exis-

tence of a unique η such that E ` Q→ η. Further, applying (Rep), we get E ` P→ η!Q.

The uniqueness part is done by induction on derivations.
The rules (Envε) and (Env@) are only proving the correctness of environments and

consequently will not interfere with our proof.
Observe that all the derivations involving only the rules (Sum), (Par), (New) and

(Rep), called in what follows basic proofs, demonstrate properties about processes with
a more complex syntax than the processes involved in the hypotheses.

Consequently, taking (Null), (Imp) and (Out) as basic cases, an induction on the
structures of the processes involved in the derivations shows the uniqueness of µ for
the situation of the basic proofs.

Notice, however, that due to (New), a basic proof proves properties of type E `
P → µ only for cases when new(P) ∩ dom(E) = ∅, where new(P) is the set of names
of P bound by fresh name quantifiers. To conclude the proof, we need to show that if
Q = P{a/b} with a, b 6∈ f n(P) and if E ` P → µ and E ` Q → η can be proved with
basic proofs, then µ = η.

We do this by induction on P.
If P = 0, then Q = 0 and η = µ = ω.
If P = c[d].R, then Q = c[d].R{a/b} and a, b 6∈ f n(R). Moreover, µ = Ec[d]

R≡ and η =

Ec[d]
R≡{a/b}

. But because a, b 6∈ f n(R), we have that R ≡ R{a/b} implying further µ = η.

If P = c(d).R, then if d 6= b the proof goes as in the previous case. If P = c(b).R, then
Q = c(a).R{a/b}, µ = Ec(b)

R and η = Ec(a)
R{a/b}

. It is trivial to verify that µ = η.
If P = S + T, then Q = S{a/b} + T{a/b}. Suppose that E ` S → ρ and E ` T → ν,
then from the inductive hypothesis, E ` S{a/b} → ρ and E ` T{a/b} → ν. Hence,
µ = η = ρ⊕ ν.
If P = S|T the proof goes as in the previous case.
If P =!R, Q =!R{a/b}. Suppose that E ` R → ρ. From the inductive hypothesis we
also obtain that E ` R{a/b} → ρ. The conclusion derives further from the fact that
!R ≡!R{a/b} because a, b 6∈ f n(R).
If P = (c@r)R with c 6= b, then Q = (c@r)R{a/b}. Because we are in the case of a
basic proof, c 6∈ dom(E). Suppose that E, c@r ` R → ρ. This is the unique hypothesis
that proves E ` P → µ. Then, µ = (c@r)ρ and the inductive hypothesis implies that
E, c@r ` R{a/b} → ρ is the unique hypothesis that proves E ` Q → η. Further, we get
E ` (c@r)R{a/b} → (c@r)ρ. Hence, in this case, µ = η.
If P = (b@r)R, then Q = (a@r)R{a/b}. Because we work with basic proofs, we have
a, b 6∈ dom(E). A simple induction proves that

if E, b@r ` R→ ρ, then E, a@r ` R{a/b} → ρ′,
where for any α ∈ A+ and anyR ∈ Π, ρ(α)(R) = ρ′(α{a/b})(R{a/b}).
From here we get (b@r)ρ = (a@r)ρ′. Observe that E, b@r ` R → ρ is the unique
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hypothesis that can be used in a basic proof to derive E ` (b@r)R→ µ and µ = (b@r)ρ.
Similarly, E, a@r ` R{a/b} → ρ′ is the unique hypothesis to prove E ` (a@r)R{a/b} → η

and η = (a@r)ρ′. Hence, also in this case, µ = η.

In this way we have proved that any couple of alpha-converted processes have as-
sociated the same mapping by basic proofs. In addition, (Alpha) guarantees that any
kind of proofs will associate to alpha-converted processes the same mapping and this
concludes our proof.

2. We prove the first part by induction on derivations. The second part is a conse-
quence of the first part and (Null).
If E ` P→ µ is proved by (Null), (Imp) or (Out), E ` ok is required as hypothesis.
If E ` P→ µ is proved by (Sum), P = Q + R, µ = η ⊕ ρ and E ` Q→ η and E ` R→ ρ
are the hypothesis and we can use the inductive hypothesis.
If E ` P→ µ is proved by (Par), the argument goes as in the previous case.
If E ` P → µ is proved by (New), then P = (a@r)Q and the hypothesis is of type
E, a@r ` Q → η. The inductive hypothesis gives E, a@r ` ok and this can only be
proved by (Env@) from E ` ok.
If E ` P→ µ is proved by (Rep), then P =!Q, µ = µ′!Q≡ and E ` Q→ µ′ is the hypothe-
sis and we can apply the inductive step.
If E ` P→ µ is proved by (Alpha), we can use the inductive hypothesis again.

Unlike in other process algebras, our semantics does not contain a (Struct) rule stat-
ing that structural congruent processes behave identicaly. However, such a result can
be proved.

Theorem 5.2.12. If E ` P′ → µ and P′ ≡ P′′, then E ` P′′ → µ.

The next lemma describes how the environments can vary without influencing the
mapping associated to a process.

Lemma 5.2.13. 1. If for any a ∈ N and r ∈ Q, [a@r ∈ E iff a@r ∈ E′], then
[E ` P→ µ iff E′ ` P→ µ].

2. If E′ ` ok, E ⊂ E′ and E ` P→ µ, then E′ ` P→ µ.

3. If E ⊂ E′, E ` P→ µ and dom(E′ \ E) ∩ fn(P) = ∅, then E′ ` P→ µ.

Proof. 1. A simple induction on derivations that involve only (Envε) and (Env@) proves
that E ` ok iff E′ ` ok. For proving our lemma we will proceed with an induction on the
derivation of E ` P→ µ.

If E ` P → µ is proved by (Null), we have that P = 0 and due to Theorem 5.2.11,
µ = ω. Applying (Null) we obtain E′ ` P→ µ.

If E ` P→ µ is proved by (Imp) or (Out), we have that P = x.Q and due to Theorem
5.2.11, µ = Ex

Q. Because Ex
Q = E′xQ and dom(E) = dom(E′), we obtain E′ ` P→ µ.
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If E ` P → µ is proved by (Sum), we have that P = Q + R, µ = η ⊕ ρ and the
hypothesis are E ` Q → η and E ` R → ρ. From the inductive hypothesis we obtain
E′ ` Q→ η and E′ ` R→ ρ. Further, applying (Sum) we get E′ ` P→ µ.

If E ` P → µ is proved by (Par) we have that P = Q|R, µ = η Q≡⊗E
R≡ ρ and the

hypothesis are E ` Q → η and E ` R → ρ. From the inductive hypothesis we obtain
E′ ` Q → η and E′ ` R → ρ. Further, applying (Par) we get E′ ` P → η Q≡⊗E′

R≡ ρ. But
η Q≡⊗E

R≡ ρ = η Q≡⊗E′
R≡ ρ.

If E ` P→ µ is proved by (Rep), we have that P =!Q, µ = η!Q and the hypothesis is
E ` Q → η. Applying the inductive step we get E′ ` Q → η and (Rep) guarantees that
E′ ` P→ µ.

If E ` P → µ is proved by (New), we have that P = (a@r)Q, µ = (a@r)η and the
hypothesis is E, a@r ` Q → η. Hence, a 6∈ dom(E) = dom(E′) and we can apply the
inductive hypothesis because b@s ∈ E, a@r iff b@s ∈ E′, a@r and obtain E′, a@r ` Q→ η
where from we get E′ ` P→ µ.

If E ` P → µ is proved by (Alpha), we have that P = Q{a/b} with a, b 6∈ f n(P) =
f n(Q) and the hypothesis is E ` Q→ µ. As before, the inductive hypothesis guarantees
that E′ ` Q→ µ and because a, b 6∈ f n(Q), (Alpha) proves E′ ` P→ µ.

2. Induction on the derivation of E ` P→ µ.
If E ` P → µ is proved by (Null), we have that P = 0 and due to Theorem 5.2.11,

µ = ω. Applying (Null) we obtain E′ ` P→ µ.
If E ` P→ µ is proved by (Imp) or (Out), we have that P = x.Q and due to Theorem

5.2.11, µ = Ex
Q≡ . Because f n(P) ⊆ dom(E) ⊆ dom(E′) and Ex

Q≡ = E′xQ≡ , we obtain
E′ ` P→ µ.

If E ` P → µ is proved by (Sum), we have that P = Q + R, µ = η ⊕ ρ and the
hypothesis are E ` Q → η and E ` R → ρ. From the inductive hypothesis we obtain
E′ ` Q→ η and E′ ` R→ ρ. Further, applying (Sum) we get E′ ` P→ µ.

If E ` P → µ is proved by (Par) we have that P = Q|R, µ = η Q≡⊗E
R≡ ρ and the

hypothesis are E ` Q → η and E ` R → ρ. From the inductive hypothesis we obtain
E′ ` Q → η and E′ ` R → ρ. Further, applying (Par) we get E′ ` P → η Q≡⊗E′

R≡ ρ. But
η Q≡⊗E

R≡ ρ = η Q≡⊗E′
R≡ ρ.

If E ` P→ µ is proved by (Rep), we have that P =!Q, µ = η!Q and the hypothesis is
E ` Q → η. Applying the inductive step we get E′ ` Q → η and (Rep) guarantees that
E′ ` P→ µ.

If E ` P → µ is proved by (Alpha), we have that P = Q{a/b} with a, b 6∈ f n(P) =
f n(Q) and the hypothesis is E ` Q→ µ. As before, the inductive hypothesis guarantees
that E′ ` Q→ µ and because a, b 6∈ f n(Q), (Alpha) proves that E′ ` P→ µ.

If E ` P → µ is proved by (New), we have that P = (a@r)Q, µ = (a@r)η and the
hypothesis is E, a@r ` Q → η. Hence, a 6∈ dom(E). If a 6∈ dom(E′), the inductive
hypothesis guarantees that E′, a@r ` Q → η where from we get E′ ` P → µ. If a ∈
dom(E′), let b 6∈ dom(E′) ∪ f n(P). Because E, a@r ` Q→ η is provable, also

E, b@r ` Q{b/a} → η{b/a}
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is provable, where η{b/a} is the mapping obtained from η replacing all the occurrences
of a in the definition of η (in processes and labels) with b. Moreover, to each proof of
E, a@r ` Q → η corresponds a proof of E, b@r ` Q{b/a} → η{b/a} that is, from the
point of view of our induction, at the same level with the proof of E, a@r ` Q → η.
Consequently, we can apply the inductive hypothesis to E, b@r ` Q{b/a} → η{b/a} and
obtain E′, b@r ` Q{b/a} → η{b/a}. (New) implies E′ ` (b@r)Q{b/a} → (b@r)η{b/a}
and (Alpha) E′ ` (a@r)Q → (b@r)η{b/a}. To conclude, it is sufficient to verify that
(a@r)η = (b@r)η{b/a}.

3. The proof goes similarly with the proof of the previous case. We use an induction
on the derivation of E ` P→ µ.

If E ` P → µ is proved by (Null), we have that P = 0 and µ = ω. Applying (Null)
we obtain E′ ` P→ µ.

If E ` P → µ is proved by (Imp) or (Out), we have that P = x.Q and µ = E′xQ≡ .
Because f n(P) ⊆ dom(E), f n(P) ∩ dom(E \ E′) = ∅ and Ex

Q≡ = E′xQ≡ , we obtain
E′ ` P→ µ.

If E ` P → µ is proved by (Sum), we have that P = Q + R, µ = η ⊕ ρ and the
hypothesis are E ` Q → η and E ` R → ρ. From the inductive hypothesis we obtain
E′ ` Q→ η and E′ ` R→ ρ. Further, applying (Sum) we get E′ ` P→ µ.

If E ` P → µ is proved by (Par) we have that P = Q|R, µ = η Q≡⊗E
R≡ ρ and the

hypothesis are E ` Q → η and E ` R → ρ. From the inductive hypothesis we obtain
E′ ` Q → η and E′ ` R → ρ. Further, applying (Par) we get E′ ` P → η Q≡⊗E′

R≡ ρ. But
η Q≡⊗E

R≡ ρ = η Q≡⊗E′
R≡ ρ.

If E ` P→ µ is proved by (Rep), we have that P =!Q, µ = η!Q and the hypothesis is
E ` Q → η. Applying the inductive step we get E′ ` Q → η and (Rep) guarantees that
E′ ` P→ µ.

If E ` P → µ is proved by (Alpha), we have that P = Q{a/b} with a, b 6∈ f n(P) =
f n(Q) and the hypothesis is E ` Q→ µ. As before, the inductive hypothesis guarantees
that E′ ` Q→ µ and because a, b 6∈ f n(Q), (Alpha) proves that E′ ` P→ µ.

If E ` P → µ is proved by (New), we have that P = (a@r)Q, µ = (a@r)η and the
hypothesis is E, a@r ` Q → η. Hence, a 6∈ dom(E) and because dom(E′) ⊆ dom(E), we
obtain that a 6∈ dom(E′). Because E, a@r ⊂ E′, a@r and

dom((E′, a@r) \ (E, a@r)) = dom(E′ \ E),

we can apply the inductive hypothesis and from E, a@r ` Q → η we obtain E′, a@r `
Q→ η where from we get E′ ` P→ µ.

5.3 Stochastic bisimulation

In this section we focus on stochastic bisimulation that reproduces, at the stochastic
level, Larsen-Skou probabilistic bisimulation [40]. We have introduced a similar concept
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in previous chapter for the case of stochastic CCS [17]. The novelty with the present
definition consists in the role of the rate environments:

two processes are stochastic bisimilar if they have similar stochastic behaviours in any rate
environment.

Definition 5.3.1 (Stochastic Bisimulation). A rate-bisimulation on P is an equivalence re-
lation R ⊆ P×P such that (P, Q) ∈ R iff for any E ∈ E,

• if E ` P → µ, then there exists η ∈ M such that E ` Q → η and for any C ∈ Π(R)
and α ∈ A+, µ(α)(C) = η(α)(C).

• if E ` Q → η, then there exists µ ∈ M such that E ` P → µ and for any C ∈ Π(R)
and α ∈ A+, η(α)(C) = µ(α)(C).

Two processes P, Q ∈ P are stochastic bisimilar, denoted P ∼ Q, if there exists a rate-bisimulation
connecting them.

Observe that stochastic bisimulation is the largest rate-bisimulation on P.

Example 5.3.2. If a, b, x, y ∈ N , a 6= b and x 6∈ fn(b[y].Q), then

a(x).P|b[y].Q ∼ a(x).(P|b[y].Q) + b[y].(a(x).P|Q).

Indeed, for any compatible rate environment E,

E ` a(x).P|b[y].Q→ (Ea(x)
P≡ ) (a(x).P)≡⊗E

(b[y].Q)≡ (Eb[y]
Q≡ ),

E ` a(x).(P|b[y].Q) + b[y].(a(x).P|Q)→ Ea(x)
P|b[y].Q ⊕ Eb[y]

a(x).P|Q

and for arbitrary C ∈ Π(∼),

[(Ea(x)
P≡ ) (a(x).P)≡⊗E

(b[y].Q)≡ (Eb[y]
Q≡ )](C) = [Ea(x)

P|b.Q ⊕ Eb[y]
a(x).P|Q](α)(C).

The previous example shows bisimilar processes which are not structurally congru-
ent. However, the reverse affirmation is not true, as one can simply demonstrate induc-
tively on the structural congruence rules by applying the properties stated in Theorem
5.2.8.

Theorem 5.3.3. If P′ ≡ P′′, then P′ ∼ P′′.

Proof. From P′ ≡ P′′ we obtain that f n(P′) = f n(P′′) and Theorem 5.2.11 ensures that
E ` P′ → µ implies that there exists a unique µ′ such that E ` P′′ → µ′.

We prove now that E ` P′ → µ implies E ` P′′ → µ. The proof is an induction
following the rules of structural congruence presented in Definition 5.2.2.
Rule 1.a: if P′ = P|Q and P′′ = Q|P. Suppose that E ` P → η and E ` Q → ρ. Then
µ = η ⊗P Q

Eρ and Lemma 4.4.2 guarantees that E ` P′′ → µ.
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Similarly we can treat all the rules of group 1.
Rules of group 2: As previously, the results derive from the properties of ⊕ stated in
Lemma 5.2.8.
Rules of group 3: If (P′ = P|R and P′′ = Q|R), or (P′ = P + R and P′′ = Q + R), or
(P′ = x.P and P′′ = x.Q), or (P′ =!P and P′′ =!Q) for P ≡ Q, we can apply the inductive
hypothesis that guarantees that E ` P → η iff E ` Q → η. Further, if E ` R → ρ, we
obtain the desired results because η P≡⊗E

R≡ ρ = η Q≡⊗E
R≡ ρ, η ⊕ ρ = η ⊕ ρ, Ex

P≡ = Ex
Q≡

and µ!P = µ!Q.
If P′ = (a@r)P and P′′ = (a@r)Q, we have two subcases.

Subcase 1: a 6∈ dom(E). Suppose that E, a@r ` P → η. From the inductive hypoth-
esis we obtain that E, a@r ` Q → η. Further, rule (New) proves that µ = (a@r)η and
E ` (a@r)Q→ µ.

Subcase 2: a ∈ dom(E). Let b ∈ N \ dom(E). Suppose that E, b@r ` P{b/a} → η.
Then, (New) implies

E ` (b@r)P{b/a} → (b@r)η

and (Alpha) proves
E ` (a@r)P→ (b@r)η.

Hence, µ = (b@r)η. On the other hand, the inductive hypothesis implies

E, b@r ` Q{b/a} → η,

(New) proves
E ` (b@r)Q{b/a} → (b@r)η

and (Alpha) implies
E ` (a@r)Q→ (b@r)η.

Rule 4.a: If P′ = (a@r)(b@s)P and P′′ = (b@s)(a@r)P. Let c, d ∈ N \ dom(E). Suppose
that

E; c@r; d@s ` P{c/a,d/b} → η.

Applying twice (New) we obtain

E ` (c@r)(d@s)P{c/a,d/b} → (c@r)(d@s)η

and applying twice (Alpha) we get

E ` (a@r)(b@s)P→ (c@r)(d@s)η.

Hence, µ = (c@r)(d@s)η. On the other hand, Lemma 5.2.13.1 guarantees that

E; c@r; d@s ` P{c/a,d/b} → η

implies
E; d@s; c@r ` P{c/a,d/b} → η
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and, as before, we eventually obtain

E ` (b@s)(a@r)P→ (d@s)(c@r)η.

Now it is sufficient to verify that (d@s)(c@r)η = (c@r)(d@s)η.
Rule 4.b: If P′ = (a@r)0 and P′′ = 0. In this case it is sufficient to notice that

(a@r)ω = ω.

Rule 4.c: If P′ = (a@r)(P|Q) and P′′ = P|(a@r)Q, where a 6∈ f n(P).
Let b ∈ N \ (dom(E) ∪ f n(P)). Suppose that

E, b@r ` P→ η and E, b@r ` Q{b/a} → ρ.
Observe that because a 6∈ f n(P), we also have E, b@r ` P{b/a} → η. Further we obtain

E, b@r ` (P|Q){b/a} → η (P{b/a})≡
⊗(E,b@r)

(Q{b/a})≡
ρ and

E ` (b@r)((P|Q){b/a})→ (b@r)(η (P{b/a})≡
⊗(E,b@r)

(Q{b/a})≡
ρ).

Now we apply (Alpha) and obtain

E ` (a@r)((P|Q))→ (b@r)(η (P{b/a})≡
⊗(E,b@r)

(Q{b/a})≡
ρ).

On the other hand, because b 6∈ f n(P), from E, b@r ` P→ η Lemma 5.2.13.2 proves

E ` P→ η

and from E, b@r ` Q{b/a} → ρ we obtain, applying (New),

E ` (b@r)Q{b/a} → (b@r)ρ.

And further,
E ` P|(b@r)Q{b/a} → η P≡⊗E

((b@r)Q{b/a})≡
(b@r)ρ.

Applying (Alpha) we obtain

E ` P|(a@r)Q→ η P≡⊗E
((b@r)Q{b/a})≡

(b@r)ρ.

A simple verification based on the observation that (if for all R ∈ R, b 6∈ f n(R), then
(b@r)R = R) proves that

(b@r)(η P≡⊗E,b@r
(Q{b/a})≡

ρ) = η P≡⊗E
((b@r)Q{b/a})≡

(b@r)ρ.

Similarly, one can prove that case P′ = (a@r)(P + Q) and P′′ = P + (a@r)Q, where
a 6∈ f n(P).
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Rules of group 5: By a simple verification one can prove that ω!0 = ω. For the second
rule, observe that if E ` P→ η and E ` Q→ ρ, then

E `!(P|Q)→ (η ⊗P Q
Eρ)!(P|Q)

and
E `!P|!Q→ η ⊗!Q|P !P|Q

Eρ.

And a simple verification proves that

(η P≡⊗E
Q≡ ρ)!(P|Q) = η !Q|P≡⊗E

!P|Q≡ ρ.

Rules of group 6: These rules are a direct consequence of (Alpha).

The next theorem, stating that stochastic bisimulation is a congruence, proves that
we have identified a well-behaved semantics.

Theorem 5.3.4 (Congruence). If P ∼ Q, then

1. for any a, b ∈ N , a(b).P ∼ a(b).Q and a[b].P ∼ a[b].Q;

2. for any R ∈ P, P + R ∼ Q + R;

3. for any a ∈ N and r ∈ Q+, (a@r)P ∼ (a@r)Q;

4. for any R ∈ P, P|R ∼ Q|R;

5. !P ∼!Q.

Proof. 1. Prefix: For any C ∈ Π(∼), P ∈ C iff Q ∈ C. This entails that for any E ∈ E

with f n(x.P) ∪ f n(x.Q) ⊆ dom(E) and any α ∈ A+,

Ex
P≡(α)(C) = Ex

Q≡(α)(C).

2. Choice: We can suppose, without loosing generality, that
E ` P→ µ, E ` Q→ η and E ` R→ ρ,

since the other cases are trivially true. Then,
E ` P + R→ µ⊕ ρ and E ` Q + R→ η ⊕ ρ.

Let C ∈ Π(∼) and α ∈ A+. Because P ∼ Q, µ(α)(C) = η(α)(C) implying

µ(α)(C) + ρ(α)(C) = η(α)(C) + ρ(α)(C).

This means that
(µ⊕ ρ)(α)(C) = (η ⊕ ρ)(α)(C).

3. Fresh name quantification: Let E ∈ E and b 6∈ dom(E)∪ f n(P)∪ f n(Q). Observe
that from P ∼ Q, following an observation that we used also in the proof of Lemma
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5.2.13 concerning the relation between a mapping η its correspondent η{b/a}, we derive
P{b/a} ∼ Q{b/a}. Suppose that

E, b@r ` P{b/a} → µ and E, b@r ` Q{b/a} → η.
Applying (New) we obtain E ` (b@r)P{b/a} → (b@r)µ and E ` (b@r)Q{b/a} → (b@r)η.
(Alpha) implies E ` (a@r)P→ (b@r)µ and E ` (a@r)Q→ (b@r)η.
From P{b/a} ∼ Q{b/a} we obtain that for any α ∈ A+ and any C ∈ Π(∼), µ(α)(C) =
η(α)(C). to conclude the proof it is sufficient to verify that (b@r)µ(α)(C) = (b@r)η(α)(C).

4. Parallel composition: For the beginning we consider the processes that, to all
syntactic levels, contain no subprocess from the class 0≡ in a parallel composition. Let’s
call them processes with non-trivial forms.

We will firstly prove the case of the processes with non-trivial forms.
For arbitrary n ∈ N, let Sn be the set of process terms with non-trivial forms and no

more than n occurrences of the operator “|”.
Let ∼n⊆ Sn × Sn be the largest rate-bisimulation defined on Sn.
We define ≈n∈ Sn × Sn by

≈n=∼n−1 ∪
{(P1|...|Pk, Q1|...|Qk), (P1 + ...Pk, Q1 + ...Qk) for Pi ∼n−1 Qi, i = 1..k, k ≤ n}.

We show, by induction on n, that ≈n is a rate-bisimulation, i.e. that ≈n⊆∼n.
Suppose that P ≈n Q. We need to prove that if E ` P → µ and E ` Q → η, then for

any α ∈ A+ and any C ∈ Π(≈n), µ(α)(C) = η(α)(C).
Observe that, from the way we construct ≈n, there are three possibilities: either

[P ∼n−1 Q], or [P = P1 + ... + Pk and Q = Q1 + ... + Qk], or [P = P1|...|Pk and Q =
Q1|...|Qk], for k ≤ n, with Pi ∼n−1 Qi for each i = 1..k.

In the first two cases, using also the case of choice operator that we have already
proved, it is trivial to verify that µ(α)(C) = η(α)(C).

To prove the last case observe for the beginning that because ∼n−1⊆∼n, the induc-
tive hypothesis guarantees that for each i = 1..k,

P1|...|Pi−1|Pi+1|...|Pk ≈n−1 Q1|...|Qi−1|Qi+1|...|Qk

and consequently that

P1|...|Pi−1|Pi+1|...|Pk ∼n−1 Q1|...|Qi−1|Qi+1|...|Qk.

Suppose that E ` Pi → µi and E ` Qi → ηi for all i = 1..k. Then,

µ = µ1 ⊗P1 P2|...|Pk

E(µ2 ⊗P2 P3|...|Pk

E(...(µk−1 ⊗Pk−1 Pk
Eµk)...),

η = η1 ⊗Q1 Q2|...|Qk

E(η2 ⊗Q2 Q3|...|Qk

E(...(ηk−1 ⊗Qk−1 Qk
Eηk)...),

Consider an arbitrary α ∈ A. Then,

µ(α)(C) = ∑
i=1..k

µi(α)(CP1|...|Pi−1|Pi+1|...|Pk
),
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η(α)(C) = ∑
i=1..k

ηi(α)(CQ1|...|Qi−1|Qi+1|...|Qk
).

Because C ∈ Π(≈n), CP1|...|Pi−1|Pi+1|...|Pk
and CQ1|...|Qi−1|Qi+1|...|Qk

contain only processes
with at most n− 1 occurrences of |, for any i. And because
P1|...|Pi−1|Pi+1|...|Pk ∼n−1 Q1|...|Qi−1|Qi+1|...|Qk, we obtain

CP1|...|Pi−1|Pi+1|...|Pk
= CQ1|...|Qi−1|Qi+1|...|Qk

∈ Π(∼n−1).

Further, using the fact that ∼n−1 is a rate bisimulation, we obtain

µ(α)(CP1|...|Pi−1|Pi+1|...|Pk
) = η(α)(CQ1|...|Qi−1|Qi+1|...|Qk

)

that implies µ(α)(C) = η(α)(C).
A similar argument proves the case α = τ. Consequently, ≈n is a rate-bisimulation.
Returning to our theorem, suppose that P and Q are two processes with non-trivial

forms such that P ∼ Q. Then, there exists n ∈N such that P ∼n Q.
Suppose that R ∈ Sm for some m ∈N. Then P ∼m+n−1 Q and R ∼m+n−1 R implying

P|R ≈m+n Q|R. Because ≈m+n is a rate-bisimulation, we obtain that P|R ∼ Q|R.
If P, Q or R (or some of them) have “trivial forms”, then there exist P′ ≡ P, Q′ ≡ Q

and R′ ≡ R with non-trivial forms. And because the bisimulation is an equivalence that
extends the structural congruence, we obtain the desired result also for the general case.

5. Replication: We use the same proof strategy as for the parallel composition. We
say that a process is in canonic form if it contains no parallel composition of replicated
subprocesses and no replicated process from the class 0≡. In other words, !(P|Q) is in
canonic form while !P|!Q and !(P|Q)|!!0 are not; using the structural congruence rules,
we can associate to each process P a structural congruent process with a canonic form
called a canonic representative for P. Notice also that all the canonic representatives of
a given process have the same number of occurrences of the operator “!”. Let S∗ be the
set of process terms with canonic form. Observe that because structural congruence is a
subset of bisimulation, it is sufficient to prove our lemma only for processes in S∗.

As before, let Sn
∗ be the set of processes (in canonic form) with no more than n occur-

rences of the operator “!”. Let ∼n be the stochastic bisimulation on Sn
∗ and ≈n⊆ Sn

∗ × Sn
∗

defined by
≈n=∼n−1 ∪{(!P, !Q) | P ∼n−1 Q}.

We firstly show, inductively on n, that ≈n is a rate-bisimulation. Consider two arbi-
trary processes P and Q such that P ≈n Q. We prove that if E ` P→ µ and E ` Q→ η,
then for arbitrary α ∈ A+ and C ∈ Π(≈n), µ(α)(C) = η(α)(C).

Observe that if P ≈n Q, then either P ∼n−1 Q, or P ≡!R and Q ≡!S with R ∼n−1 S.
In the first case the equality is trivially true. In the other case, suppose that E ` R → µ′

and E ` S→ η′. Then, µ = µ′!R and η = η′!S. We have

µ(α)(C) = µ′(α)(C!R), η(α)(C) = η′(α)(C!S).
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We prove that C!R = C!S. Let U ∈ C!R. Then, U|!R ∈ C and from the construction of
C ∈ Π(≈n), we obtain that there exists T ∈ Sn−1

∗ such that U =!T. Because !R|!T ∈ C,
!(R|T) ∈ C. Now, from R ∼n−1 S we obtain R ∼ S and because T ∼ T, the case
of parallel operator that we have proved guarantees that R|T ∼ S|T. But the canonic
representatives V, W of R|T and S|T respectively are in Sn−1

∗ meaning that V ∼n−1 W.
The construction of ≈n guarantees further that !V ≈n!W and because W ≡ S|T we
obtain !(S|T) ∈ C and U ≡!T ∈ C!S.

Because C!R = C!S and µ′(α)(C!R) = η′(α)(C!S) (this is implied by R ∼n−1 S), then
µ(α)(C) = η(α)(C).

5.4 Concluding remarks

In this chapter we have proposed a way of introducing stochastic Pi-calculus that is
faithful to the algebraic-coalgebraic structures of the concurrent Markovian processes.
This work extends the one of the previous chapter where we proposed a measure-
theoretical operational semantics for a finite fragment of stochastic CCS. In this chapter
we have demonstrated that the semantics can be successfully extended to include name
passing, new name operators and replication.

As before, the semantics is given in terms of measure theory and describes the lift-
ing of the algebraic structure of processes to the level of measures on the measurable
space of processes. Instead of the discrete measurable space of processes, we consider
the measurable space induced by structural congruence and this idea has important ad-
vantages. Firstly, it matches practical modelling requirements: the identity of a system
is not given by the stochastic process used to model it, but by its structural-congruence
class (for systems biology this represents a chemical soup). Secondly, by working with
measures on this space, we get important advantages on the level of the underlying the-
ory such as a simple and elegant semantics, simple solutions for the problems related to
bound output and replication (that otherwise require complicate transition labeling and
higher order reasoning) and a well-behaved notion of stochastic bisimulation. Other
advantages derive from the use of the rate environments that guarantees a certain ro-
bustness in modelling: a model cab be easily refined by modifying its rate environment.

Our approach opens some future research directions. One is the study of the GSOS
format where the main challenges are to understand the underlying category and the
equational monad induced by structural congruence.
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Chapter 6

Metrics for Stochastic Process Algebras

6.1 Introduction

In the case of stochastic and probabilistic systems, bisimulation is a strict concept: it ver-
ifies whether two processes have identical behaviours. In applications we need more.
For instance, we want to know whether two processes that may differ by only a small
amount in real-valued parameters (rates or probabilities) are behaving in a similar way.

To address this problem we define in this chapter some pseudometrics on the set of
stochastic process algebra terms that will measure how much two processes are alike
in terms of their behaviours. In this sense, two processes are at distance zero iff they
are bisimilar. Thus, the pseudometrics will be quantitative extensions of the notion of
bisimulation.

We will argue that the operational semantics based on measure theory is particu-
larly appropriate for this type of development. This chapter is, in this sense, a ”proof
of concept” and for this reason the entire development is made only for the class of
stochastic CCS processes introduced in Chapter [43]. However, a similar development
can be adapted to stochastic Pi-calculus.

Metrics for measuring the similarity of probabilistic systems in terms of behaviours
have been proposed in [22, 42, 54]. In [25, 46] such metrics are introduced using a set
of functional expressions, that generalise formulas of Hennessy-Milner logic, in a sim-
ilar way to which Kantorovich metrics are defined by Lipschitz functions. These met-
rics are designed for general measurable spaces but the transitions are in discrete time.
However, they have been extended in [33] for continuous-time systems (generalized
semi-Markov processes).

The metrics developed in this chapter are similar to Desharnais-Panangaden met-
rics, for instance in the way they explore the transition systems, but they are simpler,
being particularly designed for our process algebra. We do not consider any functional
expressions for calculating the distance, but we propose a direct approach. In the last
part of this monograph we will return to these metrics and study their computational
aspects in a more extended settings.

105
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6.2 Distances Between Stochastic Process Algebra Terms

The behaviours of stochastic processes can be compared from two main points of view:
the immediate transition rates and their future behaviour. The metrics that we propose
in this chapter take both aspects into account. For this reason, our metrics dc : P×P→
R+ are indexed with the parameter c ∈ [0, 1], where the notation is the one proposed
in Chapter 4 and P represents the set of stochastic CCS processes. The pseudometric
d1 captures only the differences between the transition rates of processes, giving equal
importance to the differences between the immediate transitions and the differences
that arise deeper in the evolution of the processes. On the other hand, a pseudometric
dc with c ∈ (0, 1) gives more weight to the rate differences that arise earlier in the
evolution of the processes; as c approaches 0, the future gets discounted more, being
completely ignored for c = 0.

The intuition behind these definitions is as follows. Assume we want to measure the
distance between the processes P and Q that have the immediate transitions as repre-
sented below, where Pi,Qi ∈ Π(∼) for i = 1..3 are bisimulation classes and the transi-
tions are all labelled by α ∈ A+.

P
α,r1

}}
α,r2
��

α,r3

!!
P1 P2 P3

Q
α,s1

~~

α,s2

  
Q1 Q2

For calculating the distance dc(P, Q), we firstly pair classes Pi andQj and then sum the
differences between the rates of going from P and Q to Pi and Qj, respectively, and the
weighted distance between arbitrary processes Pi ∈ Pi and Qj ∈ Qj. We thus obtain,
for the pair (Pi,Qj), the value

|ri − sj|+ c · dc(Pi, Qj).

There are various ways in which one can take these pairs: dc is the infimum of the values
one can get taking all possible pairings of bisimulation classes.

However, these pairings have to be one-to-one and onto on P∼ and for this reason
we will use the possible bijections on P∼.

Another observation is that we only need to consider the pairs (Pi,Qj), such that
either P can do an α-transition to Pi with non-zero rate, or Q can do an α-transition to
Qj with non-zero rate.

In what follows we formalize these intuitions for the class of stochastic CCS-processes;
the notations in this chapter are the ones introduced in Chapter 4.

We propose two families of pseudometrics on P: Dα for α ∈ A+ and D. The first
family contains measures that concern only α-transitions, while the second considers all
the transitions.
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As before, for arbitrary P, Q ∈ P, we write P =⇒ Q if there exists α ∈ A+ and r 6= 0
such that P α,r−→ Q≡. Let

D(P) =
⋃
{Q∼ | P =⇒ Q}

be the set of derivatives of P.
Let B be the set of bijections σ : P∼ → P∼.
For arbitrary P, Q, R, S ∈ P and σ ∈ B we write R[σP

Q]S if R ∈ D(P) ∪ σ−1(D(Q))

and S∼ = σ(R∼).

Definition 6.2.1. For arbitrary α ∈ A+ consider the family Dα of functions

dc
α : P×P→ R+, c ∈ [0, 1],

defined for P, Q ∈ P with P→ µ and Q→ η, by

dc
α(P, Q) = inf

σ∈B
{σα(P, Q)},

where1

σα(P, Q) =

R[σP
Q]S

∑
(R∼,S∼)

(|µ(α)(R∼)− η(α)(S∼)|+ c · dc
α(R, S)) .

The correctness of this definition derives from Lemma 4.4.5 and from the fact that the
transition tree of a derivative of a process P is strictly less complex than the transition
tree of P. The same arguments guarantee that the infimum considered before is well
defined.

The parameter c ∈ [0, 1] is used to associate a weight with each transition step. For
instance if a ∈ A, then

dc
τ(τ1.0, τ1.0 + τ1.0) = |1− 2| = 1

because the first process is doing a τ-transition with rate 1 and the second with rate 2.
Similarly,

dc
τ(τ1.0, τ1.0 + a.0) = |1− 1| = 0

because both processes are doing τ-transitions with rate 1 and for similar reasons,

dc
τ(τ1.0 + τ1.0, τ1.0 + a.0) = |2− 1| = 1.

τ1.0

τ,1
��

0∼

τ1.0 + τ1.0

τ,2
��

0∼

τ1.0 + a.0

τ,1
��

a,ι(a)

%%
0∼ 0∼

1The sum is for all pairs (R∼, S∼) such that R[σP
Q]S.
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If we prefix these three processes, we will see their difference only at the second level
transitions and this will influence the measure. Thus,

dc
τ(τ2.τ1.0, τ2.(τ1.0 + τ1.0)) = |2− 2|+ c · |2− 1| = c,

dc
τ(τ2.τ1.0, τ2.(τ1.0 + a.0)) = |2− 2|+ c · |1− 1| = 0,

dc
τ(τ2.(τ1.0 + τ1.0), τ2.(τ1.0 + a.0)) = |2− 2|+ c · |2− 1| = c.

τ2.τ1.0

τ,2
��

τ1.0∼

τ,1
��

0∼

τ2.(τ1.0 + τ1.0)

τ,2
��

τ1.0 + τ1.0∼

τ,2
��

0∼

τ2.(τ1.0 + a.0)

τ,2
��

τ1.0 + a.0∼

τ,1
��

a,1

&&
0∼ 0∼

We can use various values of c ∈ [0, 1] to give a certain weight to each transition
step. Thus d1

a gives equal importance to the differences at each transition step, while d0
a

is the measure that only looks to the immediate transitions.
Consider now the processes τ3.0, τ2.τ1.0, τ1.τ2.0 and τ1.τ1.τ1.0 represented below.

Their relative distances are:

dc
τ(τ3.0, τ2.τ1.0) = |3− 2|+ c · |1− 0| = 1 + c ,

dc
τ(τ3.0, τ1.τ2.0) = |3− 1|+ c · |2− 0| = 2 + 2c ,

dc
τ(τ1.τ2.0, τ2.τ1.0) = |1− 2|+ c · |2− 1| = 1 + c ,

dc
τ(τ3.0, τ1.τ1.τ1.0) = |3− 1|+ c · |1− 0|+ c2 · |1− 0| = 2 + c + c2 ,

dc
τ(τ2.τ1.0, τ1.τ1.τ1.0) = |2− 1|+ c · |1− 1|+ c2 · |1− 0| = 1 + c2 ,

dc
τ(τ1.τ2.0, τ1.τ1.τ1.0) = |1− 1|+ c · |2− 1|+ c2 · |1− 0| = c + c2

τ3.0

τ,3
��

0∼

τ2.τ1.0

τ,2
��

τ1.0∼

τ,1
��

0∼

τ1.τ2.0

τ,1
��

τ2.0∼

τ,2
��

0∼

τ1.τ1.τ10

τ,1
��

τ1.τ1.0∼

τ,1
��

τ1.0∼

τ,1
��

0∼
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Notice also that for a ∈ A the values of dc
a are of type k0 + k1 · c + k2 · c2 + . . . where

ki are multiples of ι(a). This is not particularly significant, as our main issue is not the
absolute value of the metric, but the significance of zero distance or the relative distance
of processes (i.e., their induced topology).

The next lemma states that, indeed, our functions are pseudometrics.

Lemma 6.2.2. For any c ∈ [0, 1] and any α ∈ A+, dc
α is a pseudometric on P.

Proof. The only non-trivial axiom to verify is the triangle inequality:

dc
α(P, R) ≤ dc

α(P, Q) + dc
α(Q, R).

We prove it by induction on the structures of processes.
We can assume, without loosing generality, that there exist the processes P1, ..., Pn,

Q1, ..., Qn and R1, ..., Rn such that
D(P) ⊆ {P1, ..., Pn}, D(Q) ⊆ {Q1, ..., Qn} and D(R) ⊆ {R1, ..., Rn}

and σ′, σ′′ ∈ B such that
dc

α(P, Q) = σ′α(P, Q), dc
α(Q, R) = σ′′α (Q, R)

and for each i = 1..n, Q∼i = σ′(P∼i ), R∼i = σ′′(Q∼i ).
Suppose also that P → µ, Q → µ′ and R → µ′′. Then, σ′′′ = σ′′ ◦ σ′ ∈ B. Conse-

quently,

dc
α(P, R) ≤ σ′′′α (P, R) = ∑

i=1..n
(|µ(α)(P∼i )− µ′′(α)(R∼i )|+ c · dc

α(Pi, Ri)).

From the inductive hypothesis we obtain that for each i = 1..n,

dc
α(Pi, Ri) ≤ dc

α(Pi, Qi) + dc
α(Qi, Ri).

Moreover,

|µ(α)(Pi)− µ′′(α)(Ri)| ≤ |µ(α)(Pi)− µ′(α)(Qi)|+ |µ′(α)(Qi)− µ′′(α)(Ri)|.

Consequently,
∑

i=1..n
(|µ(α)(P∼i )− µ′′(α)(R∼i )|+ c · dc

α(Pi, Ri)) ≤

∑
i=1..n

(|µ(α)(P∼i )− µ′(α)(Q∼i )|+ c · dc
α(Pi, Qi))+

∑
i=1..n

(|µ′(α)(Q∼i )− µ′′(α)(R∼i )|+ c · dc
α(Qi, Ri)) =

σ′α(P, Q) + σ′′α (Q, R) = dc
α(P, Q) + dc

α(Q, R).

Hence, dc
α(P, R) ≤ dc

α(P, Q) + dc
α(Q, R).
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It is not difficult to prove that the distance between bisimilar processes is always
zero. Also, if for a fixed c 6= 0 the distances dc

α between two given processes are zero for
all α ∈ A+, then the processes must be bisimilar.

Theorem 6.2.3. Let P, Q ∈ P.
(i) If P ∼ Q, then for any c ∈ [0, 1] and any α ∈ A+, dc

α(P, Q) = 0.
(ii) If there exists c ∈ (0, 1], such that for any α ∈ A+, dc

α(P, Q) = 0, then for any c′ ∈ [0, 1]
and any α ∈ A+, dc′

α (P, Q) = 0. Moreover, in this case P ∼ Q.

Notice that the elements of Dα measure only α-transitions and for this reason their
utility is limited. Our main intention is to introduce a metric on processes that can
characterize the bisimulation. For achieving this goal, in what follows we will introduce
a family of metrics which consider all the transitions. The intuition is that the “general”
distance dc between two processes is the supremum of the distances dc

α for all α ∈ A+.

Definition 6.2.4. Consider the family D of functions

dc : P×P→ R+, c ∈ [0, 1],

defined for arbitrary P′, P′′ ∈ P by

dc(P′, P′′) = sup
α∈A+

{dc
α(P′, P′′)}.

Consider the processes
P = a.a.0 + τr.τr.0 and Q = a.(a.0 + a.0) + (τr.0|τr.0)

represented below.

Pa,ι(a)
||

τ,r
##

a.0∼
a,ι(a) ��

τr.0∼
τ,r ��

0∼ 0∼

Q
a,ι(a)
xx

τ,2r
""

a.0 + a.0∼
a,2ι(a) ��

τr.0∼
τ,r ��

0∼ 0∼

For calculating dc(P, Q), we firstly observe that

dc
a(P, Q) = |ι(a)− ι(a)|+ c · |2ι(a)− ι(a)| = c · ι(a),

dc
τ(P, Q) = |2r− r|+ c · |r− r| = r

and for any α 6∈ {a, τ}, dc
α(P, Q) = 0.

Consequently, dc(P, Q) = max{c · ι(a), r}.

Lemma 6.2.5. For any c ∈ [0, 1], dc is a pseudometric on P.
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Proof. As for dc
α, the only non-trivial axiom is dc(P, R) ≤ dc(P, Q) + dc(Q, R). From

Lemma 6.2.2 we know that dc
α(P, R) ≤ dc

α(P, Q) + dc
α(Q, R). From here we obtain

dc(P, R) =sup
α∈A+ dc

α(P, R) ≤sup
α∈A+ (dc

α(P, Q) + dc
α(Q, R)) ≤

sup
α∈A+dc

α(P, Q) +
sup
α∈A+ dc

α(Q, R) = dc(P, Q) + dc(Q, R).

The next theorem states that, indeed, the pseudometrics dc generalise the bisimula-
tion of processes. Lifted on the level of bisimulation classes, the pseudometrics became
metrics and consequently, they organize the space P∼ as a metric space.

Theorem 6.2.6. Let P, Q ∈ P.
(i) If P ∼ Q, then for any c ∈ [0, 1], dc(P, Q) = 0.

(ii) If for some c ∈ (0, 1], dc(P, Q) = 0, then for any c′ ∈ [0, 1], dc′(P, Q) = 0. Moreover, in
this case P ∼ Q.

For concluding this section, we notice that the metrics are influenced by the alge-
braic structure of the processes. The next lemma reveals such a relation for the case
of prefixing. However, we believe that more complex relations can be identified and
we intend to return to this problem in future works. The possibility of computing the
distance between two processes from the relative distances of their sub-processes is an
idea that can find interesting applications especially in the case of large systems where
it is more convenient to focus on subsystems.

Lemma 6.2.7. For arbitrary P, Q ∈ P and ε ∈ A∗,
if dc(P, Q) = r > 0, then dc(ε.P, ε.Q) = max{2 · ι(ε), c · r}.

6.3 Concluding Remarks

In this final chapter of this part of our monograph we show how one can extend the
equivalence-based reasoning on processes to metric reasoning. We defined quantitative
extensions of stochastic bisimulation in the form of two classes of metrics that measure
the distance between processes in terms of similar behaviours: two processes are at
distance zero iff they are bisimilar; two processes are close if their behaviours are similar.

The organisation of the space of algebraic processes as a metric space was a nov-
elty when [17] was published. This work can be extended to other calculi and used in
applications, for example, to appreciate the quality of approximations of models or to
characterise quantitatively the concept of robustness.

In the Part IV of this monograph we will return to this idea and develop it for general
Markov processes up to the level of proving its role into the Stone duality for Markov
processes. In Part V we will investigate computability and complexity problems related
to such behaviours distances.
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In the previous Part of this monograph we have looked at a particular subclass of
Markov processes – the processes that can be defined inductively by terms of stochastic
process algebras. Starting with this part of the monograph, we extend our research to
the most general classes of Markov processes as defined by Pannagaden et al. [14–20,
22, 38]. These classes of processes are defined over arbitrary analytic spaces of states by
measurable mappings from states to distributions over the state space. We can thus
encode (i) probabilistic systems by considering the probabilistic distributions; (ii) sub-
probabilistic systems by taking the subprobabilistic distributions; and also the stochastic-
Markovian systems by considering the general distributions over the state space (typi-
cally used to encode continuous-time Markov processes).

Properties of these classes of MPs can be specified by a few probabilistic or stochastic
modal logics that we call in this monograph Markovian Logics (MLs) [4,10,15,22,27,34,
35, 49]. They are multi-modal logics that, in addition to the classic Boolean operators,
are devised with modalities indexed by rationals, which approximate, from below and
from above, the probabilities or the rates of the MP-transitions.

For the probabilistic case, it has been proven that this logic is sufficiently expres-
sive to characterize probabilistic bisimulation of MPs, even in the case when the state
space is not finite (hence not image-finite) [14, 15]. This result was surprising, since
for the nondeterministic transition system the Hennessy-Milner property can only be
demonstrated under the finite-imaginess assumption. Moreover, one can even strip
down the probabilistic Markovian logic to a very spartan core —just the modalities and
finite conjunction— and still characterize bisimulation for labeled probabilistic Markov
processes [14, 15].

Similar logics can be defined also for the classes of subprobabilistic or general stochas-
tic Markov processes. It is therefore tempting to understand if all these logics enjoy
similar properties.

The Markovian logics are also challenging from a model theoretic perspective. Gold-
blatt in [26] presents a proof-theoretic analysis of the class of the logics of T-coalgebras,
where T is any polynomial functor constructed from a standard monad on the cate-
gory of measurable spaces. He proves that the semantic consequence relation over T-
coalgebras is equal to the least deducibility relation that satisfies Lindenbaum’s lemma,
which states that any consistent set of formulas can be extended to a maximally consis-
tent set. In other words, this consequence relation is equal to the least of all deducibility
relations if and only if that least deducibility relation satisfies Lindenbaum’s lemma.
These logics are not compact and for proving the aforementioned results in [26] it is
used a powerful infinitary axiom scheme named the Countable Additivity Rule (CAR).
However, a feature of CAR is that it has an uncountable set of instances and this fact
makes it difficult to prove that maximally consistent sets exist for such logics. More-
over, in [51] it has been proved that such a logic is not strongly-complete in the absence
of CAR.

The Markovian logics are particular cases of the logics studied by Goldblatt and
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consequently all the aforementioned results are reflected in the Markovian case. It is
therefore tempting to study the Markovian logic from a model theoretic perspective.

We took these challenges and address them in a series of articles that we will present
in this part of the paper. We approach the Markovian logics from a model theoretic
perspective.

In the Chapter 7 we introduce the syntax and semantics for the three logics that we
study, hereafter called the probabilistic Markovian logic, the subprobabilistic Markovian logic
and the stochastic Markovian logic respectively. We propose, for each of them a sound
Hilbert-style axiomatic system.

Next, we demonstrate that each of these logics enjoy the finite model property.
Extending the finite model construction, we present classic canonic-model construc-
tions. These results allow us to prove that the proposed axiomatic systems are weekly-
complete with respect to the corresponding MP-semantics.

The following step in our research focuses on the strongly-complete axiomatizations.
In our first papers on this topic we have used Goldblatt’s technique to prove the strong
completeness, i.e., we extended the axiomatic systems with the CAR rule and assume
Lindenbaum’s lemma as a meta-axiom. Latter, we discovered that there exists an alter-
native rule to CAR. We propose a new infinitary axiom schema to replace CAR. Unlike
CAR, our axiom has a countable set of instances. This fact allows us to invoke the
Rasiowa-Sikorski Lemma and prove the strong completeness theorem via a canonical
models construction without needing to assume Lindenbaum’s lemma. In fact Linden-
baum’s lemma can be directly proven from the Extended Rasiowa-Sikorski lemma (see
Lemma 3.7.2 from Preliminaries). Using this new rule, we extend the axiomatizations
of the previous chapter to obtain strong-completeness. These results are the ones that
lead our steps to Stone dualities that we will present in Part IV of this Monograph.

In Chapter 8 we emphasize how the model theory can be extended towards met-
ric reasoning. For this, we show that whenever the class of models is organized as a
(pseudo)metric space, the structure can be lifted to the space of logical properties. This
lifting encodes many interesting properties widely used in practice, such as the con-
cepts of robustness or parameter-continuity. This research has a direct connection to Stone
duality as well and we will return to these arguments in Part IV of this Monograph.

In this Part of the Monograph we included results published in the following articles.
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Chapter 7

Markovian Logics

7.1 Markov Processes

In this section we introduce the three classes of models of probabilistic systems with
a continuous state space: (i) probabilistic Markov processes (PMPs), (ii) subprobabilistic
Markov processes (SMPs) and (iii) general Markov processes (GMPs). The first two classes
contain the systems for which the transition from a state to a measurable set of states is
characterized by its probability. The third class represents the systems with continuous-
time transitions, i.e., the probability of a transition from a state to a measurable set of
states depends on time. These classes can be extended by adding labelled transitions to
emphasize the fact that there might be multiple possible actions. Here we will suppress
the labels, as they do not contribute any relevant structure for our results.

In this chapter, to simplify the formalisms, we use the following notations

Q0 = Q∩ [0, 1], Q+ = Q∩ [0, ∞), R0 = R∩ [0, 1], and R+ = R∩ [0, ∞).

Given a measurable space (M, Σ), we denote by Π(M, Σ), Π∗(M, Σ) and ∆(M, Σ) the
set of probabilistic distributions, sub-probabilistic distribution and general distributions
on (M, Σ) respectively.

Each of these sets of distributions will be seen as a measurable space of distributions,
where the measurable sets, as detailed in the Preliminaries, are elements of the σ-algebra
generated by the sets

{µ ∈ ∆(M, Σ) | µ(S) ≥ r} for S ∈ Σ and r ∈ Q+.

This is the least σ-algebra on the space of distributions such that all the maps µ 7→ µ(S) :
∆(M, Σ) → R+ for S ∈ Σ are measurable, where the set of positive reals is endowed
with the Borel σ-algebra.

Definition 7.1.1 (Markov process). Given an analytic space (M, Σ),

123



124 CHAPTER 7. MARKOVIAN LOGICS

• a probabilistic Markov process is a measurable mapping θ ∈ JM→ Π(M, Σ)K;

• a subprobabilistic Markov process is a measurable mapping θ ∈ JM→ Π∗(M, Σ)K;

• a general Markov process is a measurable mapping θ ∈ JM→ ∆(M, Σ)K.

In what follows we identify a Markov process with the tupleM = (M, Σ, θ); M is
called the support set, denoted by supp(M), and θ is called the transition function.

IfM = (M, Σ, θ) is a (probabilistic/subprobabilistic/general) Markov process, then
for m ∈ M, θ(m) is a (probabilistic/subprobabilistic/general) measure on the state space
(M, Σ). IfM is a PMP or a SMP, the value θ(m)(N) for N ∈ Σ represents the probability
of a transition from m to a state in N; otherwise, ifM is a GMP, then θ(m) is a measure
on the state space and the value θ(m)(N) ∈ R+ represents the rate of an exponentially
distributed random variable that characterizes the time of a transition from m to a state
in N.

The condition that θ is measurable is equivalent to the condition that for fixed N ∈ Σ,
the function m 7→ θ(m)(N) is measurable (see e.g. Proposition 2.9 of [20]).

Given two Markov processes Mi = (Mi, Σi, θi), i = 1, 2, a surjective measurable
function f : M1 → M2 is a zig-zag if for any m ∈ M1 and B ∈ Σ2,

θ1(m)( f−1(B)) = θ2( f (m))(B).

Such a map is essentially a functional version of bisimulation [15].
Now we recall one of the equivalent (for analytic spaces) definitions of the MP bisim-

ulation (for details see the Preliminaries).
A span in a category is a pair of morphisms f : A→ B and g : A→ C with a common

domain.
Two Markov processes M1,M2 are said to be bisimilar if there is a third Markov

processM and a span of zig-zags fi :M→Mi, i = 1, 2.
Two states mi ∈ supp(Mi), i = 1, 2, are said to be bisimilar if there exist a span of

zig-zags fi :M→Mi, i = 1, 2 and m ∈ supp(M) such that mi = fi(m), i = 1, 2.
We write (M1, m1) ≈ (M2, m2) to indicate that m1 and m2 are bisimilar in this sense.

7.2 Syntax of Markovian Logics

Markovian logics are multi-modal logics for semantics based on the three classes of Markov
processes introduced in the previous section. They have been introduced and studied
in various contexts [3, 4, 10, 22, 27, 34, 35, 49].

In addition to the boolean operators, these logics are equipped with modal operators
of type Lr for rational numbers r that are used to approximate the numerical labels
of the transitions. Intuitively, the formula Lr ϕ is satisfied by m ∈ M whenever the
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probability/rate of a transition from m to a state satisfying the logical property ϕ is at
least r.

In this chapter we study three Markovian logics: the probabilistic Markovian logic
(PML), the sub-probabilistic Markovian logic (SML) and the general Markovian logic (GML);
they are interpreted on PMPs, SMPs and GMPs respectively. Despite their apparent
similarities, we have found it necessary to treat these logics separately because of subtle
technical differences that make a uniform model theoretic treatment difficult.

Definition 7.2.1. Given a countable set P of atomic propositions, the grammars below define
the sets of formulas L(Π) of probabilistic and subprobabilistic Markovian logic, L(Π∗) of
subprobabilistic Markovian logic and L(∆) of general Markovian logic

L(Π) : ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | Lr ϕ, for arbitrary p ∈ P and r ∈ Q0

L(Π∗) : ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | Lr ϕ, for arbitrary p ∈ P and r ∈ Q0

L(∆) : ϕ ::= p | ¬ϕ | ϕ ∧ ϕ | Lr ϕ, for arbitrary p ∈ P and r ∈ Q+

Note that the languages L(Π) and L(Π∗) are the same (syntactically identical) and
very similar to L(∆). Nevertheless, the three logics are interpreted over different struc-
tures and, thus, have different semantics and proof systems.

For each of these logics we assume that the usual boolean operators >,⊥,∨,→ are
available as derived constructs as well as the additional derived operator

Lr1···rn ϕ = Lr1 · · · Lrn ϕ

defined for r1, . . . , rn ∈ Q0 for L(Π) and for r1, . . . , rn ∈ R+ for L(∆).

7.3 Semantics of Markovian logics

In what follows we define en masse the semantics for three logics using a generic L that
ranges over the set {L(Π),L(Π∗),L(∆)}. However, each of the following concepts has
to be properly interpreted in each case.

Let M = (M, Σ, θ) be a PMP when we consider L = L(Π), an SMP when we
consider L = L(Π∗) and an GMP when we consider L = L(∆).

Let m ∈ M be an arbitrary state and i : M → 2P an arbitrary interpretation function
for the atomic propositions. The semantics of the three logics is defined as follows.

• M, m, i � p iff p ∈ i(m),

• M, m, i � ϕ ∧ ψ iffM, m, i � ϕ andM, m, i � ψ,

• M, m, i � ¬ϕ iff notM, m, i � ϕ.

• M, m, i � Lr ϕ iff θ(m)(JϕKi
M) ≥ r,

where JϕKi
M = {m ∈ M | M, m, i � ϕ}.
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For the last clause to make sense, JϕKi
M must be measurable. This is guaranteed,

for each of the three types of Markov process, by the fact that θ is a measurable map-
ping between the measurable space of states and the measurable space of probabilis-
tic/subprobabilistic/general distributions.

Lemma 7.3.1. 1. For any ϕ ∈ L(Π), any PMP M = (M, Σ, θ) and any interpretation
function i, JϕKi

M ∈ Σ.

2. For any ϕ ∈ L(Π∗), any SMP M = (M, Σ, θ) and any interpretation function i,
JϕKi
M ∈ Σ.

3. For any ϕ ∈ L(∆), any GMPM = (M, Σ, θ) and any interpretation function i,
JϕKi
M ∈ Σ.

Proof. Each case can be proven inductively on the structure of ϕ. We only present here
the case ϕ = Lrψ for L(∆).
The case ϕ = Lrψ: JLrψKi

M = θ−1({µ ∈ ∆(M, Σ) | µ(JψKi
M) ≥ r}). From the inductive

hypothesis, JψKi
M ∈ Σ, hence, {µ ∈ ∆(M, Σ) | µ(JψKi

M) ≥ r} is measurable in ∆(M, Σ)
and because θ is a measurable mapping, we obtain that JLrψKi

M is measurable.

GivenM = (M, Σ, θ) and i, we say that m ∈ M satisfies ϕ ifM, m, i � ϕ.
We writeM, m, i 6� ϕ if it is not the case thatM, m, i � ϕ.
For a set Φ ⊆ L, we writeM, m, i � Φ ifM, m, i � ϕ for all ϕ ∈ Φ. We write Φ � ϕ if

M, m, i � ϕ wheneverM, m, i � Φ.
A formula or set of formulas is satisfiable if there exist an MPM, an interpretation

function i for M and m ∈ supp(M) that satisfies it. We say that ϕ is valid and write
� ϕ, if ¬ϕ is not satisfiable.

In what follows, when we have to differentiate between the three semantics, we will
use indexes: �Π will be used for PML, �Π∗ for SML and �∆ for GML.

In the end of this section we demonstrate that the three Markovian logics are adequate
with respect to their semantics, in the sense that the semantic equivalence induced by
each of these logics over their class of models coincides with the corresponding concept
of bisimilarity. This result is often refereed to as Hennessy-Milner theorem. For the
probabilistic case the result has already been proven in [14, 15, 46].

We state this result for each of the three logics. However, in the following theorem
we consider the three Markovian logics defined for the empty set of atomic proposi-
tions,

P = ∅,

in which case we implicitly assume that the grammar that defines the formulas uses >
as the terminal symbol.

The logics for which P 6= ∅ characterize the labeled-bisimulation of MPs that have
the states labeled by the elements in P and the definition of bisimulation includes the
requirement that bisimilar states have the same labels. This more general case raises
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no additional issues and for this reason, in what follows we will only present the case
P = ∅.

Theorem 7.3.2. The following statements are verified for the case L(Π), L(Π∗) and L(∆) are
defined for P = ∅.

1. For arbitrary PMPsMj and arbitrary mj ∈ supp(Mj), j = 1, 2, (M1, m1) ≈ (M2, m2) iff ,

for any ϕ ∈ L(Π) and i, M1, m1, i �Π ϕ iff M2, m2, i �Π ϕ.

2. For arbitrary SMPsMj and arbitrary mj ∈ supp(Mj), j = 1, 2,
(M1, m1) ≈ (M2, m2) iff ,

for any ϕ ∈ L(Π∗) and i, M1, m1, i �Π∗ ϕ iff M2, m2, i �Π∗ ϕ.

3. For arbitrary GMPsMj and arbitrary mj ∈ supp(Mj), j = 1, 2,
(M1, m1) ≈ (M2, m2) iff ,

for any ϕ ∈ L(∆) and i, M1, m1, i �∆ ϕ iff M2, m2, i �∆ ϕ.

Proof. Since 1. and 2. has been proven in related papers, hereafter we prove only 3.
This proof reproduces at stochastic level the proof of Lemma 7.16 presented in [46] for
probabilistic systems.

The only difficult implication is from right to left. To prove this we take firstly the
disjoint unionM = (M, Σ, θ) of the two GMPs and we will treat the bisimulation be-
tweenM1 andM2 as an ”internal” bisimulation inM. Hence, m1, m2 ∈ supp(M).

Before starting the proof, we introduce some additional concepts and present some
results that are needed for our proof.

Let u be the relation on supp(M) defined by

m u n iff for any ϕ ∈ L(∆) and i,M, m, i �∆ ϕ iff M, n, i �∆ ϕ.

Because u is an equivalence relation, we can take for a given (M, Σ) the quotient
(Mu, Σu) constructed as follows. Mu is the set of all equivalence classes of M; there
exists a projection π : M → Mu which maps each element to its equivalence class. π
determines a σ-algebra Σu on Mu by S ∈ Σu iff π−1(S) ∈ Σ. We call π the canonical
projection from (M, Σ) into (Mu, Σu).

We state now a few results that allow us to prove the theorem.
Given a set X, a family of subsets Π ⊂ 2X closed under finite intersection is called

π-system. A family of subsets Λ ⊂ 2X is a λ-system if contains X and is closed under
complementation and countable union of pairwise disjoint sets.
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[Dynkin’s λ − π theorem]: If Π is a π-system and Λ is a λ-system, then Π ⊂ Λ implies
Π ⊆ Λ, where Π is the σ-algebra generated by Π.

Dynkin’s theorem allows us to prove the next lemma.

[Lemma A.] Suppose that Π ⊆ 2X is a π-system with X ∈ Π and µ, ν are two measures on
(X, Π). If µ and ν agree on all the sets in Π, then they agree on Π.

We also present two more lemmas (see, e.g., [46] Section 7.7).

[Lemma B.] Let (M, Σ) be an analytic set and let Σ0 be a countably generated sub-σ-algebra of
Σ which separates points in M, i.e., for any m, n ∈ M, m 6= n, there exists S ∈ Σ0 such that
m ∈ S 63 n. Then Σ0 = Σ.

[Lemma C.] Let (M, Σ) be an analytic set and let ≡ be an equivalence relation on M. If there
exists a sequence f1, f2, ... of real-valued Borel functions on M such that m ≡ n iff for all i,
fi(m) = fi(n), then (M≡, Σ≡) is an analytic set.

[Proposition D]. For any GMPM = (M, Σ, θ)M, there exists a GMPMu = (Mu, Σu, θu)
such that the canonical projection π : (M, Σ, θ)→ (Mu, Σu, θu) is a zigzag morphism.

Now we prove Proposition D:
For the beginning we show that (Mu, Σu) is an analytic set.
Since L(∆) is countable, we can assume that L(∆) = {ϕk | k ∈ N}. Because JϕkKi

M
is measurable, the characteristic functions 1ϕk : M → {0, 1} are measurable and m u n
iff [∀k ∈N, 1ϕk(m) = 1ϕk(n)]. Lemma C proves further that (Mu, Σu) is an analytic set.

Let B = {π(JϕkKi
M | k ∈N}. We show that the σ-algebra σ(B) generated by B coin-

cides with Σu. Obviously, B ⊆ Σu, because for any π(JϕkKi
M) ∈ B, π−1(π(JϕiKM)) ∈

Σ. Notice that σ(B) separates points in Mu: let C, D ∈ Mu, C 6= D and let m ∈ π−1(C),
n ∈ π−1(D); because m 6u n, there exists ϕ ∈ L(∆) and some i such that m ∈ JϕKi

M 63 n.
Hence, we can apply Lemma B and we obtain σ(B) = Σu.

Now we define θu such that π is a zigzag. Notice first that π is measurable and
surjective by definition. For each C ∈ Σu, let θu(mu)(C) = θ(m)(π−1(C)).

This definition is correct: let m, n ∈ mu, we prove that θ(m) and θ(n) agree on Σu.
We show first that they agree on JϕKi

M ∈ B.
Suppose that we have θ(m)(JϕKi

M) < r < θ(JϕKi
M). Then, M, m � ¬Lr ϕ while

M, n � Lr ϕ - impossible. Because B is closed under finite intersection (JϕKi
M ∩ JψKi

M =

Jϕ ∧ ψKi
M) and M = J>Ki

M ∈ B, we apply Lemma A and obtain that θ(m) and θ(n)
agree on Σu.

Now we only need to prove that θu is measurable.
Let C ∈ Σu and A a Borel set of R+. We have

(θu)−1({µ ∈ ∆(Mu, Σu) | µ(B) ∈ A}) = π(θ−1({ν ∈ ∆(M, Σ) | ν(π−1(B)) ∈ A})).
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But {ν ∈ ∆(M, Σ) | ν(π−1(B)) ∈ A} is measurable in ∆(M, Σ) and because θ is
measurable, we obtain that θ−1({ν ∈ ∆(M, Σ) | ν(π−1(B)) ∈ A}) ∈ Σ implying
π(θ−1({ν ∈ ∆(M, Σ)|ν(π−1(B)) ∈ A})) ∈ Σu. And this concludes the proof of Propo-
sition D.

Now we have the ingredients to prove Theorem 7.3.2.
We prove that u is a rate bisimulation.
Let C ∈ Σ(u). Then, C = π−1(π(C)), where π is the canonical projection. Because

π is measurable, we get that π(C) ∈ Σu.
If m u m′, then π(m) = π(m′). Hence,

θ(m)(C) = θ(m)(π−1(π(C))) = θu(π(m))(π(C)),

because π is a zigzag morphism. But

θu(π(m))(π(C)) = θu(π(m′))(π(C))

and
θu(π(m′))(π(C)) = θ(m′)(C).

This proves that θ(m)(C) = θ(m′)(C) and it concludes the proof.

7.4 Hilbert-style Axiomatizations

We now present sound Hilbert-style axiomatic systems for each of the three logics.
These axiomatic systems include the axioms of propositional logic, even if we will not
write them explicitly.

In the next section we prove that these system are weakly complete for their semantics,
meaning that an arbitrary formula ϕ can be proven from the axioms if and only if it is
satisfied by all the states of all the models.

As we did for the semantics, we introduce the concepts related to the provability
en masse. However, they have a specific meaning for each logic and depend directly of
each particular provability relation.

As usual, for an arbitrary formula ϕ, ` ϕ denotes the fact that ϕ is an axiom or a
theorem in the system.

If Φ is a set of formulas, we write Φ ` ϕ and say that Φ derives ϕ if ϕ is provable
from the axioms and the extra assumptions Φ. In this interpretation, this is, obviously,
a deducibility relation on L, i.e., it satisfies the following conditions

(R1) If Φ ` ϕ and Φ ⊆ Φ′, then Φ′ ` ϕ;

(R2) If ϕ ∈ Φ, then Φ ` ϕ;
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(R3) If Φ ` ϕ and Φ ∪ {ϕ} ` ⊥, then Φ ` ⊥;

(R4) Φ ∪ {¬ϕ} ` ⊥ iff Φ ` ϕ.

Note that ` ϕ iff ∅ ` ϕ.
A formula or set of formulas is consistent if it cannot derive ⊥. We say that Φ is

L-maximally consistent if it is consistent and it has no proper consistent extensions in L.

When we have to differentiate between the three provability relations, we will use
indexes: `Π will be used for PML, `Π∗ for SML and `∆ for GML.

7.4.1 Axioms of Probabilistic Markovian Logic

The axiomatic system of PML is listed in Table 9.2. The axioms and the rules are stated
for arbitrary ϕ, ψ ∈ L and arbitrary r, s, r1, .., rk ∈ Q0 for k ≥ 0. As mentioned before,
these axioms are considered in addition to the axioms and rules of the classic proposi-
tional logic.

(A1): `Π L0ϕ

(A2): `Π Lr>

(A3): `Π Lr ϕ→ ¬Ls¬ϕ, r + s > 1

(A4): `Π Lr(ϕ ∧ ψ) ∧ Ls(ϕ ∧ ¬ψ)→ Lr+s ϕ, r + s ≤ 1

(A5): `Π ¬Lr(ϕ ∧ ψ) ∧ ¬Ls(ϕ ∧ ¬ψ)→ ¬Lr+s ϕ, r + s ≤ 1

(R1):
`Π ϕ→ ψ

`Π Lr ϕ→ Lrψ

(R2): {Lr1···rkrψ | r < s} `Π Lr1···rksψ

Table 7.1: The axioms of L(Π)

Axiom (A1) guarantees that the rate of any transition is at least 0 and encodes the
fact that the measure of any set cannot be negative.

Axiom (A2) states that the rate of exiting a state is at least r for any r ≤ 1, i.e., it is
exactly 1.

Axiom (A3) relies on the fact that the sum of the probabilities of transition from a
given state to a state satisfying ϕ and from the same state to a state satisfying ¬ϕ is 1.
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The axioms (A4) and (A5) encode the additive properties of measures for disjoint
sets: Jϕ ∧ ψK and Jϕ ∧ ¬ψK are disjoint sets of processes such that Jϕ ∧ ψK ∪ Jϕ ∧ ¬ψK =
JϕK.

The rule (R1) establishes the monotonicity of Lr.
The rule (R2) reflects the Archimedian property of rationals: if the probability of a

transition from a state to a given set of states is at least r for any r < s, then it is at least
s; and this phenomenon can be identified under any finite number of occurrences of the
operator Lr.

A similar axiomatic system was independently proposed in [49, 50] for Harsanyi
type spaces. The novelty of our axiomatization is the rule (R2) which is much stronger
than the one used in these papers – in fact our rule is sufficient to prove the strong-
completeness. In [49], for proving the strong completeness of the axiomatic system,
Lindenbaum’s lemma is assumed as a meta-axiom and instead of (R2), the rules in Ta-
ble 7.2 are used, stated for arbitrary ϕ ∈ L(Π) and arbitrary set Φ ⊆ L(Π) closed under
conjunction, where LrΦ = {Lrψ | ψ ∈ Φ}.

(R2’): {Lrψ | r < s} `Π Lsψ

(R2”):
Φ `Π ϕ

LrΦ `Π Lr ϕ

Table 7.2: Zhou’s rules of L(Π)

While (R2’) is an instance of (R2), (R2”), which is Goldblatt’s (CAR) rule, is much
stronger and it has an uncountable set of instances. This makes the proof of the existence
of the maximally consistent sets difficult since one cannot simply apply Zorn’s lemma
in a constructive proof.

In our case that fact that (R2) has countably many instances allows us to apply the
Rasiowa-Sikorski lemma in order to guarantee that any consistent formula belongs to
a maximally-consistent set of formulas. On this we will later base the canonical model
construction.

The next proposition presents a couple of `Π theorems that are useful in explaining
the relation between the three Markovian logics.

Proposition 7.4.1. 1. `Π Lr⊥ → ⊥.

2. ` Lr+s ϕ→ Lr ϕ.

Proof. 1. From (A2), `Π ¬Ls> → ⊥ for any s such that r + s > 1, and further we use
(A3).
2. From (A5), ` Lr+s ϕ→ Lr(ϕ ∧>) ∨ Ls(ϕ ∧⊥) and using 1. we get the result.
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7.4.2 Axioms of Sub-probabilistic Markovian Logic

Before introducing the axiomatization of SML, notice that the axiom (A3) of PML guar-
antees that the semantics must use distributions bounded by 1, while the axiom (A2)
guarantees that the distributions are, in fact, probability distributions.

The axiomatic system of SML is listed in Table 9.3. The axioms and the rules are
stated for arbitrary ϕ, ψ ∈ L and arbitrary r, s, r1, .., rk ∈ Q0 for k ≥ 0.

(A1): `Π∗ L0ϕ

(A2’): `Π∗ Lr⊥ → ⊥

(A3): `Π∗ Lr ϕ→ ¬Ls¬ϕ, r + s > 1

(A4): `Π∗ Lr(ϕ ∧ ψ) ∧ Ls(ϕ ∧ ¬ψ)→ Lr+s ϕ, r + s ≤ 1

(A5): `Π∗ ¬Lr(ϕ ∧ ψ) ∧ ¬Ls(ϕ ∧ ¬ψ)→ ¬Lr+s ϕ, r + s ≤ 1

(R1):
`Π∗ ϕ→ ψ

`Π∗ Lr ϕ→ Lrψ

(R2): {Lr1···rkrψ | r < s} `Π∗ Lr1···rksψ

Table 7.3: The axioms of L(Π∗)

Notice the difference between this axiomatic system and the previous one developed
for PML: for SML the axiom (A2) is not sound any more, since for a sub-probability
distribution the measure of the entire space can be smaller than 1.

However, (A2’), which replaces (A2), is also sound for PML, as proven in Proposition
7.4.1. Hence, all the `Π∗-theorems are also `Π-theorems, but the reverse implication is
not true.

Regarding the axioms and rules that are identical with the ones for PML, we did not
change their names.

7.4.3 Axioms of the General Markovian Logic

The axiomatic system of GML is listed in Table 7.4. The axioms and the rules are stated
for arbitrary ϕ, ψ ∈ L and arbitrary r, s, r1, .., rk ∈ Q+ for k ≥ 0.

The difference with respect to the axiomatic system of SML is that the axiom (A3) is
not sound any more. Moreover, the indexes of the modal operator can be any positive
rational, meaning that these axioms have more instances than the corresponding ones
in the other two systems.
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(A1): `∆ L0ϕ

(A2’): `∆ Lr⊥ → ⊥

(A4): `∆ Lr(ϕ ∧ ψ) ∧ Ls(ϕ ∧ ¬ψ)→ Lr+s ϕ, r + s ≤ 1

(A5): `∆ ¬Lr(ϕ ∧ ψ) ∧ ¬Ls(ϕ ∧ ¬ψ)→ ¬Lr+s ϕ, r + s ≤ 1

(R1):
`∆ ϕ→ ψ

`∆ Lr ϕ→ Lrψ

(R2): {Lr1···rkrψ | r < s} `∆ Lr1···rksψ

(R3): {Lr1···rkrψ | r ∈ Q+} `∆ Lr1···rk⊥

Table 7.4: The axioms of L(∆)

Since the semantics does not allow infinite measures, rule (R3) guarantees that di-
vergent sequences of modalities prefixing some formula generates an inconsistent set of
formulas.

The next theorem states the soundness of the axioms of the three logics for their
corresponding semantics

Theorem 7.4.2. [Soundness]

1. The axiomatization of PML is sound for the PMPs semantics, i.e.,

for any ϕ ∈ L(Π),`Π ϕ implies �Π ϕ.

2. The axiomatization of SML is sound for the SMPs semantics, i.e.,

for any ϕ ∈ L(Π∗),`Π∗ ϕ implies �Π∗ ϕ.

3. The axiomatization of GML is sound for the GMPs semantics, i.e.,

for any ϕ ∈ L(∆),`∆ ϕ implies �∆ ϕ.

Proof. As usual, the soundness proof consists in proving that each axiom is sound with
respect to the corresponding semantics and that the rules preserve soundness. This is
sufficient to guarantee that we can only derive sound consequences from sound hypoth-
esis.

In what follows we sketch the soundness proof for of a few of our axioms, the other
being proved in a similar way.
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Consider an arbitraryM = (M, Σ, θ) and an arbitrary m ∈ supp(M).

Soundness of (A1): We have � L0ϕ since θ(m)(JϕKi) ≥ 0 for any ϕ.

Soundness of (A3): Suppose thatM, m, i � Lr(ϕ ∧ ψ) ∧ Ls(ϕ ∧ ¬ψ). Then,

θ(m)(Jϕ ∧ ψKi) ≥ r and θ(m)(Jϕ ∧ ¬ψKi) ≥ s.

But since Jϕ ∧ ψKi and Jϕ ∧ ¬ψKi are disjoint sets of processes such that

Jϕ ∧ ψKi ∪ Jϕ ∧ ¬ψKi = JϕKi,

θ(m)(JϕKi) = θ(m)(Jϕ ∧ ψKi) + θ(m)(Jϕ ∧ ¬ψKi). Hence, θ(m)(JϕKi) ≥ r + s, i.e.,
M, m, i � Lr+s ϕ.

Soundness of (A4): Suppose thatM, m, i � ¬Lr(ϕ ∧ ψ) ∧ ¬Ls(ϕ ∧ ¬ψ). Then,

θ(a)(m)(Jϕ ∧ ψKi) < r and θ(m)(Jϕ ∧ ¬ψKi) < s.

But since Jϕ ∧ ψKi and Jϕ ∧ ¬ψKi are disjoint sets of processes such that

Jϕ ∧ ψKi ∪ Jϕ ∧ ¬ψKi = JϕKi,

θ(m)(JϕKi) = θ(m)(Jϕ ∧ ψKi) + θ(m)(Jϕ ∧ ¬ψKi). Hence, θ(m)(JϕKi) < r + s, i.e.,
M, m, i � ¬Lr+s ϕ.

Soundness of (R1): If � ϕ→ ψ, then JϕKi ⊆ JψKi. Suppose thatM, m, i � Lr ϕ. Then,
θ(m)(JϕKi) ≥ r. Since JϕKi ⊆ JψKi, we derive that θ(m)(JϕKi) ≤ θ(m)(JψKi), hence,
θ(m)(JψKi) ≥ r implyingM, m, i � Lsψ.

Soundness of (R2): We have to prove that {Lr1···rkrψ | r < s} � Lr1···rksψ. We do this
by induction on k.

The case k = 0: Suppose that for all r < s, M, m, i � Lr ϕ, i.e., for all r < s,
θ(m)(JϕKi) ≥ r. Using the Archimedean property of rationals, we derive that
θ(m)(JϕKi) ≥ s. Hence,M, m, i � Ls ϕ.

The inductive step is similar to the soundness of the rule (R1).

Soundness of (R3): We have to prove that {Lr1···rkrψ | r ∈ Q+} �∆ Lr1···rk⊥. Again,
we use induction on k.

The case k = 0: Suppose that for all r > s, M, m, i �∆ Lr ϕ, i.e., for all r > s,
θ(m)(JϕKi) ≥ r. But then, θ(m)(JϕKi) = ∞ - impossible since JϕKi is measurable and the
measure is always finite. Hence, there exists no model with this property, i.e.,
{Lr ϕ | r > s} is inconsistent.

The inductive step is similar to the soundness of (R1).
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7.5 Finite Model Property and Weak-Completeness

In what follows we prove that the Markovian logics enjoy the finite model property
which states that any formula that is satisfiable admits a finite model, i.e., an MP defined
over a finite state-space. This result will eventually establish the weak-completeness of
the three axiomatic systems, meaning that we will succeed to prove that for an arbitrary
formula ϕ, we have that

� ϕ implies ` ϕ.

The finite model property for L(Π) against a semantics based on Harsanyi type
spaces has been proven in [49]. This result implies the finite model property also for the
Markovian semantics as well as for the logic L(Π∗).

In what follows we prove the similar result for L(∆). This result is neither a con-
sequence, nor an adaptation of the proof presented in [49]. To prove the finite model
property for the case of GMPs one has to handle the fact that, unlike in the probabilis-
tic cases, the general distributions used in the definition of GMPs are not bounded by
some maximal value. This complicates the entire development and makes our proof
particularly interesting.

To prove the finite model property, we will construct, for an arbitrary consistent for-
mula ψ ∈ L(∆), a model (Mψ, Σψ, θψ) where sup(Mψ) is a finite set of L(∆)-consistent
sets of formulas, and an interpretation iψ. As usual with the filtration method that we
use here, the key argument is the truth lemma: for Γ ∈ Mψ, ψ ∈ Γ iffMψ, Γ, iψ �∆ ψ.

Before proceeding with the construction, we fix some notations.
For n ∈N, n 6= 0, let

Qn = { p
n

: p ∈N}.

If S ⊆ Q is finite, the granularity of S, gr(S), is the least common multiple of the denom-
inators of the elements of S.

The modal depth of ϕ ∈ L(∆) is defined by

• for p ∈ P , md(p) = 0,

• md(¬ϕ) = md(ϕ),

• md(ϕ ∧ ψ) = max(md(ϕ), md(ψ))

• md(Lr ϕ) = md(ϕ) + 1.

The granularity of ϕ ∈ L(∆) is gr(ϕ) = gr(R), where R ⊆ Q+ is the set of indexes r
of the operators Lr present in ϕ; the upper bound of ϕ is max(ϕ) = max(R).

For arbitrary n ∈ N, let Ln be the sublanguage of L(∆) that uses only modal opera-
tors Lr with r ∈ Qn.

For Λ ⊆ L(∆), let
[Λ]n = Λ ∪ {ϕ ∈ Ln : Λ `∆ ϕ}.
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Consider now a consistent formula ψ ∈ L(A) that we keep fixed for the rest of the
finite model construction.

Suppose that gr(ψ) = n. Let

L[ψ] = {ϕ ∈ Ln | max(ϕ) ≤ max(ψ), md(ϕ) ≤ md(ψ)}.

In what follows we construct a GMP Mψ such that each Γ ∈ supp(Mψ) is a con-
sistent set of formulas that contains an L[ψ]-maximally consistent set of formulas; and
each L[ψ]-maximally consistent set is contained in some Γ ∈ supp(Mψ). And we will
prove that for any ϕ ∈ L[ψ], ϕ ∈ Γ iffMψ, Γ, iψ � ϕ for some interpretation function iψ

that we will define as well.

Let Ω[ψ] be the set of L[ψ]-maximally consistent sets of formulas. By construction,
Ω[ψ] is finite and any Λ ∈ Ω[ψ] contains finitely many nontrivial formulas1; in the rest of
this construction we only count non-trivial formulas while ignoring the rest and we use∧

Λ to denote the conjunction of the nontrivial formulas of Λ.
For each Λ ∈ Ω[ψ], such that {ϕ1, ..., ϕi} ⊆ Λ is its set of its non-trivial formulas, we

construct Λ+ ⊇ [Λ]n with the property that ∀ϕ ∈ Λ there exists ¬Lr ϕ ∈ Λ+.

The construction step [ϕ1 versus Λ:]
The rule (R3) guarantees that there exists r ∈ Qn s.t. [Λ]n ∪ {¬La

r ϕ1} is consistent.
Indeed, suppose that this is not the case, then ` ∧Λ→ Lr ϕ1 for all r ∈ Qn implying

that
∧

Λ is inconsistent - impossible.
Let

y1 = min{s ∈ Qn | [Λ]n ∪ {¬Ls ϕ1} is consistent}
and

x1 = max{s ∈ Qn | Ls ϕ1 ∈ [Λ]n}.
As before, (R3) guarantees the existence of max, because otherwise ` ∧Λ → Lr ϕ1

for all r implying
∧

Λ inconsistent - impossible.
The rule (R2) implies that there exists r ∈ Q \ Qn such that x1 < r < y1 and

{¬Lr ϕ1} ∪ [Λ]n is consistent.
Indeed, suppose otherwise, then ` ∧

Λ → Lr ϕ1 for all r < y1 and due to (R2),
` ∧Λ→ Ly1 ϕ1 - contradiction with the consistency of Λ.

Obviously, r 6∈ Qn.
Let n1 = gran{1/n, r}. And let

s1 = min{s ∈ Qn1 | [Λ]n1 ∪ {¬Ls ϕ1} is consistent},

and
Λ1 = Λ ∪ {¬Ls1 ϕ1}

1By nontrivial formulas we mean the formulas that are not obtained from more basic consistent ones
by boolean derivations, for instance, p ∨ q→ p, p ∧ p, p ∨ p are trivial formulas. The nontrivial formulas
are (isomorphic to) elements of the Lindenbaum algebraL[ψ]↔, which is the quotient ofL[ψ] with respect
to logical equivalence.
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The construction step [ϕ2 versus Λ1:]
As before, let

y2 = min{s ∈ Qn1 | [Λ1]n1 ∪ {¬Ls ϕ2} is consistent}
and

x2 = max{s ∈ Qn1 | Ls ϕ2 ∈ [Λ1]n1}.
There exists r ∈ Q \Qn1 such that, x2 < r < y2 and {¬Lr ϕ2} ∪ [Λ1]n1 is consistent.

Let n2 = gran{1/n1, r}. and let

s2 = min{s ∈ Qn2 : [Λ]n2 ∪ {¬Ls ϕ2} is consistent}
and

Λ2 = Λ1 ∪ {¬Ls2 ϕ2}.

The complete construction:
We repeat this construction step for [ϕ3 versus Λ2],..,[ϕi versus Λi−1] and in a finite
number of steps we eventually obtain Λ ⊆ Λ1 ⊆ ... ⊆ Λi, where Λi is a consistent set
containing a finite set of nontrivial formulas.

Let nΛ = gran{1/n1, .., 1/ni}. We make this construction for all Λ ∈ Ω[ψ].
Let p = gran{1/nΛ | Λ ∈ Ω[ψ]}. Notice that p > n.
Let

Λ+ = [Λi]p and Ω+[ψ] = {Λ+ | Λ ∈ Ω[ψ]}.
Remark 7.5.1. Since the axiomatization of L(∆) is countable2, any consistent formula
ϕ ∈ L[ψ] is an element of a set Λ+ ∈ Ω+[ψ], due to Rasiowa-Sikorski lemma used in
the form of Lemma 3.7.1. For each Λ ∈ Ω[ψ] and each ϕ ∈ Λ, there exist s, t ∈ Qp, s < t,
such that Ls ϕ,¬Lt ϕ ∈ Λ+. Moreover, since Λ+ is finite modulo logical equivalence, for
any Λ+ there exists a formula ρ such that ϕ ∈ Λ+ iff ` ρ→ ϕ.

Let Ωp be the set ofLp-maximally consistent sets of formulas. SinceL(∆) (hence, Lp)
is countably axiomatized, we can apply the Extended Rasiowa-Sikorski Lemma 3.7.2,
which proves the Lindenbaum’s Lemma 3.7.3 (see the Preliminaries for details). Con-
sequently, for each Λ+ ∈ Ω+[ψ] there exists a Lp-maximal consistent set that contains
Λ+.

We fix an injective (choice) function

f : Ω+[ψ]→ Ωp

such that for any Λ+ ∈ Ω+[ψ], Λ+ ⊆ f (Λ+). We denote by Ωp[ψ] = f (Ω+[ψ]).
For ϕ ∈ L[ψ], let

JϕK = {Γ ∈ Ωp[ψ] | ϕ ∈ Γ}.

Anticipating the further construction, we will use Ωp[ψ] as the support-set forMψ.
For this reason we establish some properties for this set.

2Since the modal operators of type Lr only use rational indices all the axioms and rules, including (R2)
and (R3), have countably many instances.
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Lemma 7.5.2. 1. Ωp[ψ] is finite.

2. 2Ωp[ψ] = {JϕK | ϕ ∈ L[ψ]}.

3. For any ϕ1, ϕ2 ∈ L[ψ], ` ϕ1 → ϕ2 iff Jϕ1K ⊆ Jϕ2K.

4. For any Γ ∈ Ωp[ψ] and ϕ ∈ L[ψ], there exist

x = max{r ∈ Qp : Lr ϕ ∈ Γ}, y = min{r ∈ Qp : ¬Lr ϕ ∈ Γ}

and y = x + 1/p.

Proof. 1. It has already been discussed in Remark 7.5.1.
2. Since any element of Ωp[ψ] can be characterized by a formula in L[ψ] (see Remark

7.5.1) , i.e., it is a principal filter, and because Ωp[ψ] is finite, any subset of it can also be
characterized by a formula in L[ψ] – for instance by the disjunction of the formulas that
characterize each element of the subset.

3. (⇒) Since ` ϕ1 → ϕ2 and ϕ1, ϕ2 ∈ L[ψ], any L[ψ]-maximal consistent set that
contains ϕ1 must also contain ϕ2 since it is closed under deduction of L[ψ]-formulas.

(⇐) Suppose that all the L[ψ]-maximal consistent sets that contain ϕ1 also contain
ϕ2. Because ϕ1 → ϕ2 ∈ L[ψ], we obtain that all the L[ψ]-maximal consistent sets must
contain ϕ1 → ϕ2. Indeed, suppose that there exists a L[ψ]-maximal consistent set that
does not contain ϕ1 → ϕ2. Since it is maximal, it must contain its negations, which is
ϕ1 ∧ ¬ϕ2, i.e. this set contains ϕ1 but not ϕ2 – contradiction with our hypothesis.

Since any L[ψ]-maximal consistent set is L(∆) consistent, applying Lindenbaum’s
lemma 3.7.3, we obtain that any L[ψ]-maximal consistent set has a L[∆]-maximal con-
sistent extension. This property guarantees that if ϕ1 → ϕ2 is contained in all L[ψ]-
maximal consistent sets, then ϕ1 → ϕ2 is also contained in all L[∆]-maximal consistent
sets. Indeed, suppose that there exists a L[∆]-maximal consistent set that does not con-
tain ϕ1 → ϕ2. Then, if we consider the intersection of this set with L[ψ] we obtain a
L[ψ]-maximal consistent set that does not contain ϕ1 → ϕ2 – contradiction.

Hence, ϕ1 → ϕ2 is contained in all the L[∆]-maximal consistent sets. Then it must
be a `∆-theorem. Hence ` ϕ1 → ϕ2.

4. Lx ϕ,¬Ly ϕ ∈ Γ implies x 6= y. If x > y, Lx ϕ ∈ Γ entails (Axiom (A2)) Ly ϕ ∈ Γ,
contradicting the consistency of Γ. If x + 1/p < y, then Lx+1/p ϕ 6∈ Γ, i.e. ¬Lx+1/p ϕ ∈ Γ
implying that x + 1/p ≥ y - contradiction.

Let Ω be the set of L(∆)-maximally consistent sets of formulas. Since the deducibil-
ity relation on L(∆) is countably axiomatized, we can apply again the Lindenbaum’s
Lemma 3.7.3 to prove that each Γ ∈ Ωp can be extended to a L(∆)-maximal consistent
set that contains.

We fix an injective (choice) function

g : Ωp → Ω

such that for any Γ ∈ Ωp, Γ ⊆ π(Γ); we denote g(Γ) by Γ∞.
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Lemma 7.5.3. For any Γ ∈ Ωp[ψ] and any ϕ ∈ L[ψ], there exists

z = sup{r ∈ Q : Lr ϕ ∈ Γ∞} = in f {r ∈ Q : ¬Lr ϕ ∈ Γ∞}

and x ≤ z < y, where x and y are as defined in Lemma 7.5.2.

Proof. Let

x∞ = sup{r ∈ Q : Lr ϕ ∈ Γ∞} and y∞ = in f {r ∈ Q : ¬Lr ϕ ∈ Γ∞}.

Suppose that x∞ < y∞. Then, there exists r ∈ Q such that x∞ < r < y∞. From x∞ < r
we obtain ¬Lr ϕ ∈ Γ∞. From r < y∞ we obtain Lr ϕ ∈ Γ∞. Hence, ¬Lr ϕ, Lr ϕ ∈ Γ∞ -
impossible because Γ∞ is consistent.

Suppose that x∞ > y∞. Then there exists r ∈ Q such that x∞ > r > y∞. As Γ∞ is
maximally consistent we have either Lr ϕ ∈ Γ∞ or ¬Lr ϕ ∈ Γ∞. The first case contradicts
the definition of x∞ while the second the definition of y∞.

Hence, x ≤ z ≤ y.
If z = y, then z ∈ Qp implying Lz ϕ,¬Lz ϕ ∈ Γ – contradiction with the consistency

of Γ.

We denote z as defined in Lemma 7.5.3 by aΓ
ϕ and now we can proceed with the

definition ofMψ.

Lemma 7.5.4. If θψ : Ωp[ψ] → ∆(Ωp[ψ], 2Ωp[ψ]) is defined, for arbitrary Γ ∈ Ωq[ψ] and
ϕ ∈ L[ψ] by

θψ(Γ)(JϕK) = aΓ
ϕ,

thenMψ = (Ωp[ψ], 2Ωp[ψ], θψ) is a GMP.

Proof. The central problem is to prove that for arbitrary Γ ∈ Ωp[ψ], the function
θψ(Γ) : 2Ωp[ψ] → R+ is well defined and a measure on (Ωp[ψ], 2Ωp[ψ]). Further, because
the space is discrete with finite support, we obtain that θψ is indeed measurable.

Suppose that for ϕ1, ϕ2 ∈ L[ψ] we have Jϕ1K = Jϕ2K. Then, from Lemma 7.5.2,
` ϕ1 ↔ ϕ2 and applying (R1), ` Lr ϕ1 ↔ Lr ϕ2. Hence, aΓ

ϕ1
= aΓ

ϕ2
proving that θψ(Γ) is

well defined.

Now we prove that θψ(a)(Γ) is a measure.
For showing θψ(Γ)(∅) = 0, we show that for any r > 0, ` ¬Lr⊥. This is sufficient, as
(A1) guarantees that ` L0⊥ and J⊥K = ∅. Suppose that there exists r > 0 such that Lr⊥
is consistent. Let ε ∈ (0, r) ∩Q. Then (A2) gives ` Lr⊥ → Lε⊥. Hence,

` Lr⊥ → (Lr(⊥∧⊥) ∧ Lε(⊥∧ ¬⊥));

and applying (A3), ` Lr⊥ → Lr+ε⊥. Repeating this argument, we can prove that
` Lr⊥ → Ls⊥ for any s and (R3) confirms the inconsistency of Lr⊥.
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We show now that if A, B ∈ 2Ωp[ψ] with A ∩ B = ∅, then

θψ(Γ)(A) + θψ(Γ)(B) = θψ(Γ)(A ∪ B).

Let A = Jϕ1K, B = Jϕ2K with ϕ1, ϕ2 ∈ L[ψ] and ` ϕ1 → ¬ϕ2.
Let x1 = θψ(Γ)(A), x2 = θψ(Γ)(B) and x = θψ(Γ)(A∪ B). We prove that x1 + x2 = x.
Suppose that x1 + x2 < x. Then, there exist ε1, ε2 ∈ Q+ such that x′1 + x′2 < x, where

x′i = xi + εi for i = 1, 2.
From the definition of xi, ¬Lx′i

ϕi ∈ Γ∞. Further, using (A4), we obtain ¬Lx′1+x′2
(ϕ1 ∨

ϕ2) ∈ Γ∞, implying that x′1 + x′2 ≥ x - contradiction.
Suppose now that x1 + x2 > x. Then, there exist ε1, ε2 ∈ Q+ such that x′′1 + x′′2 > x,

where x′′i = xi − εi for i = 1, 2.
The definition of xi implies that Lx′′i

ϕi ∈ Γ∞. Further, (A3) gives Lx′′1+x′′2
(ϕ1 ∨ ϕ2) ∈

Γ∞, i.e. x′′1 + x′′2 ≤ x - contradiction.

Consequently, Mψ is indeed a general Markov process. Moreover, it has a finite
state space. In what follows we prove the Truth Lemma for Mψ that states that any
consistent formula in L[ψ] is satisfied by a state ofMψ.

Lemma 7.5.5 (Truth Lemma). Let ψ ∈ L(∆) be a `∆-consistent formula. For arbitrary
ϕ ∈ L[ψ] and Γ ∈ supp(Mψ),

Mψ, Γ, iψ � ϕ iff ϕ ∈ Γ,

where iψ : supp(Mψ)→ 2P is defined by iψ(Γ) = Γ ∩ P .

Proof. Induction on the structure of ϕ.
The only nontrivial case is ϕ = Lr ϕ′.

(=⇒) Suppose thatMψ, Γ, iψ � ϕ and ϕ 6∈ Γ. Hence ¬ϕ ∈ Γ. Let

y = min{r ∈ Qp | ¬Lr ϕ ∈ Γ}.

Then, from ¬Lr ϕ′ ∈ Γ, we obtain r ≥ y.
ButMψ, Γ, iψ � Lr ϕ′ is equivalent to θψ(Γ)(Jϕ′K) ≥ r, i.e. aΓ

ϕ′ ≥ r.
On the other hand, from Lemma 7.5.2, aΓ

ϕ′ < y - contradiction.
(⇐=) If Lr ϕ′ ∈ Γ, then r ≤ aΓ

ϕ and r ≤ θψ(Γ)(JϕK). Hence,Mψ, Γ, iψ � Lr ϕ.

A consequence of the previous lemma is the finite model property for our logic.

Theorem 7.5.6 (Finite model property). For any L(∆)-consistent formula ϕ, there exists
an GMP M with finite support of cardinality bound by the structure of ϕ, there exists m ∈
suppM and an interpretation function i such that

M, m, i � ϕ.
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Obviously, the model of which the previous theorem states isMϕ, the interpretation
is iϕ and m is just any L[ϕ]-maximal consistent set that contains ϕ – Rasiowa-Sikorski
lemma guarantees that such a set exists.

The finite model property proves the weak-completeness of the axiomatic system,
i.e., we can now prove that for an arbitrary ϕ ∈ L(∆), we have that if ϕ is satisfied by
all the models then it is provable.

Theorem 7.5.7 (Weak Completeness). The axiomatic system ofL(∆) is weakly-complete with
respect to the Markovian semantics, i.e.

�∆ ϕ implies `∆ ϕ.

Proof. We have that
[�∆ ψ implies `∆ ψ]

is equivalent with
[ 6`∆ ψ implies 6�∆ ψ],

that is equivalent to
[the `∆-consistency of ¬ψ implies the existence of a model (M, m) for ¬ψ]

and this is exactly what the finite model property guarantees.

These entire arguments can be reproduced both for the case of probabilistic and sub-
probabilistic Markovian logics where, in fact, some steps of the finite model construc-
tion are much simpler. As in the case of the general Markovian logic, we will obtain
that the axiomatizations proposed before for sub-probabilistic and probabilistic logics
are weakly-complete.

7.6 Canonical Models and Strong Completeness

In this section we construct canonical models for the three logics. The canonical model
for a logic L ∈ {L(Π),L(Π∗),L(∆)} is a Markov processesML = (UL, ΣL, θL) having
the set UL of L-maximally consistent sets of formulas as the state space and satisfying
the property that for any ϕ ∈ L and u ∈ UL, ML, u, iL � ϕ iff ϕ ∈ u, where iL is an
appropriate interpretation function.

With respect to the construction proposed in the previous section, the construction
of the canonical model is universal, in the sense that it does not depend on one for-
mula only, but it applies uniformly to any formula. Obviously this also means that the
Markov process that we will construct will not be finite any more.

In order to complete such a construction, we have to:

• prove that UL 6= ∅ for each L ∈ {L(Π),L(Π∗),L(∆)};

• define ΣL such that (UL, ΣL) is an analytic space;
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• define a measure θL on (UL, ΣL);

• define an interpretation function iL such that for any ϕ ∈ L, JϕKiL
ML ∈ ΣL;

• and prove the Truth Lemma stating thatML, u, iL � ϕ iff ϕ ∈ u.

If realized, this construction will allow us to prove that the axiomatic systems pro-
posed before for the three Markovina logics are not only weak-complete, but also strongly-
complete, i.e., for an arbitrary set Φ ⊆ L of formulas and an arbitrary formula ϕ ∈ L, if
all the models of (all the formulas of) Φ are also models of ϕ, written Φ � ϕ, then from
the formulas in Φ as hypothesis we can prove ϕ, written Φ ` ϕ.

In general (for the compact logics) the weak and the strong completeness are equiva-
lent; this is the case with propositional logic or with normal modal logic. However, if the
logic is not compact, meaning that there exists a set S of formulas that admits no model
even if each finite subset of S has a model, then the weak and strong completeness are
not necessarily equivalent.

This is the case of Markovian logics: take, for instance, the set

S = {Lr ϕ | r < s} ∪ {¬Ls ϕ}

defined for a fixed rational s and for some consistent formula ϕ. Obviously, any finite
subset of S has a model: it is suficient to consider a rational between the maximum value
of r in this set and s, and to look at a model that can do a transition with that value to ϕ.
However, due to the rule (R2), the set S admits no model because from the soundness
of (R2) we know that

{Lr ϕ | r < s} � Ls ϕ,

hence, any model of {Lr ϕ | r < s} is also a model for Ls ϕ. And this proves that all the
Markovian logics are not compact.

The fact they are not compact also explains why for the complete axiomatization we
had to add infinitary axioms. Because a logic with a finitary weak-complete axiomati-
zation is always compact. Indeed, in a finitary logic all the theorems have a finite proof.
So, if S has no model, this means, due to completeness, that S ` ⊥. But since all the
proofs must be finite, there exists a finite proof for ⊥ using the formulas in S as hypoth-
esis. Since the axioms are finite, this implies that there exists a finite subset S′ ⊂ S such
that S′ ` ⊥. Now the soundness gives us that S′ cannot have a model. Hence, S has a
finite subset without models. And this proves that the logic is compact.

In what follows we proceed with the construction of the canonical models.

Lemma 7.6.1. For L ∈ {L(Π),L(Π∗),L(∆)} with the proof systems previously defined, the
set UL of L-maximally consistent sets is nonempty.
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Proof. Note that in each case L forms a Boolean algebra and the instances of all the
axioms and rules define a countable family of subsets of L, each member of which has
the meet in L. In particular, the instances of (R2) define the subsets {Lr1···rkrψ | r < s} of
L each having the meet Lr1···rksψ ∈ L.

Observe also that a set u ⊆ L is a L-maximally consistent set iff it is a boolean
ultrafilter that respects all the instances of the axioms of L. Consequently, the Rasiowa-
Sikorski Lemma guarantees that UL 6= ∅.

Consider the set

LLM = {LϕM | ϕ ∈ L}, where LϕM = {u ∈ UL | ϕ ∈ u}.

Using this, we define ΣL = σ(LLM). The space (UL, ΣL) is an analytic space for
each L ∈ {L(Π),L(Π∗),L(∆)}. This proof will be detailed later, in the Part IV of this
monograph as it requires complex mathematical machinery that we will develop in the
context of Stone duality. For now we will only state this result.

Lemma 7.6.2. For L ∈ {L(Π),L(Π∗),L(∆)}, (UL, ΣL) is an analytic space.

The next step in our construction is to define an appropriate measure θL on (UL, ΣL).
To do this we prove the following lemma.

Lemma 7.6.3. 1. For arbitrary u ∈ UL(Π) and ϕ ∈ L(Π), or u ∈ UL(Π∗) and ϕ ∈ L(Π∗),

xϕ
u = sup{r ∈ Q0 | Lr ϕ ∈ u} = inf{r ∈ Q0 | ¬Lr ϕ ∈ u}.

Moreover, if xϕ
u ∈ Q, then Lxϕ

u
ϕ ∈ u.

2. For arbitrary u ∈ UL(∆) and ϕ ∈ L(∆),

xϕ
u = sup{r ∈ Q+ | Lr ϕ ∈ u} = inf{r ∈ Q+ | ¬Lr ϕ ∈ u} ∈ R+.

Moreover, if xϕ
u ∈ Q, then Lxϕ

u
ϕ ∈ u.

Proof. 1. This proof is similar to the proof of Lemma 7.5.3. Let

x∞ = sup{r ∈ Q+ | Lr ϕ ∈ u} and y∞ = in f {r ∈ Q+ | ¬Lr ϕ ∈ u}.

Suppose that x∞ < y∞. Then, there exists r ∈ Q+ such that x∞ < r < y∞. From
x∞ < r we obtain ¬Lr ϕ ∈ u. From r < y∞ we obtain Lr ϕ ∈ u. Hence, ¬Lr ϕ, Lr ϕ ∈ u -
impossible because u is consistent.

Suppose that x∞ > y∞. Then there exists r ∈ Q+ such that x∞ > r > y∞. As u is
maximally consistent, we have either Lr ϕ ∈ u or ¬Lr ϕ ∈ u. The first case contradicts
the definition of x∞ while the second the definition of y∞.

Hence, x∞ = y∞ = xϕ
u .
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2. This result can be proven similarly to the previous case. However, to show that
xϕ

u ∈ R+, we use (R3) that guarantees the existence of a finite upper bound for

{r ∈ Q+ | Lr ϕ ∈ u}.

The previous lemma allows us to define, for each L ∈ {L(Π),L(Π∗),L(∆)} and
arbitrary u ∈ UL, ϕ ∈ L,

θL(u)(LϕM) = sup{r ∈ Q+ | Lr ϕ ∈ u}.

Obviously, θL(u) is a set function defined on the field LLM and Theorem 3.2.3 ensures
us that it can be uniquely extended to a measure on ΣL if it is finitely additive and
countable subadditive on LLM. This is what we prove next.

Lemma 7.6.4. For all u ∈ UL, the function θL(u) previously defined is finitely additive.

Proof. Suppose ϕ, ψ ∈ L and LϕM∩ LψM = ∅. Then ` ϕ ∧ ψ→ ⊥.
We wish to show that

θL(u)(Lϕ ∨ ψM) = θL(u)(LϕM) + θL(u)(LψM).

It suffices to show the inequality in both directions. For ≤, by the definition of θ, it
suffices to show

sup{t | Lt(ϕ ∨ ψ) ∈ u}
≤ inf{r | ¬Lr ϕ ∈ u}+ inf{s | ¬Lsψ ∈ u}
= inf{r + s | ¬Lr ϕ ∈ u and ¬Lsψ ∈ u}
= inf{r + s | ¬Lr ϕ ∧ ¬Lsψ ∈ u};

that is, if Lt(ϕ ∨ ψ) ∈ u and ¬Lr ϕ ∧ ¬Lsψ ∈ u, then t ≤ r + s. But

` ¬Lr ϕ ∧ ¬Lsψ↔ ¬Lr((ϕ ∨ ψ) ∧ ϕ) ∧ ¬Ls((ϕ ∨ ψ) ∧ ¬ϕ) and
` ¬Lr((ϕ ∨ ψ) ∧ ϕ) ∧ ¬Ls((ϕ ∨ ψ) ∧ ¬ϕ)→ ¬Lr+s(ϕ ∨ ψ) by (A5),

thus ¬Lr+s(ϕ ∨ ψ) ∈ u, and necessarily t ≤ r + s.
The inequality in the opposite direction is similar, using (A4). We need to show

inf{t | ¬Lt(ϕ ∨ ψ) ∈ u} ≥ sup{r + s | Lr ϕ ∧ Lsψ ∈ u};

that is, if ¬Lt(ϕ ∨ ψ) ∈ u and Lr ϕ ∧ Lsψ ∈ u, then t ≥ r + s. But

` Lr ϕ ∧ Lsψ↔ Lr((ϕ ∨ ψ) ∧ ϕ) ∧ Ls((ϕ ∨ ψ) ∧ ¬ϕ) and
` Lr((ϕ ∨ ψ) ∧ ϕ) ∧ Ls((ϕ ∨ ψ) ∧ ¬ϕ)→ Lr+s(ϕ ∨ ψ) by (A4),

thus Lr+s(ϕ ∨ ψ) ∈ u implying r + s ≤ t.
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Now we prove that the function θL(u) is also countable subadditive and this is a
central result of this section where we make use of (R2).

In related papers [26, 51], to prove a similar result a so-called countable additivity
rule (CAR) was used and, in addition, Lindenbaum’s lemma was used as a meta-axiom.
This is because the rule (CAR) does not allow us to apply the extended Rasiowa-Sikorski
lemma to prove Lindenbaum’s lemma.

The main technical lemma that lies at the heart of the construction below is proved
in our paper on Stone duality [32] for the probabilistic case. The proof can be similarly
done for the other two cases.

Lemma 7.6.5. For u ∈ UL, the function θL(u) is countably subadditive.

Proof. To prove that θL is countably subadditive, since we know that it is finitely addi-
tive, it is sufficient to prove that it is continuous from above at ∅ and apply Theorem
3.2.2. Hence, we need to show that if u ∈ UL and Lψ0M ≥ Lψ1M ≥ · · · with

⋂
iLψiM = ∅,

then
inf

i
θL(u)(LψiM) = 0.

1. We prove this firstly for L(Π) and L(Π∗).
Consider the countable set F of elements of the form αr = Lt1···tnr ϕ for ϕ ∈ L and

rational t1, . . . , tn, r ≥ 0, parameterized by r. If r < s, then ` αs → αr.
Using (A4),

θL(u)(Lαr ∧ ¬αsM) ≤ θL(u)(LαrM)− θ(u)(LαsM). (7.6.1)

Since Ltα
r ∈ u for all r < s iff Ltα

s ∈ u, therefore

θL(u)(LαsM) = inf
r<s

θL(u)(LαrM). (7.6.2)

Let ε > 0 be an arbitrarily small positive number. For each α ∈ F and s ∈ Q0, choose
εs

α > 0 such that
∑

α∈F
∑

s∈Q0

εs
α = ε.

By (7.6.1) and (7.6.2), we can choose rs
α < s such that

θL(u)(Lαrs
α ∧ ¬αsM) ≤ θL(u)(Lαrs

αM)− θL(u)(LαsM) ≤ εs
α.

We call a set of formulas of L finitely-consistent if each finite subset of it is consistent.
For an arbitrary ψ ∈ L, let LψM∗ be the set maximally-finitely-consistent sets of formulas
that contain ψ.

The assumption
⋂

iLψiM = ∅ implies that
⋂

iLψiM∗ contains no maximally-consistent
set, but only maximally-finitely-consistent sets that are inconsistent (due to (R2)). We
have

UL =
⋂

α∈F

⋂
s∈Q0

(⋃
r<s

L¬αrM∗ ∪ LαsM∗
)

. (7.6.3)
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Thus
⋂

iLψiM = ∅ is equivalent to the condition ⋂
α∈F

⋂
s∈Q0

(⋃
r<s

L¬αrM∗ ∪ LαsM∗
) ∩⋂

i

LψiM∗ = ∅.

From this it follows that ⋂
α∈F

⋂
s∈Q0

(
L¬αrs

αM∗ ∪ LαsM∗
) ∩⋂

i

LψiM∗ = ∅.

The set of maximally-finitely-consistent sets form a Stone space (the maximally-
finitely-consistent sets are the ultarfilters of the support boolean algebra), which is a
compact space and LψM∗ is a clopen for any ψ ∈ L – due to the classic Stone duality.
Consequently, there exist finite sets C0 ⊆ F and S0 ⊆ Q∩ [0, 1] and j ∈N such that⋂

α∈C0

⋂
s∈S0

L¬αrs
α ∨ αsM∗ ∩ LψjM∗ = ∅,

or in other words,

LψjM∗ ⊆
⋃

α∈C0

⋃
s∈S0

Lαrs
α ∧ ¬αsM∗ = L

∨
α∈C0

∨
s∈S0

(αrs
α ∧ ¬αs) M∗

This proves that,

` ψj →
∨

α∈C0

∨
s∈S0

(αrs
α ∧ ¬αs). (7.6.4)

Consequently,

θL(u)(LψjM) ≤ θL(u)(L
∨

α∈C0

∨
s∈S0

(αrs
α ∧ ¬αs)M) ≤ ∑

α∈C0

∑
s∈S0

θL(u)(Lαrs
α ∧ ¬αsM)

≤ ∑
α∈C0

∑
s∈S0

εs
α ≤ ε.

As ε > 0 was arbitrarily chosen, infi θL(u)(LψiM) = 0.

2. To prove it forL(∆) we follow the same strategy only that we need to also consider
the instances of (R3). We use the same notation.

As for the other case, we consider the countable set F of elements of the form
αr = Lt1···tnr ϕ for ϕ ∈ L and rational t1, . . . , tn, r ≥ 0,

parameterized by r only that, in addition we also add the elements α∞ = Lt1···tn⊥.
As before, if r < s, then ` αs → αr and the inequality 7.6.1 holds. Similarly, the

inequality 7.6.2 holds and, in addition, we also have

θL(u)(Lα∞M) = inf
r∈Q+

θL(u)(LαrM). (7.6.5)
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Let ε > 0 be an arbitrarily small positive number. For each α ∈ F and s ∈ Q+ ∪ {∞},
we choose εs

α > 0 such that
∑

α∈F
∑

s∈Q+∪{∞}
εs

α = ε.

As before, we can choose rs
α < s such that

θL(u)(Lαrs
α ∧ ¬αsM) ≤ θL(u)(Lαrs

αM)− θL(u)(LαsM) ≤ εs
α.

and r∞
α ∈ Q+ big enough such that

θL(u)(Lαr∞
α ∧ ¬α∞M) ≤ θL(u)(Lαr∞

α M)− θL(u)(Lα∞M) ≤ ε∞
α .

This time we have

UL =
⋂

α∈F

⋂
s∈Q+∪{∞}

(⋃
r<s

L¬αrM∗ ∪ LαsM∗
)

. (7.6.6)

and following the same argument as in the previous case we obtain that there exist finite
sets C0 ⊆ F and S0 ⊆ Q+ ∪ {∞} and j ∈N such that⋂

α∈C0

⋂
s∈S0

L¬αrs
α ∨ αsM∗ ∩ LψjM∗ = ∅,

From here we obtain the same conclusion as for case 1, which is

` ψj →
∨

α∈C0

∨
s∈S0

(αrs
α ∧ ¬αs) (7.6.7)

implying further

θL(u)(LψjM) ≤ θL(u)(L
∨

α∈C0

∨
s∈S0

(αrs
α ∧ ¬αs)M) ≤ ∑

α∈C0

∑
s∈S0

θL(u)(Lαrs
α ∧ ¬αsM)

≤ ∑
α∈C0

∑
s∈S0

εs
α ≤ ε.

At this point we have demonstrated that θL is a set function defined on the field
LLM that is finitely additive and countably subadditive. In the light of Theorem 3.2.3,
it can be uniquely extended to a measure on ΣL, which was defined as the σ-algebra
generated by LLM.

From the previous construction we also obtain that θL(Π) is a probabilistic measure
and that θL(Π∗) is a subprobabilistic measure.

With these results in hand we can proceed to the proof of one of the main results of
this section.
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Theorem 7.6.6 (Canonical models). 1. ML(Π) = (UL(Π), ΣL(Π), θL(Π)) is a probabilis-
tic Markov process;

2. ML(Π∗) = (UL(Π∗), ΣL(Π∗), θL(Π∗)) is a subprobabilistic Markov process;

3. ML(∆) = (UL(∆), ΣL(∆), θL(∆)) is a general Markov process.

Proof. In the generic case we only need to verify that θL is a measurable function.
Let ϕ ∈ L, and r ∈ [0, 1] for L(Π) and L(Π∗) and r ∈ R+ for L(∆).
Consider (ri)i ⊆ Q an increasing sequence with supremum r.
Let

X = {µ ∈ Π(UL(Π), ΣL(Π)) | µ(LϕM) ≥ r} for L(Π),
X = {µ ∈ Π∗(UL(Π∗), ΣL(Π∗)) | µ(LϕM) ≥ r} for L(Π∗) and

X = {µ ∈ ∆(UL(∆), ΣL(∆)) | µ(LϕM) ≥ r} for L(∆).
It suffices to prove, in each case, that θ−1

L (X) ∈ ΣL. But

θ−1
L (X) = {u ∈ UL | θ(u)(LϕM) ≥ r} =⋂

i

{u ∈ UL | θL(u)(LϕM) ≥ ri} =⋂
i

LLri ϕM ∈ ΣL.

It remains to prove that indeed the MPs previously constructed are canonical mod-
els.

We define the interpretation function iL for arbitrary u ∈ UL by

iL(u) = u ∩ P .

Now we are ready to prove the Extended Truth Lemma.

Lemma 7.6.7 (Extended Truth Lemma). For L ∈ {L(Π),L(Π∗),L(∆)}, Φ ⊆ L and
u ∈ UL,

ML, u, iL � Φ iff Φ ⊆ u.

Proof. It is sufficient to prove inductively that for any ϕ ∈ L,

ML, u, iL � ϕ iff ϕ ∈ u.

The case ϕ ∈ P and the boolean cases are trivial.
The case ϕ = Lrψ:

(=⇒) Suppose thatML, u, iL � ϕ and ϕ 6∈ u. Hence ¬ϕ ∈ u. Let

xϕ
u = in f {r ∈ Q | ¬Lrψ ∈ u}.
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Then, from ¬Lrψ ∈ u, we obtain r ≥ xϕ
u . ButML, u, iL � Lrψ implies θL(u)(LψM) ≥ r,

i.e. xϕ
u ≥ r.

Hence, xϕ
u = r ∈ Q and applying Lemma 7.6.3 we obtain that Lxψ

u
ϕ ∈ u. This means

that ϕ ∈ u – contradiction.

(⇐=) If Lrψ ∈ u, then r ≤ xϕ
u , i.e., r ≤ θL(u)(LψM). Hence,ML, u, iL � Lrψ.

The Extended Truth Lemma demonstrates that, indeed, the MPs constructed in this
section from the sets of maximal-consistent sets of the three logics are canonical models.
These allow us to finally prove the strong completeness for all three logics.

Theorem 7.6.8 (Completeness). For L ∈ {L(Π),L(Π∗),L(∆)}, Φ ⊆ L and ϕ ∈ L

Φ � ϕ iff Φ ` ϕ.

Proof. (⇐=) This is a consequence of soundness, Theorem 7.4.2.
(=⇒) If Φ is inconsistent, the statement is trivially true.

Suppose that Φ is consistent, and let u ∈ UL be an arbitrary maximally consistent
set. We have that Φ ⊆ u iff UL, u, iL � Φ (from the Extended Truth Lemma). But if
UL, u, iL � Φ, since Φ � ϕ, we obtain that UL, u, iL � ϕ. Applying again the Extended
Truth Lemma we get ϕ ∈ u. Consequently, for an arbitrary maximally-consistent set
u ∈ UL, Φ ⊆ u implies ϕ ∈ u. Hence, Φ ` ϕ.

7.7 Concluding Remarks

The most closely related work to ours is the work of Goldblatt [25] on the role of the
Baire category theorem in completeness proofs, and his work on deduction systems for
coalgebras [26]. The main difference between his work and ours is that we have replaced
the Countable additivity Rule (CAR) that he uses, with a different infinitary axiom that
has only countably many instances. Goldblatt uses CAR in order to show countable
additivity of the measures that he defines; this is where we have been able to use of the
Rasiowa–Sikorski lemma. As far as we know this is a new idea. Furthermore, Gold-
blatt’s results are contingent on the assumption that consistent sets can be expanded to
maximally consistent sets; we have essentially proved this fact for our logics.

Regarding the completeness proofs for Markovian logics, the results for probabilistic
case were proved by Zhou in [49] and for the general case by Mardare-Cardelli-Larsen in
[35]. In these papers the strong completeness is solved using CAR for an axiomatization
containing a lighter version of (R2) and (R3).

Regarding the strong completeness results presented in this chapter, the proof was
presented in [33] and generalized in [32].

A very tempting future research project is to extend these completeness theorems to
the entire class of systems described as coalgebras of polynomial functors described by
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Goldblatt [26]. It is possible that the results of Pattinson and Schröder [42] will be useful
for this.

Though the focus of the present chapter has been on Markov systems and Marko-
vian logics, the techniques may well apply to any non-compact modal logic. We are
investigating whether there is a general way of introducing an infinitary axiom that
will allow us to mimic the techniques of the present paper.



Chapter 8

The Topologies of Markovian Logics

8.1 Introduction

Probabilistic bisimulation, introduced by Larsen and Skou [34] has become the key con-
cept for reasoning about the equivalence of probabilistic and stochastic Markov pro-
cesses. The theory of probabilistic bisimulation has been extended to stochastic bisimu-
lation relating processes with continuous-state spaces and continuous distributions [10,
15]. These papers provided a characterization of bisimulation using a negation-free
logic, as we have seen in the previous Chapter.

However, it is also widely realized that probabilistic and stochastic bisimulations are
too “exact” for most purposes — they only relate processes with identical behaviours. In
applications we need instead to know whether two processes that may differ by a small
amount in the real-valued parameters (rates or probabilities) have similar behaviours.
These motivated the search for a relaxation of the notion of equivalence of processes.

The metric theory for Markov processes was initiated by Desharnais et al. [18] and
greatly developed and explored by van Breugel, Worrell and others [46, 47]. The key
idea was to consider a behavioral pseudometric, i.e. a variation of the concept of metric
for processes where pairs of distinct processes are at distance 0 whenever the processes
are bisimilar.

Though behavioural pseudometrics were defined, approximate reasoning principles
as such did not develop.

The work presented in this Chapter is a step in that direction. We lift the metric be-
tween processes to a metric between logical formulas by standard techniques, using the
Hausdorff metric; but then we break new ground by exploring the relationship between
convergence of processes and of formulas. We thus lay the groundwork for a notion
of approximate reasoning not by getting rid of the logic but by fusing metric and logical
principles. The completeness theorems of [10, 11, 32] was a powerful impetus for the
research presented in this Chapter.

Consider the sequence of stochastic processes represented in Figure 8.1. The pro-
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cess m has only one state and one self-transition at rate 5; similarly, for each k ∈ N,
the process mk has one state and one transition at rate 4. 9..9︸︷︷︸

k

. Using a behavioral pseu-

dometric, we expect to prove that the sequence (mk)k∈N of processes converges to m.
We often meet such problems in practice where m is a natural process that we need to
analyze, while mk are increasingly accurate models of m. If, in addition, we have a con-
vergent sequence of logical formulas ϕk with limit ϕ such that mk � ϕk for each k, we
want to understand whether we can infer m � ϕ.

Figure 8.1: A sequence of convergent stochastic processes and their limit

In order to address such problems, we identify a general metrical notion that we call
dynamical continuity. It characterizes the behavioral pseudometrics for which a sequence
of processes as the one in our example is convergent; and it allows us to relate the
convergence in formulas with convergence of the processes.

Using this concept we can address the above mentioned problem and prove that in
general we do not have, at the limit, m � ϕ.

For the probabilistic case m � ϕ only if ϕ is a positive formula. Positive formulas will
be defined in the paper; they are restricted, but they suffice for the modal characteriza-
tion of probabilistic bisimulation.

For the stochastic (general) case we have to restrict the set of formulas slightly more,
remaining however within a set of formulas that characterize bisimulation. In either
case, even if m 6� ϕ, there exists a sequence of processes (nk)k∈N such that lim

k→∞
nk = m

and nk � ϕ for each k ∈N.
So this gives a handle on constructing approximations satisfying prescribed condi-

tions. Along the way we give topological characterizations of various classes of for-
mulas as defining open, closed, Gδ or Fσ sets1. All these results hold whenever one
has a dynamically-continuous metric bisimulation, as it is the case with the behavioral
pseudometrics introduced in [18, 46, 47].

The relevance of this work.
We prove that the process of extrapolating properties from arbitrary accurate approxi-
mations of a system to the system itself – a method widely accepted as valid and used
in applications – is not always consistent. Often one constructs better and better ap-
proximations of a system, proves properties of these approximations and extrapolates

1In topology, a Gδ set is a countable intersection of open sets and a Fσ set in a countable union of closed
sets – see Preliminaries for detailed definitions.
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the results to the original system. But can we indeed be sure that if, for instance, the
approximants show oscillatory behaviours [5] then the original system also oscillates?

The mathematical framework developed in this Chapter allows us to address such
a question and to prove that the answer is no, in general: there may exist sequences
of arbitrarily accurate approximations of a system showing properties that are not pre-
served to the limit; and this already happens for fragments of modal probabilistic and
stochastic logics, less expressive than CSL or pCTL.

We prove that the preservation to the limit depends on the logical structure of the
property; “negative information” and “approximations from above”, for instance, are
obstructions to this kind of limiting argument. Moreover, different logics behave dif-
ferently to the limit. In this Chapter we show that there is a considerable difference
between probabilistic and stochastic logical properties.

8.2 Preliminaries

In this section we fix the notation used in this Chapter, introduce a few useful concepts
related to pseudometric spaces and prove a few lemmas that will be used in what fol-
lows.

8.2.1 Pseudometric Spaces

Given a pseudometric space (M, d), we define the following variations of the Hausdorff
pseudometric defined and discussed in Preliminaries.

For arbitrary a ∈ M and A, B ⊆ M with A 6= ∅ 6= B, let

1. dh(a, B) = inf
b∈B

d(a, b),

2. dH/2(A, B) = sup
a∈A

inf
b∈B

d(a, b),

3. dH(A, B) = max{sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)}.

We call dH the Hausdorff pseudometric (associated to d).

Lemma 8.2.1. If d is a pseudometric on M, then dH is a pseudometric on 2M. Moreover, for
arbitrary x ∈ M and Y, Z ⊆ M,

dh(x, Y) ≤ dh(x, Z) + dH(Y, Z).

Proof. That dH is a pseudometric, we have proven in the Preliminaries, see Lemma 3.4.1.

To prove the additional inequality, we start from arbitrary y ∈ Y and z ∈ Z and the
triangle inequality

d(x, y) ≤ d(x, z) + d(y, z).
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This implies the following sequence of inequalities

inf
y∈Y

d(x, y) ≤ d(x, z) + d(y, z),

dh(x, Y) ≤ d(x, z) + sup
z∈Z

d(y, z),

dh(x, Y) ≤ d(x, z) + sup
z∈Z

inf
y∈Y

d(y, z),

dh(x, Y) ≤ d(x, z) + dH/2(Y, Z),

dh(x, Y) ≤ d(x, z) + dH(Y, Z),

dh(x, y) ≤ dh(x, Z) + dH(Y, Z).

In what follows, given a pseudometric space (M, d), we use the induced open ball
topology Td. We denote by X the closure of X ⊆ M and by X̃ the interior of X – see the
Preliminaries for the definitions of these topological concepts.

Lemma 8.2.2. If (M, d) is a pseudometric space and X is the closure of X ⊆ M in the open ball
topology Td, then for arbitrary A, B ⊆ M,

1. dH(A, B) = 0 iff A = B,

2. dH(A, B) = dH(A, B) = dH(A, B) = dH(A, B).

Proof. 1. We have the following sequence of equivalences
dH(A, B) = 0 iff
max{dH/2(A, B), dH/2(B, A)} = 0 iff
[dH/2(A, B) = 0 and dH/2(B, A) = 0] iff
[sup

a∈A
inf
b∈B

d(a, b) = 0 and sup
b∈B

inf
a∈A

d(a, b) = 0] iff

[for arbitrary a ∈ A and b ∈ B, d(a, B) = d(b, A) = 0] iff
[for arbitrary a ∈ A and b ∈ B, a ∈ B and b ∈ A] iff
A = B.

2. We have the triangle inequalities

dH(A, B) ≤ dH(A, B) + dH(B, B)

and
dH(A, B) ≤ dH(A, B) + dH(B, B).

From 1 we have that
dH(B, B) = dH(B, B) = 0,

implying
dH(A, B) = dH(A, B).

The other equalities can be proved in the same way.
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In what follows, we consider for pseudometric spaces (M, d) the following notions
of convergence in the open ball topologies Td and TdH respectively2:

• For an arbitrary sequence (mk)k∈N of elements of M and an arbitrary m ∈ M, we
write m ∈ lim

k→∞
mk (or lim

k→∞
mk 3 m) to denote that lim

k→∞
d(mk, m) = 0.

• For an arbitrary sequence (Sk)k∈N of subsets of M and an arbitrary set S ⊆ M, we
write S ∈ lim

k→∞
Sk (or lim

k→∞
Sk 3 S) to denote that lim

k→∞
dH(Sk, S) = 0.

Lemma 8.2.3. Let (M, d) be a pseudometric space, (Bi)i∈N a decreasing sequence of non-empty
compact subsets of M in the topology Td and A an arbitrary subset of M.

(1): dH/2(A,
⋂

i∈N

Bi) = sup
i∈N

dH/2(A, Bi)

(2): If lim
k→∞

Bk 3 A, then dH(A,
⋂

i∈N

Bi) = 0.

Proof. Notice that (2M, dH) is a pseudometric space and, hence, not a Hausdorff space,
so a convergent sequence might have more than one limit. In fact if a sequence of sets
converges to some X and dH(X, Y) = 0 then the sequence will also converge to Y.

Let B =
⋂

i∈N

Bi. Since Bi 6= ∅ and are all compact, B 6= ∅.

1. Consider arbitrary a ∈ A. Since Bi ⊇ Bi+1 ⊇ B for each i, the sequence dh(a, Bi) is
increasing and dh(a, B) ≥ dh(a, Bi). Hence, dh(a, Bi) is convergent and

lim
i→∞

dh(a, Bi) = sup
i∈N

dh(a, Bi) ≤ dh(a, B).

Since dh(a, Bi) = inf
b∈Bi

d(a, b) and Bi is compact, there exists bi ∈ Bi such that d(a, bi) =

dh(a, Bi). Consequently, lim
i→∞

dh(a, Bi) = lim
i→∞

d(a, bi).

Let b = lim
i→∞

bi, which exists (for a subsequence) since Bi is compact. Clearly, b ∈ B1

since B1 is compact and (bi)i∈N ⊆ B1.
Suppose b 6∈ B. Then, there exists k ∈N such that b ∈ Bk and for any i ≥ 1, b 6∈ Bk+i.

Then, for all i ≥ k, bi ∈ Bk \ Bk+1, which is impossible since bi ∈ Bi converges to b.
Consequently, b ∈ B, lim

i→∞
d(a, bi) = d(a, b) and since d(a, b) ≥ dh(a, B), we obtain

lim
i→∞

dh(a, Bi) ≥ dh(a, B).

2A pseudometric space is not a Hausdorff space and consequently the limits are not unique.



156 CHAPTER 8. THE TOPOLOGIES OF MARKOVIAN LOGICS

Hence, lim
i→∞

dh(a, Bi) = dh(a, B) implying sup
a∈A

lim
i→∞

dh(a, Bi) = sup
a∈A

dh(a, B) and fur-

ther dH/2(A, B) = sup
i∈N

dH/2(A, Bi).

2. Consider x ∈ B. This means that for any k, x ∈ Bk.
We have dh(x, A) ≤ dH(Bk, A) and the latter sequence of numbers converges to 0 by

assumption. Therefore dh(x, A) = 0, i.e. x ∈ A.
We have proved that B ⊆ A and hence dH/2(B, A) = 0.
We prove now that dH/2(A, B) = 0.

Since dH(A, Bk) converges to 0 by assumption, using Lemma 8.2.2, we obtain that dH(A, Bk)
converges to 0 and further that dH/2(A, Bk) converges to 0. This implies that for any
a ∈ A, dh(a, Bk) converges to 0, since dh(a, Bk) ≤ dH/2(A, Bk).

Consequently, the sequence dh(a, Bk) of positive numbers converges to 0; more-
over, this sequence is increasing, since (Bk)k∈N is decreasing. Hence, for each k ∈ N,
dh(a, Bk) = 0 and this is true for each a ∈ A. From here we get that dH/2(A, Bk) = 0, for
all k ∈N. Using 1, dH/2(A, B) = sup

k∈N

dH/2(A, Bk) = 0.

We have proved that dH/2(B, A) = dH/2(A, B) = 0 which implies dH(A, B) = 0.
Using Lemma 8.2.2, dH(A, B) = 0.

Lemma 8.2.4. Let (M, d) be a pseudometric space and (mk)k∈N ⊆ M, (Sk)k∈N ⊆ 2M con-
vergent sequences with m ∈ lim

k→∞
mk and S ∈ lim

k→∞
Sk. If mk ∈ Sk for each k ∈ N, then

dh(m, S) = 0. In particular, if S is closed, then m ∈ S.

Proof. Observe that dH(S′, S′′) = max{ sup
m′∈S′

dh(m′, S′′), sup
m′′∈S′′

dh(m′′, S′)}.

Because mk ∈ Sk implies dh(mk, S) ≤ dH(Sk, S) and because lim
k→∞

dH(Sk, S) = 0, we

obtain that lim
k→∞

dh(mk, S) = 0.

On the other hand, lim
k→∞

mk = m implies lim
k→∞

dh(mk, S) = dh(m, S), hence dh(m, S) =

0. If S is closed, dh(m, S) = 0 implies m ∈ S.

8.2.2 Markov Processes and Markovian Logics - Basic Notations

In this chapter we recall some definitions of the concepts that we use in this chapter and
discuss the pseudometric space of Markov processes.

As in the previous chapter we look both to the probabilistic and stochastic (gen-
eral) Markov processes. The distinction between probabilistic and subprobabilistic pro-
cesses does not play a role in this chapter and the following results applies in both
cases; for this reason, we will call all these processes discrete-time Markov processes
(DMPs) [15, 20, 38]. To maintain a name similarity, we will call the general Markov pro-
cesses continuous-time Markov processes (CMPs) [10]. Also in this chapter we decided
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not to use action-labels in the definition of processes. However, the labels can easily be
added without changing any of these aspects of the theory.

Now we briefly recall the definition of Markov processes as introduced before in this
monograph.

Let (M, Σ) be an analytic space, where Σ is its Borel algebra.

• A discrete-time Markov process (DMP) is a tupleM = (M, Σ, θ), where

θ ∈ JM→ Π(M, Σ)K;

• A continuous-time Markov process (CMP) is a tupleM = (M, Σ, θ), where

θ ∈ JM→ ∆(M, Σ)K;

where J(X, Σ)→ (Y, Θ)K denotes the class of measurable mappings between the two
measurable spaces.

For both types of processes, M is called the support set ofM denoted by supp(M).
If m is the current state of a DMP and N is a measurable set of states, the transition

function θ(m) is a probability measure on the state space and θ(m)(N) ∈ [0, 1] repre-
sents the probability of a transition from m to an arbitrary state n ∈ N.

Similarly, if m is the current state of a CMP and N is a measurable set of states, the
transition function θ(m) is a measure on the state space and θ(m)(N) ∈ R+ represents
the rate of an exponentially distributed random variable that characterizes the duration
of a transition from m to an arbitrary state n ∈ N.

Indeterminacy in such systems is resolved by races between events executing at dif-
ferent probabilities/rates.

Notice that, in both cases, θ is a measurable mapping between the space of processes
and the space of (probabilistic/stochastic) measures. These requirements are equivalent
to the conditions on the corresponding two-variable probabilistic/rate function used in
[15,20,38] to define labelled Markov processes and in [19] to define continuous Markov
processes (for the proof see, Proposition 2.9 [20]).

The definitions of bisimulation for DMPs and CMPs follow the line of the Larsen-
Skou definition of probabilistic bisimulation [34]. Hereafter, it is useful to use the rela-
tional definition of bisimulation.

Formally, given the DMK (CMK) M = (M, Σ, θ), a bisimulation relation on M is a
relation R ⊆ M×M such that whenever (m, n) ∈ R, for any C ∈ Σ(R),

θ(m)(C) = θ(n)(C).

Two processes (M, m) and (M, n) are bisimilar, written m ∼M n, if they are related by
a bisimulation relation.

As before, the bisimulation relation between processes with different supports is
defined by taking the disjoint union of the two [10, 11, 15, 38]. For this reason, in what
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follows we use ∼ without extra indexes to denote the largest bisimulation relation. We
call the largest bisimulation of DMPs probabilistic bisimilarity and the largest bisimulation
of CMPs stochastic bisimilarity.

Also in this chapter we make use of the Markovian logics.
The probabilistic case. The Markovian logic defined for the semantics based on

DMPs will be called in this chapter discrete Markovian Logic (DML). It corresponds to
PML introduced in the previous chapter. For this reason we will continue denoting it
by L(Π). The formulas are defined inductively by the following grammar.

L(Π) : ϕ := > | ¬ϕ | ϕ ∧ ϕ | Lr ϕ, r ∈ Q+ ∩ [0, 1].

The semantics is defined as in the previous Chapter. We only remind the reader the
semantics of the Lr operator, for an arbitrary DMP M = (M, Σ, θ) and arbitrary m ∈
supp(M).

M, m � Lr ϕ iff θ(m)(JϕK) ≤ r,

where JϕK = {n ∈ supp(M) | M, n � ϕ}.
Observe that this semantics is different from the one introduced in the previous

chapter, as it does not involve interpretation functions. This is because in this Chap-
ter we do not consider atomic propositions in the definition of L(Π). All the results we
are about to prove can also be adapted, without difficulties, to the case where atomic
propositions are involved. However, to keep the arguments simple, we decided not to
include them.

For PML we assume to have all the classic Boolean derived operators. In addition, it
is useful to consider the De Morgan dual of Lr defined by

Mr ϕ = L1−r¬ϕ.

One can easily verify the semantics of Mr:

M, m � Mr ϕ iff θ(m)(JϕK) ≥ r.

Hence, Lr stays for ”at least r” and Mr for ”at most r”.
The axiomatization of L(Π) that we will use in what follows is the one introduced

in the previous chapter for `Π.

The stochastic (general) case. Similarly, the Markovian logic defined for a seman-
tics based on CMPs will be reffered to as the continuous Markovian logic (CML), and its
formulas are inductively defined by the following grammar.

L(∆) : ϕ := > | ¬ϕ | ϕ ∧ ϕ | Lr ϕ | Mr ϕ, r ∈ Q+.

Notice that, with respect to GML discussed in the previous Chapter, CML has an extra
class of operators – Mr. While in the probabilistic case Lr and Mr are De Morgan duals
(because the sum of the probabilities of going from a state m to a state satisfying ϕ and
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to a state satisfying ¬ϕ is 1), in the general case they are independent (because the rate
of going to ϕ does not depend of the rate of going to ¬ϕ). For this reason, in addition to
the semantics that we defined in previous Chapter, we have to add the semantics of Mr:

M, m � Mr ϕ iff θ(m)(JϕK) ≥ r.

Due to this extra operator, we have to update the axiomatization of L(∆) proposed in
the previous Chapter to include axioms that describe the relation of the Mr operators to
the other operators. In Table 8.1 we present an axiomatic system for CML. Notice the
similarity to the axiomatic system of GML presented in Table 7.4.

(B1): ` L0ϕ
(B2): ` Lr+s ϕ→ ¬Mr ϕ, s > 0
(B3): ` ¬Lr ϕ→ Mr ϕ
(B4): ` ¬Lr(ϕ ∧ ψ) ∧ ¬Ls(ϕ ∧ ¬ψ)→ ¬Lr+s ϕ
(B5): ` ¬Mr(ϕ ∧ ψ) ∧ ¬Ms(ϕ ∧ ¬ψ)→ ¬Mr+s ϕ
(S1): If ` ϕ→ ψ then ` Lr ϕ→ Lrψ
(S2): {Lr1...rkrψ | r < s} ` Lr1...rksψ
(S3): {Mr1...rkrψ | r > s} ` Mr1...rksψ
(S4): {Lr1...rkrψ | r > s} ` Lr1...rk⊥

Table 8.1: The axiomatic system of CML

A proof strategy similar to the ones we presented in the previous Chapter can be
used to show that

• the axiomatic system in Table 8.1 is weak-complte for the CMP-semantics;

• CML anjoys the finite model property and the finite model construction presented
in the previous Chapter for GML can be adapted to CML;

• the canonical model construction of GML can be extended to obtain a similar
canonical model for CML;

• the axiomatic system in Table 8.1 is strong-complete with respect to the CMP-
semantics.

All these results are detailed in [10]. Being their similarities with the proofs in the pre-
vious Chapter we have decided to omit them in this monograph.

In the end of this section recall that there exist strong relations between logical equiv-
alence and bisimulation both for the probabilistic and for the stochastic cases that we
have demonstrated and discussed in the previous Chapter. This is particularly relevant
for our interest in this Chapter, because we expect that a pseudometric extension of the
bisimulation will enjoy a similar property. This is exactly what we try to identify in the
rest of this Chapter.
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8.3 Dynamic-Continuous Pseudometric Bisimulations

As we have already underlined in the introduction, the concept of bisimulation for prob-
abilistic or stochastic processes is very strict. We can however relax it by introducing a
behavioral pseudometric [18, 38] which, formally, is a distances between processes that
measure their similarity in terms of quantitative behaviour: the kernel of a behavioral
pseudometric is a bisimulation. Moreover, we expect that a behavioral pseudometric
can prove that a sequence of processes as (mk)k∈N represented in Figure 8.1 is conver-
gent to m.

In what follows, we identify a sufficient condition satisfied by any behavioral pseu-
dometric that can prove such a convergence.

Before proceeding with the definition, recall that the convergences are in the corre-
sponding open ball topologies, as defined in the previous section. In addition, we define
the kernel of d as being the set

ker(d) = {(m, n) ∈ M×M | d(m, n) = 0}.

Definition 8.3.1 (Dynamically-continuous pseudometric-bisimulation). Given the DMK
(CMK)M = (M, Σ, θ), a pseudometric d :M×M→ R+ is

• a pseudometric bisimulation if ker(d) =∼

• dynamically-continuous if for any sequence (mk)k∈N ∈ M such that lim
k→∞

mk 3 m

in the open-ball topology Td, then for any S ∈ Σ(∼) there exists a decreasing sequence
(Sk)k∈N ⊆ Σ(∼) of compact sets in the topology Td such that

– lim
k→∞

Sk 3 S in the topology TdH

– lim
k→∞

θ(mk)(Sk) = θ(m)(S) in R.

Notice the coinductive nature of this definition, which is reminiscent of the general
definition of bisimulation.

Example 8.3.2. Let us now convince ourselves that any behavioral pseudometric that can prove
the convergence in Figure 8.1 is indeed a dynamically-continuous pseudometric bisimulation.

Formally, in Figure 8.1 we have represented the CMKM = (M, Σ, θ) where

• M = {m, m1, ..mk, ..},

• Σ = 2M,

• θ(mk)({mk}) = 4. 9..9︸︷︷︸
k

for k ∈N and θ(m)({m}) = 5.
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If in the open ball topology we can prove that lim
k→∞

mk 3 m, then for each k ∈N,

Sk = {m, mk, mk+1, ..} is a compact set – since it is closed and bounded in a complete pseudo-
metric space; Sk ⊇ Sk+1 and lim

k→∞
Sk 3 {m}.

Because θ(mk) is a measure,

θ(mk)(Sk) = θ(mk)({mk}) + θ(mk)(Sk+1).

But θ(mk)(Sk+1) = 0, hence θ(mk)(Sk) = θ(mk)({mk}). This implies that

lim
k→∞

θ(mk)(Sk) = lim
k→∞

θ(mk)({mk}) = θ(m)({m})

and verifies the second condition of the previous definition.
All these arguments motivate our choice for the definition of dynamically-continuous metric

bisimulation.

8.4 The Topological Space of Logical Formulas

Since a dynamically-continuous pseudometric bisimulation is a relaxation of the bisim-
ulation relation, in what follows we try to identify similar logical characterization re-
sults for dynamically-continuous pseudometric bisimulation. In order to do this, we
organize the space of the logical formulas as a pseudometric space, by identifying a
logical formula with the set of its models and using the Hausdorff distance.

Formally, assume that the spaceM of the continuous (or discrete) Markov processes
is a pseudometric space defined by a pseudometric

d :M×M→ R+.

The Hausdorff pseudometric dH associated to d is also a distance between the sets JϕK
of models, for arbitrary ϕ ∈ L(∆) (or ϕ ∈ L(Π) respectively). Consequently, we can
define, for arbitrary ϕ, ψ ∈ L(∆) (or ϕ, ψ ∈ L(Π) respectively), a distance δ by

δ(ϕ, ψ) = dH(JϕK, JψK).

The properties of Hausdorff distances guarantees the following proposition.

Proposition 8.4.1. (L(∆), δ) and (L(Π), δ) are pseudometric spaces.

Since the space of models and the space of logical formulas are both pseudometric
spaces, we can use the inequality of Lemma 8.2.1 to prove a robustness theorem.

Theorem 8.4.2 (Robustness). Given a discrete (continuous) Markov processM, an arbitrary
state m ∈ supp(M) and arbitrary formulas ϕ and ψ of discrete (continuous) Markovian logic,
then

dh(m, JϕK) ≤ dh(m, JψK) + δ(ϕ, ψ).

If up to this point the two logics have similar properties, when we deeper focus on
their topologies we see major differences that are studied in the next two subsections.
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8.4.1 The topology of Discrete Markovian Logic

In this subsection we concentrate on the discrete Markovian logic.
LetM = (M, Σ, θ) be the universal DMP organized as a pseudometric space by the

behavioural pseudometric d.
Let (L(Π), δ) be the pseudometric space of logical formulas defined as before.

To understand deeper the relation between the induced topologies, in what follows
we isolate the following fragments of L(Π).

L(Π)+ : f := > | f ∨ f | f ∧ f | Lr ϕ | Mr ϕ, ϕ ∈ L(Π),

L(Π)− = {¬ f | f ∈ L(Π)+}.

In what follows we use Td to denote the open ball topology, X and Xint to denote the
closure and the interior of X ⊆M, respectively in the topology Td.

The question that we rise in what follows is if the formulas represent closed, open or
different type of sets.

Proposition 8.4.3. Let d be a dynamically-continuous metric bisimulation onM.

1. If ϕ ∈ L(Π)+, then JϕK is a closed set in the topology Td.

2. If ϕ ∈ L(Π)−, then JϕK is an open set in the topology Td.

3. J¬Mr ϕK = JLr ϕK and J¬Lr ϕK = JMr ϕK.

4. JMr ϕKint = J¬Lr ϕK and JLr ϕKint = J¬Mr ϕK.

Proof. 1. Induction on ϕ ∈ L(Π)+.
The Boolean cases are trivial, since the entire universeM = J>K and the intersection

and the union of two closed sets are closed.
[The case ϕ = Lrψ for some ψ ∈ L]:
Suppose that lim

k→∞
mk = m and for each k ∈N, mk � Lrψ.

Because d is a dynamically-continuous pseudometric bisimulation and JψK ∈ Σ(∼),
there exists a decreasing sequence (Sk)k∈N ⊆ Σ(∼) of compact sets in Td such that
lim
k→∞

Sk 3 JψK and lim
k→∞

θ(mk)(Sk) = θ(m)(JψK).

From Lemma 8.2.3, dH(JψK,
⋂

k∈N

Sk) = 0 and using Lemma 8.2.2, JψK =
⋂

k∈N

Sk.

Hence, JψK ⊆ JψK ⊆ Sk for any k.
Since mk � Lrψ, θ(mk)(JψK) ≥ r implying θ(mk)(Sk) ≥ θ(mk)(JψK) and further,

θ(mk)(Sk) ≥ r.
Hence, lim

k→∞
θ(mk)(Sk) ≥ r, implying θ(m)(JψK) ≥ r, i.e., m � Lrψ.

[The case ϕ = Mrψ for some ψ ∈ L]:
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From the soundness of ` Mr ϕ ↔ L1−r¬ϕ we obtain JMr ϕK = JL1−r¬ϕK. Now we
can use the fact that JL1−r¬ϕK is open.

2. It is a direct consequence of 1, since J¬ψK is the complement of JψK.

3. Because � ¬Mr ϕ→ Lr ϕ, J¬Mr ϕK ⊆ JLr ϕK.
Consider a sequence (mk)k∈N of elements ofM such that lim

k→∞
mk = m ∈ M and for

each k, mk � ¬Mr ϕ. To prove that J¬Mr ϕK = JLr ϕK, we need to verify that m � Lrψ.
Since d is a dynamically-continuous pseudometric bisimulation, there exists a de-

creasing sequence of compact sets (Sk)k∈N such that lim
k→∞

Sk 3 JψK and

lim
k→∞

θ(mk)(Sk) = θ(m)(JψK).

Because Sk ⊇ JψK (see the proof of 1.), θ(mk)(Sk) ≥ θ(mk)(JψK) and from mk � ¬Mrψ
we get θ(mk)(JψK) > r. Hence, θ(mk)(Sk) > r, implying lim

k→∞
θ(mk)(Sk) ≥ r. This is

equivalent to θ(m)(JψK) ≥ r, i.e., m � Lrψ.
To prove the other equality, notice that we have

J¬Lr ϕK = J¬M1−r¬ϕK.

We apply the first equality and obtain J¬M1−r¬ϕK = JL1−r¬ϕK and further we get
JL1−r¬ϕK = JMr ϕK.

4. It is a direct consequence of 3.

At this point we want to understand more about the kernel of δ and its relation to
provability. Since the axiomatic system of DML is complete, the next theorem follows
from the definition of Hausdorff distance.

Theorem 8.4.4. If ϕ, ψ ∈ L(Π) , then

` ϕ↔ ψ implies δ(ϕ, ψ) = 0.

The next results and the example will show that actually the reverse of Theorem 8.4.4
is not true: not all the formulas at distance zero are logically equivalent.

Theorem 8.4.5. Let d be a dynamically-continuous pseudometric bisimulation and ϕ, ψ ∈
L(Π). such that δ(ϕ, ψ) = 0.

1. If ϕ ∈ L(Π)+, then [δ(ϕ, ψ) = 0 implies ` ψ→ ϕ].

2. If ϕ, ψ ∈ L(Π)+, then [δ(ϕ, ψ) = 0 iff ` ϕ↔ ψ].
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Proof. 1. δ(ϕ, ψ) = 0 is equivalent to dH(JϕK, JψK) = 0, which is equivalent, as stated in
Lemma 8.2.2, to JϕK = JψK.

If ϕ ∈ L(Π)+, by Proposition 8.4.3, JϕK is closed. Hence, JψK = JϕK. This implies
that JψK ⊆ JϕK, i.e., � ψ→ ϕ, which, due to completeness, is equivalent to ` ψ→ ϕ.

2. is proved by applying 1. in both directions.

Example 8.4.6. There exist logical formulas that are at distance zero without being logically
equivalent:

δ(Lr ϕ,¬Mr ϕ) = 0,

` ¬Mr ϕ→ Lr ϕ

but 6` Lr ϕ→ ¬Mr ϕ.

To prove these, observe that for any model m ∈ M, if m � ¬Mr ϕ, then m � Lr ϕ. This
guarantees that the closure of J¬Mr ϕK is included in JLr ϕK.

Observe that if θ(m)(JϕK) = r, then m � Lr ϕ, but m 6� ¬Mr ϕ.
Suppose that there exists a model m ∈ M such that m ∈ JLr ϕK and dh(m, J¬Mr ϕK) > 0.

Then, θ(m)(JϕK) ≥ r and θ(m)(JϕK) < r - impossible.
Hence the closure of J¬Mr ϕK coincides with JLr ϕK and this proves that

δ(Lr ϕ,¬Mr ϕ) = 0.

The next theorem states that whenever (mk)k∈N is a sequence of increasingly accu-
rate approximations of m, if mk � ϕk for each k, we cannot guarantee that m satisfies the
limit ϕ of (ϕk)k∈N. However, we can prove that there exists a sequence of approxima-
tions of m satisfying ϕ.

Theorem 8.4.7. If d is a dynamically-continuous pseudometric bisimulation and

(ϕk)k∈N ⊆ L(Π), (mk)k∈N ⊆M

are two convergent sequences such that lim
k→∞

ϕk 3 ϕ, lim
k→∞

mk 3 m; and

mk � ϕk for each k ∈N,

then there exists a convergent sequence (nk)k∈N ⊆M such that lim
k→∞

nk 3 m and

nk � ϕ for each k ∈N.

Proof. If we apply Lemma 8.2.4 for Sk = JϕkK and S = JϕK, we obtain that dh(m, JϕK) = 0
which implies that there exists a sequence (nk)k∈N ⊆ JϕK such that lim

k→∞
nk = m.
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There exist, however, properties that can be ”taken to the limit”, as the following
theorem proves.

Theorem 8.4.8. Let d be a dynamically-continuous pseudometric bisimulation and

(ϕk)k∈N ⊆ L(Π), (mk)k∈N ⊆M

two convergent sequences such that lim
k→∞

ϕk 3 ϕ, lim
k→∞

mk 3 m and

mk � ϕk for each k ∈N.

If ϕ ∈ L(Π)+, then m � ϕ.

Proof. As in Theorem 8.4.7, dh(m, JϕK) = 0.
Since ϕ ∈ L(Π)+, Proposition 8.4.3 guarantees that JϕK is closed and using the sec-

ond part of Lemma 8.2.4 we obtain m ∈ JϕK.

8.4.2 The topology of Continuous Markovian Logic

In this subsection we investigate the similar problems for the case of CMPs and contin-
uous Markovian logic. Hereafter, letM be the universal CMP organized as a pseudo-
metric space by the behavioural pseudometric d.

Let (L(∆), δ) be the pseudometric space of logical formulas.
As for the probabilistic case, we use Td to denote the open ball topology, X and Xint

to denote the closure and the interior of X ⊆M, respectively in the topology Td.

Lemma 8.4.9. For arbitrary ϕ ∈ L(∆),

1. J¬Mr ϕK = JLr ϕK,

2. JMr ϕKint = J¬Lr ϕK,

3. JMr ϕK =
⋂

k∈N

J¬Lr+ 1
k
ϕK

4. JLr ϕK =
⋂

k∈N

J¬Mr− 1
k
ϕK.

Proof. 1. Because � ¬Mr ϕ→ Lr ϕ, we get J¬Mr ϕK ⊆ JLr ϕK.
Consider a sequence (mk)k∈N of elements ofM such that lim

k→∞
mk 3 m ∈ M and for

each k, mk � ¬Mr ϕ. To prove that J¬Mr ϕK = JLr ϕK, we need to verify that m � Lrψ.
Since d is a dynamically-continuous pseudometric bisimulation, there exists a de-

creasing sequence (Sk)k∈N of compact elements of Σ(∼) such that lim
k→∞

Sk 3 JψK and

lim
k→∞

θ(mk)(Sk) = θ(m)(JψK).
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Because Sk ⊇ JψK, we obtain that θ(mk)(Sk) ≥ θ(mk)(JψK) and from mk � ¬Mrψ we get
θ(mk)(JψK) > r.

Hence θ(mk)(Sk) > r, implying lim
k→∞

θ(mk)(Sk) ≥ r. This is equivalent to

θ(m)(JψK) ≥ r, i.e., m � Lrψ.

2. It is a direct consequence of 1.

3. It is a consequence of the fact that [0, r] =
⋂

k∈N

[0, r +
1
k
).

4. This follows from [r, ∞) =
⋂

k∈N

(r− 1
k

, ∞).

In the following examples we show that, unlike in the probabilistic case, JMrψK is
sometimes neither open nor closed in Td.

Example 8.4.10. We return to the stochastic system described in Example 8.3.2 and represented
in Figure 8.1.

Notice that,
for each k ∈N, mk � M0L5>

meaning that each mk cannot do a transition to a state (which is equivalent with ”it does it
at rate 0”) where from it is possible to do a transition at rate at least 5. But at the limit,

m � ¬M0L5> since θ(m)(JL5>K) = 5 > 0.
Consequently, JM0L5>K is not closed in Td, since we found a sequence of processes from

JM0L5>K with a limit outside JM0L5>K.

To prove that sometimes JMrψK is not open either, consider the same processes as before only
that

for each k ∈N, θ(mk)({mk}) = rk,
where (rk)k∈N ∈ Q+ is a strictly decreasing sequence with limit 5.

In this case, for each k ∈N,
mk � ¬M5>, since θ(mk)({mk}) > 5.

However, to the limit we have m � M5> proving that J¬M5>K is not closed in Td, hence,
JM5>K is not open.

To understand this topology more deeply, we isolate the following fragments of
L(∆).

L(∆)+ : f := > | f ∧ f | f ∨ f | Lr ϕ | Mr ϕ,

L(∆)− = {¬ f | f ∈ L(∆)+},
L(∆)0 : f := > | f ∧ f | ¬ f | Lr ϕ,

L(∆)+0 : f := > | f ∧ f | f ∨ f | Lr ϕ,
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L(∆)−0 = {¬ f | f ∈ L(∆)+0 },

where in the previous definitions ϕ ∈ L(∆).

The next lemma marks essential differences between the topology of DML formulas
and the topology of CML formulas. Recall that, in topology, a Gδ set is a countable inter-
section of open sets and a Fσ set is a countable union of closed sets (see the Preliminaries
for the definitions).

Theorem 8.4.11. If d is a dynamically-continuous pseudometric bisimulation, then

1. If ϕ ∈ L(∆)+0 , then JϕK is a closed set in the topology Td.

2. If ϕ ∈ L(∆)−0 , then JϕK is an open set in the topology Td.

3. If ϕ ∈ L(∆)+, then JϕK is a Gδ set in the topology Td.

4. If ϕ ∈ L(∆)−, then JϕK is a Fσ set in the topology Td.

Proof. 1. Induction on ϕ ∈ L(∆)+0 .
The Boolean cases are trivial and use the fact that the entire universe M = J>K,

hence it is closed and that the intersection and the union of two closed sets are closed.
The case ϕ = Lrψ for some ψ ∈ L(∆):
Suppose that lim

k→∞
mk = m and for each k ∈ N, mk � Lrψ; we have to prove that

m � Lrψ.
Because d is a dynamically-continuous pseudometric bisimulation, lim

k→∞
mk = m and

JψK ∈ Σ(∼), there exists a decreasing sequence (Sk)k∈N ⊆ Σ(∼) of compact sets in Td
such that lim

k→∞
Sk 3 JψK and lim

k→∞
θ(mk)(Sk) = θ(m)(JψK).

From Lemma 8.2.3, dH(JψK,
⋂

k∈N

Sk) = 0 and using Lemma 8.2.2, JψK =
⋂

k∈N

Sk, since⋂
k∈N

Sk is closed. Hence, JψK ⊆ JψK ⊆ Sk for any k.

Because mk � Lrψ, we obtain that θ(mk)(JψK) ≥ r. Further, JψK ⊆ Sk implies
θ(mk)(Sk) ≥ θ(mk)(JψK) and θ(mk)(Sk) ≥ r. Hence, lim

k→∞
θ(mk)(Sk) ≥ r, implying

θ(m)(JψK) ≥ r, i.e., m � Lrψ.

2. It is a direct consequence of 1 since ψ ∈ L(∆)−0 iff ¬ψ ∈ L(∆)+0 and J¬ψK is the
complement of JψK.

3. Induction on ϕ ∈ L+.
The Boolean cases are trivial, since the union and the intersection of two countable

interactions of open sets is a countable intersection of open sets.
The case ϕ ∈ L(∆)+0 : follows from 1, since any closed set in a pseudometrizable

space is Gδ.
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The case ϕ = Mrψ for some ψ ∈ L(∆):
From Lemma 8.4.9, we have that JMrψK =

⋂
k∈N

J¬Lr+ 1
k
ψK. Because J¬Lr+ 1

k
ψK are

open, we obtain that JMrψK is a Gδ set.

4. This is a consequence of 3, since J¬ψK is the complement of JψK.

As for DML, logical equivalence is a subset of the kernel of δ.

Theorem 8.4.12. If ` ϕ↔ ψ, then δ(ϕ, ψ) = 0.

However, Theorem 8.4.5 does not hold for CML. Instead we have the following
weaker result relying on the fact that JϕK is closed whenever ϕ ∈ L(∆)+0 .

Theorem 8.4.13. Let d be a dynamically-continuous pseudometric bisimulation and ϕ, ψ ∈
L(∆).

1. If ϕ ∈ L(∆)+0 , then [δ(ϕ, ψ) = 0 implies ` ψ→ ϕ].

2. If ϕ, ψ ∈ L(∆)+0 , then [δ(ϕ, ψ) = 0 iff ` ϕ↔ ψ].

A similar result to Theorem 8.4.7 holds for CML.

Theorem 8.4.14. If d is a dynamically-continuous pseudometric bisimulation and

(ϕk)k∈N ⊆ L(∆), (mk)k∈N ⊆M

are two convergent sequences such that lim
k→∞

ϕk 3 ϕ, lim
k→∞

mk 3 m and

mk � ϕk for each k ∈N,

then there exists a convergent sequence (nk)k∈N ⊆M such that lim
k→∞

nk 3 m and

nk � ϕ for each k ∈N.

Theorem 8.4.8 does not hold for CML. But since JϕK is closed whenever ϕ ∈ L(∆)+0 ,
we have a weaker version of it that does not involve the operators of type Mr.

Theorem 8.4.15. Let d be a dynamically-continuous pseudometric bisimulation and

(ϕk)k∈N ⊆ L(∆), (mk)k∈N ⊆M

two convergent sequences such that lim
k→∞

ϕk 3 ϕ, lim
k→∞

mk 3 m and

mk � ϕk for each k ∈N.

If ϕ ∈ L(∆)+0 , then m � ϕ.
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8.5 Concluding Remarks

The main contributions of the present chapter are the following results:

• The definition of dynamically-continuous metric bisimulation which is the correct
distance-based counterpart of the concept of probabilistic/stochastic bisimulation.

• The definition of the topology of logical formulas canonically induced by the be-
havioural pseudometrics.

• Theorems that establish when parallel sequences of (probabilistic or stochastic)
processes and formulas converge to give satisfaction in the limit; these results
reveal important differences between the probabilistic and stochastic Markovian
logics.

• Theorems regarding the relationships between logical formulas being at zero dis-
tance and logical equivalence/provability.

• A theorem that relates how “close” a process m is to a formula ϕ to how close m is
to another formula ψ and the distance between ϕ and ψ (robustness).

• Topological characterization of various classes of formulas.

There are many new things to explore further and some of them will be addressed
in the following chapters.

A coalgebraic presentation of this work that helped us understanding a metric ana-
logue of Stone duality for Markov processes will be presented in the next Part of this
monograph.
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Stone duality is a recognized landmark of mathematics. Formally, it states that
the category of Boolean algebras and Boolean algebra homomorphisms and the cate-
gory of Stone spaces and continuous maps are contravariantly equivalent. Jonsson and
Tarski [24] extended this to modal logic and showed a duality between Boolean algebras
with additional operators and certain topological spaces with additional operators.

Stone duality embodies completeness theorems, but goes far beyond them. Proofs
of completeness typically work by constructing an instance of a model from maximal
consistent sets of formulas. Stone duality works in the same way, but gives a correspon-
dence not just for syntactically generated algebras, but for any suitable algebra. This
includes both smaller algebras, which could be finite and generate finite structures, or
larger algebras, which could be uncountable, thus not syntactically generated. Fur-
thermore, homomorphisms of algebras give rise to maps between the corresponding
structures in the opposite direction. Thus mathematical arguments can be transferred
in both directions.

We have seen in the previous chapters that for Markov processes, the natural logic is
a simple modal logic in which bounds on probabilities or rates enter into the modalities.
We call this logic Markovian logic and we have proposed such a logic for each type of
Markov process: probabilistic, subprobabilistic and stochastic.

The Markovian logics can be stripped down to very spartan cores — just the modal-
ities and finite conjunction — and still characterize the corresponding bisimulation for
Markov processes [8,11,12]. Moreover, we have demonstrated in the previous Chapters
that these logics can be completely axiomatized with respect to the MP-semantics.

It is therefore tempting to understand these logics algebraically in the same way that
Boolean algebras capture propositional reasoning and the Jonsson–Tarski results [24]
give duality for algebras arising from modal logics.

This is exactly the challenge that we take in this Part of the monograph. We develop
a Stone-type duality for continuous-space probabilistic transitions systems and a certain
kind of algebras that we have named Aumann algebras. These are Boolean algebras with
operators that behave like the probabilistic modalities of type Lr used in the previous
Part of the monograph.

The representation theorem that establishes the Stone duality, captures and extends
the completeness that we have previously proven, in a stronger algebraic format. Our
duality only considers the probabilistic case. However, similar generalizations of the
completeness theorems can be done both for the subprobabilistic and stochastic case.
These results are comprised in Chapter 9.

In Chapter 10 we will extend this duality to include results regarding the behavioural
pseudometrics. Concretely we show that a version of Aumann algebra devised with a
concept of ”norm” or ”diameter” of elements corresponds, via the duality, to the concept
of metrized Markov process. These results provide a conclusive answer to the question
that we have risen in the previous Part of the monograph when we have tried to identify
the conditions that guarantee that certain sequences of MPs converge to a limit.
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Chapter 9

Classic Stone Duality for Markov
Processes

9.1 Introduction

In this chapter we demonstrate that behind the strong completeness proofs of Marko-
vian logics presented in the previous Part of the monography, one can identify a Stone
duality. We demonstrate this for the probabilistic case. However similar developments
can be done both for subprobabilistic and for general- stochastic Markov processes. We
call this Stone duality ”classic” to differentiate it from the Stone duality that we will
prove in the next Chapter, which is a metrized version of the Stone duality.

Stone-type dualities are now recognized as being ubiquitous in computer science.
Plotkin [33] and Smyth [37] emphasized that the duality between state-transformer
semantics of Dijkstra and predicate-transformer semantics is an instance of a Stone-
type duality. Kozen [26] discovered such a duality for probabilistic transition systems.
Abramsky [1] identified dualities in domain and concurrency theory. Recently several
authors (e.g. [6,36]) have emphasized the duality between logics and transition systems
from a coalgebraic perspective. And there have been many recent investigations of
Stone-type dualities from the viewpoint of coalgebra and automata theory [5,7,18]. Re-
cent very interesting work by Jacobs [28] has explored convex dualities for probability
and quantum mechanics.

A detailed and eloquent introduction to Stone duality and its ramifications, as well
as an account of several other related dualities that appear in mathematics, like Gelfand
duality, can be found in Johnstone [25].

Regarding the dualities for Markov processes, Mislove et al. [31] found a duality
between labeled Markov processes and C∗-algebras based on the closely related classical
Gelfand duality. This work generalizes the concept of testing for MPs.

Our work that we summarize in this Chapter goes in a different direction: we aim at
understanding, from an algebraical and topological point of view the strong-completeness
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proofs presented in the previous chapters as well as to make sense of the so-called
Hennessy-Milner property that has been demonstrated for Markovian logics.

The most closely related work to ours is the work of Goldblatt [20] on the role of
the Baire category theorem in completeness proofs, and even more closely his work on
deduction systems for coalgebras [21]. This connection has mainly to do with our com-
pleteness proof that we have discussed in the previous Part of the monograph. How-
ever, in this Chapter we will extend this arguments beyond completeness and identify a
Stone duality between a class of Markov processes that we call Stone Markov processes
and a special class of Boolean algebra with Operator that we named Aumann algebra.

Our key results presented in this Chapter are:

• a description of a new class of algebras that capture in algebraic form the proba-
bilistic modal (Markovian) logics used for continuous-state Markov processes;

• a version of duality for countable algebras and a certain class of countably-generated
Markov processes; and

• a complete axiomatization that does not involve infinitary axiom schemes with
uncountably many instances and avoids postulating Lindenbaum’s lemma as a
meta-axioms.

The duality is represented in the diagram below. Here SMP stands for Stone Markov
processes and AA for countable Aumann algebras. The formal definitions are given in
§§9.3–9.4.

SMP AAop
A

M

A general Markov process gives rise to a countable Aumann algebra but a count-
able Aumann algebra gives rise to a Stone Markov process. However, starting from a
Markov processM, constructing the corresponding Aumann algebra A, then construct-
ing the corresponding Stone Markov process corresponding A, one obtains a Markov
process bisimilar toM.

9.1.1 A Summary for Experts

The duality theorem proved in this Chapter has some novel features that distinguish it
from many others that have appeared in the literature.

We have avoided the assumption that every consistent set of formulas can be ex-
panded to a maximal consistent set axioms [21] by using the Rasiowa–Sikorski lemma
(whose proof uses the Baire category theorem) in the following way. In going from the
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algebra to the dual Markov process, we look at ultrafilters that do not respect the infini-
tary axioms of Aumann algebras. We call these bad ultrafilters. We show that these form
a meager set (in the standard topological sense) and can be removed without affecting
the transition probabilities that we are trying to define. Countability is essential here.
In order to show that we do not affect the algebra of clopen sets by doing this, we intro-
duce a distinguished base of clopen sets in the definition of Markov process, which has
to satisfy some conditions. We show that this forms an Aumann algebra. We are able
to go from a Markov process to an Aumann algebra by using this distinguished base.
Morphisms of Markov processes are required to preserve distinguished base elements
backwards; that is,

if f :M→ N and A ∈ AN , then f−1(A) ∈ AM.
Thus we get Boolean algebra homomorphisms in the dual for free.

Removing bad points has the effect of destroying compactness of the resulting topo-
logical space. We introduce a new concept called saturation that takes the place of com-
pactness. The idea is that a saturated model has all the good ultrafilters. The Stone dual
of an Aumann algebra is saturated, because it is constructed that way. However, it is
possible to have a Markov process that is unsaturated but still represents the same alge-
bra. For example, we removed bad points and could, in principle, remove a few more;
as long as the remaining points are still dense, we have not changed the algebra. One
can saturate a model by a process akin to compactification. We explicitly describe how
to do this below.

9.2 Stone Duality - An Overview

We begin by recalling the definition of a Boolean algebra.

A Boolean algebra (BA) over the set B 6= ∅ can be given abstractly as a structure
B = (B,>,⊥,¬,∨,∧,≤) that satisfy the equational axioms in table 9.1, where>,⊥ ∈ B,
¬ : B → B is a monadic operation on B, ∨,∧ : B× B → B are dyadic operations on B
and ≤⊆ B× B is a relation on B.

Starting from a Boolean algebra B, one can construct a topological space called a
Stone space as follows.

• The points of the space are the ultrafilters (maximal filters) of B, which are in one-
to-one correspondence with the Boolean algebra homomorphisms B → 2, where
2 is the two-element Boolean algebra.

• For each x ∈ B, let x′ be the set of ultrafilters containing x.

• The sets x′ form a base for the topology. The resulting space is compact, Hausdorff,
and totally disconnected.
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(BA1): a ∨ (b ∨ c) = (a ∨ b) ∨ c

(BA2): a ∧ (b ∧ c) = (a ∧ b) ∧ c

(BA3): a ∨ b = b ∨ a

(BA4): a ∧ b = b ∧ a

(BA5): a ∨ (b ∧ a) = a ∧ (b ∨ a) = a

(BA6): a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c)

(BA7): a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

(BA8): a ∨ (¬a) = >

(BA8): a ∧ (¬a) = ⊥

(BA9): a ≤ b iff a = a ∧ b iff b = a ∨ b

Table 9.1: Boolean Algebra

• The basic open sets x′ are both closed and open (clopens); recall that spaces with
a base of clopen sets are zero-dimensional.

For compact Hausdorff spaces, the notions of zero-dimensionality and total discon-
nectedness coincide.

A Stone space is defined to be a zero-dimensional compact Hausdorff space. The
family of clopen sets of a Stone space forms a Boolean algebra.

One can go back and forth from Boolean algebras to Stone spaces; in both cases one
obtains an object isomorphic to the starting object. Jonsson and Tarski [24] extended this
to Boolean algebras with additional operators, essentially algebraic versions of modal
operators, and corresponding topological spaces equipped with suitable closure opera-
tors.

The correspondence lifts to a contravariant equivalence between the category of
Boolean algebras and Boolean algebra homomorphisms and the category of Stone spaces
and continuous maps. Many other dualities in mathematics are recognized as being of
this type [25].

SS BAop
C

U
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9.3 Markov Processes and Markovian Logic

In this section we briefly recall the concept of Markov process and the Markovian logic
with which we work in this Chapter. they correspond to PMPs and PML studied in the
previous Part of the monograph.

Markov processes (MPs) are models of probabilistic systems with a continuous state
space and probabilistic transitions [12, 15, 32]. In earlier papers, they were called labeled
Markov processes to emphasize the fact that there were multiple possible actions, but
here we will suppress the labels, as they do not contribute any relevant structure for our
results.

Formally, given an analytic space (M, Σ), where Σ is the Borel algebra induced by
the topology, a Markov process is a measurable mapping θ ∈ JM→ ∆(M, Σ)K.

In what follows we identify a Markov process with the tuple M = (M, Σ, θ); M
is the support set, denoted by supp(M), and θ is the transition function. For m ∈ M,
θ(m) : Σ → [0, 1] is a probability measure on the state space (M, Σ). For N ∈ Σ, the
value θ(m)(N) ∈ [0, 1] represents the probability of a transition from m to a state in N.

The condition that θ is a measurable function JM→ ∆(M, Σ)K is equivalent to the
condition that for fixed N ∈ Σ, the function m 7→ θ(m)(N) is a measurable function
JM→ [0, 1]K (see e.g. Proposition 2.9 of [15]).

The Markovian logic (ML) that we discussed in this Chapter is a multi-modal logic
for semantics based on MPs [2,3,8,17,22,28,30,41]. In addition to the Boolean operators,
this logic is equipped with probabilistic modal operators Lr for r ∈ Q0 that bound the
probabilities of transitions. Intuitively, the formula Lr ϕ is satisfied by m ∈ Mwhenever
the probability of a transition from m to a state satisfying ϕ is at least r.

[Syntax]: The formulas of ML are collected in the set L defined inductively, for a set
P of atomic propositions, by the grammar

ϕ ::= p | ⊥ | ϕ→ ϕ | Lr ϕ

where p can be any element of P and r any element of Q0.

The Boolean operators ∨, ∧, ¬, and > are defined from→ and ⊥ as usual. And for
r1, . . . , rn ∈ Q0 and ϕ ∈ L, let

Lr1···rn ϕ = Lr1 · · · Lrn ϕ.

[Markovian semantics]: for L is defined for a given MPM = (M, Σ, θ) and m ∈ M,
on top of an interpretation function i : M→ 2P , as follows.

• M, m, i � p if p ∈ i(m),

• M, m, i � ⊥ never,
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• M, m, i � ϕ→ ψ ifM, m, i � ψ wheneverM, m, i � ϕ,

• M, m, i � Lr ϕ if θ(m)(JϕK) ≥ r,
where JϕK = {m ∈ M | M, m, i � ϕ}.

It follows that

• M, m, i � > always,

• M, m, i � ϕ ∧ ψ iffM, m, i � ϕ andM, m, i � ψ,

• M, m, i � ϕ ∨ ψ iffM, m, i � ϕ orM, m, i � ψ,

• M, m, i � ¬ϕ iff notM, m, i � ϕ.

GivenM = (M, Σ, θ) and i, we say that m ∈ M satisfies ϕ ∈ L ifM, m, i � ϕ. We
writeM, m, i 6� ϕ if it is not the case thatM, m, i � ϕ.

For Φ ⊆ L, we writeM, m, i � Φ ifM, m, i � ϕ for all ϕ ∈ Φ.
For Φ ⊆ L and ϕ ∈ L, we write Φ � ϕ ifM, m, i � ϕ wheneverM, m, i � Φ.
A formula or set of formulas is satisfiable if there exist an MPM, an interpretation

function i forM and m ∈ supp(M) that satisfies it. We say that ϕ ∈ L is valid and write
� ϕ if ∅ � ϕ, that is, if ¬ϕ is not satisfiable.

We now recall the axiomatization of ML for Markovian semantics that we have dis-
cussed in the previous part of our monograph. The system is a Hilbert-style system
consisting of the axioms and rules of propositional logic and the axioms and rules listed
in Table 9.2. The axioms and the rules are stated for arbitrary ϕ, ψ ∈ L and arbitrary
r, s ∈ Q0 = Q∩ [0, 1].

(A1): ` L0ϕ

(A2): ` LrT

(A3): ` Lr ϕ→ ¬Ls¬ϕ, r + s > 1

(A4): ` Lr(ϕ ∧ ψ) ∧ Ls(ϕ ∧ ¬ψ)→ Lr+s ϕ, r + s ≤ 1

(A5): ` ¬Lr(ϕ ∧ ψ) ∧ ¬Ls(ϕ ∧ ¬ψ)→ ¬Lr+s ϕ, r + s ≤ 1

(R1):
` ϕ→ ψ

` Lr ϕ→ Lrψ

(R2): {Lr1···rnrψ | r < s} ` Lr1···rnsψ

Table 9.2: The axioms of L
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If Φ ⊆ L and ϕ ∈ L, we write Φ ` ϕ and say that Φ derives ϕ if ϕ is provable from
the axioms and the extra assumptions Φ. We write ` ϕ if ∅ ` ϕ. Obviously, ` is a
deducibility relation in the sense of the definition in Preliminaries, section 3.7.

A formula or set of formulas is consistent if it cannot derive ⊥. We say that Φ ⊆ L is
maximally consistent if it is consistent and it has no proper consistent extensions.

The set Φ of formulas is filtered if for all ϕ, ψ ∈ Φ there exists ρ ∈ Φ with ` ρ→ ϕ∧ψ.

We remind the reader that in the previous part of the monograph we have proved
that the axiomatic system in Table 9.2 is sound and strongly-complete for the MP-
semantics. Moreover, the logical equivalence induced by ML on the class of MPs co-
incides with bisimulation equivalence.

In what follows we will geeralize these results in the form of a Stone duality.

9.4 Aumann Algebras

In this section we introduce an algebraic version of Markovian logic consisting of Boolean
algebra with operators Fr for r ∈ Q0 corresponding to the operators Lr of ML. We call
this Aumann Algebra (AA) in honor of Robert Aumann, who has made fundamental
contributions to probabilistic logic [2, 3].

9.4.1 Definition of Aumann Algebras

Definition 9.4.1 (Aumann algebra). An Aumann algebra (AA) is a structure

A = (A,→,⊥, {Fr}r∈Q0 ,≤)

where

• (A,→,⊥,≤) is a Boolean algebra;

• for each r ∈ Q0, Fr : A→ A is an unary operator; and

• the axioms in Table 9.3 hold for all a, b ∈ A, r, s, r1, . . . , rn ∈ Q0.

The Boolean operations ∨, ∧, ¬, and >, are defined from→ and ⊥ as usual.
Morphisms of Aumann algebras are Boolean algebra homomorphisms that commute with

the operations Fr. The category of Aumann algebras and Aumann algebra homomorphisms is
denoted by AA.

We abbreviate Fr1 · · · Frn a by Fr1···rn a.
The operator Fr is the algebraic counterpart of the logical modality Lr. The first two

axioms state tautologies, while the third captures the way Fr interacts with negation.
Axioms (AA4) and (AA5) assert finite additivity, while (AA6) asserts monotonicity.
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(AA1): > ≤ F0a

(AA2): > ≤ Fr>

(AA3): Fra ≤ ¬Fs¬a, r + s > 1

(AA4): Fr(a ∧ b) ∧ Fs(a ∧ ¬b) ≤ Fr+sa, r + s ≤ 1

(AA5): ¬Fr(a ∧ b) ∧ ¬Fs(a ∧ ¬b) ≤ ¬Fr+sa, r + s ≤ 1

(AA6): a ≤ b⇒ Fra ≤ Frb

(AA7): (
∧

r<s Fr1···rnra) = Fr1···rnsa

Table 9.3: Aumann algebra

The most interesting axiom is the infinitary axiom (AA7). It asserts that Fr1···rnsa is
the greatest lower bound of the set {Fr1···rnra | r < s} with respect to the natural order
≤. In SMPs, it will imply countable additivity.

Notice that (AA1)–(AA5) are the algebraic version of (A1)–(A5), (AA6) is the alge-
braic version of (R1) and (AA7) restate the algebraic property of (R2).

The following lemma establishes some basic consequences.

Lemma 9.4.2. Let A = (A,→,⊥, {Fr}r∈Q0 ,≤) be an Aumann algebra. For all a, b ∈ A and
r, s ∈ Q0,

(i) Fr⊥ = ⊥ for r > 0;

(ii) if r ≤ s, then Fsa ≤ Fra;

(iii) if a ≤ ¬b and r + s > 1, then Fra ≤ ¬Fsb.

Proof. 1. For s > 0 there exists r ∈ [0, 1] with r + s > 1. (AA3) instantiated with a = >
gives us Fr> ≤ ¬Fs⊥ and using (AA2) we obtain > ≤ ¬Fs⊥, thus Fs⊥ ≤ ⊥ and then
Fs⊥ = ⊥.

2. We use (AA5) instantiated with b = > and negate both sides to flip the inequality
to get:

Fr+sa ≤ ¬(¬Fr(a ∧>) ∧ ¬Fs(a ∧⊥)).
From de Morgan’s law and (1) we get

Fr+sa ≤ Fr(a) ∨ Fs(⊥) = Fra ∨⊥ = Fra.

3. Since a ≤ ¬b, using (AA6) we get Fra ≤ Fr¬b. Applying (AA3) and using the
transitivity of ≤ we obtain Fra ≤ ¬Fsb.
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As expected, the formulas of Markovian logic modulo logical equivalence form a
free countable Aumann algebra. Define ≡ on formulas by:

ϕ ≡ ψ if ` ϕ→ ψ and ` ψ→ ϕ.

Let [ϕ] denote the equivalence class of ϕ modulo ≡, and let

L/≡ = {[ϕ] | ϕ ∈ L}.

By (R1), the modality Lr is well defined on ≡-classes. The Boolean operators are also
well defined by considerations of propositional logic.

Theorem 9.4.3. The structure

(L/≡,→, [⊥], {Lr}r∈Q0 ,≤)

is an Aumann algebra, where
[ϕ] ≤ [ψ] iff ` ϕ→ ψ.

Proof. The axioms of Boolean algebras are trivially satisfied.
Now we have to verify the axioms in Table 9.3 for Fr = Lr.
(AA1) in this setting corresponds to ` T → L0ϕ, which is equivalent to ` L0ϕ and

an instance of axiom (A1) of L.
Similarly, (AA2), (AA3), (AA4) and (AA5) are easily seen to correspond to axioms

(A2), (A3), (A4) and (A5) respectively. (AA6) and (AA7) are instances of the rules (R1)
and (R2) respectively. Consequently all the axioms of Aumann algebra are verified.

Moreover, L is countable.

9.4.2 Extended Satisfiability Principles for Aumann Algebras

We saw in the previous section that the formulas of ML give rise to an Aumann algebra.
We now define a satisfiability relation for AAs that generalizes the satisfiability relation
for ML and prove the corresponding soundness result for MPs.

LetM = (M, Σ, θ) be a MP and let J·K be an interpretation of terms in the language
of Aumann algebras as measurable sets in M in which the Boolean operators have their
usual set-theoretic interpretation and for S ∈ Σ and t ∈ Q∩ [0, 1],

JFtK(S) = {m ∈ M | θ(m)(S) ≥ t}
JFtaK = JFtK(JaK).

If A is freely generated, then an interpretation function is defined by any function that
associates to each generator of A a subset of M.
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Lemma 9.4.4. JFtK preserves meets of countable measurable chains; that is, if Si, i ∈ I is a
countable chain of measurable sets, then

JFtK(
⋂
i∈I

Si) =
⋂
i∈I

JFtK(Si).

Proof. We have

JFtK(
⋂
i∈I

Si) = {m ∈ M | θ(m)(
⋂
i∈I

Si) ≥ t}

= {m ∈ M | inf
i∈I

θ(m)(Si) ≥ t}

= {m ∈ M | ∀i ∈ I, θ(m)(Si) ≥ t}
=
⋂
i∈I

{m ∈ M | θ(m)(Si) ≥ t}

=
⋂
i∈I

JFtK(Si).

We can prove now that the axioms of Aumann algebras are sound for Markov pro-
cesses.

Theorem 9.4.5 (Soundness). Let A be an Aumann algebra and a ∈ A. If> ≤ a, then for any
Markov processM = (M, Σ, θ) and any interpretation J·K of terms in the language of Aumann
algebras as measurable sets in M with the properties listed above, JaK = M.

Proof. As in the case of soundness for logics, we prove the soundness by showing that
each axiom is satisfied by any Markov process.

In the following, we only prove it for (AA7).
Let F be the set of terms of the form

αr = Ft1···tnra

for a ∈ A and 0 ≤ t1, . . . , tn, r ≤ 1. We consider this formula parameterized by r; that is,
if αr = Ft1···tnra, then αs denotes Ft1···tnsa.

The axiomatization of AAs includes all infinitary conditions of the form

αs =
∧
r<s

αr.

To prove the soundness of (AA7), it is sufficient to prove that

JαsK = J
∧
r<s

αrK.
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We proceed by induction on n.
For the basis,

JFsaK = JFsK(JaK) = {u | θ(u)(JaK) ≥ s}
= {u | ∀r < s θ(u)(JaK) ≥ r} =

⋂
r<s
{u | θ(u)(JaK) ≥ r}

=
⋂
r<s

JFraK = J
∧
r<s

FraK.

For the induction step, if JαsK = J
∧

r<s αrK and t > 0,

JFtα
sK = JFtK(JαsK) = JFtK(J

∧
r<s

αrK)

= JFtK(
⋂
r<s

JαrK) =
⋂
r<s

JFtK(JαrK) by Lemma 9.4.4

=
⋂
r<s

JFtα
rK = J

∧
r<s

Ftα
rK.

9.5 Stone Markov Processes

In our duality theory, we work with Markov processes constructed from certain zero-
dimensional Hausdorff spaces. We call such structures Stone–Markov processes (SMPs),
even if the underliying topology is not, in fact, compact.

9.5.1 MPs with Distinguished Base

We restrict our attention to Markov processes (M, A, θ), where A is a distinguished
countable base of clopen sets that is closed under the set-theoretic Boolean operations
and the operations

Fr(A) = {m | θ(m)(A) ≥ r}, r ∈ Q∩ [0, 1].

The measurable sets Σ are the Borel sets of the topology generated by A.
Morphisms of such spaces are required to preserve the distinguished base; thus a

morphism f :M→ N is a continuous function such that

• for all m ∈ M and B ∈ ΣN ,

θM(m)( f−1(B)) = θN ( f (m))(B);

• for all A ∈ AN , f−1(A) ∈ AM.
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9.5.2 Saturation

Unlike Stone spaces, SMPs are not topologically compact, but we do postulate a com-
pleteness property that is a weak form of compactness, which we call saturation. One
can saturate a given SMP by a completion procedure that is reminiscent of Stone–Čech
compactification. Intuitively, one adds points to the structure without changing the rep-
resented algebra. An MP is saturated if it is maximal with respect to this operation. The
term comes from a related concept of the same name in model theory [9, Ch. 5].

One can define the saturation by completing by a certain family of ultrafilters of
called good ultrafilters. These are ultrafilters respecting the infinitary condition (AA7) in
the definition of Aumann algebras (§9.4). All principal ultrafilters of an SMP are already
good, and one must only add the rest. The details of this construction are given in §9.6.

However, one can give a more conceptual definition of saturation.
Formally, consider MP morphisms f :M→ N such that

• f is a homeomorphism betweenM and its image in N ;

• the image f (M) is dense in N; and

• f preserves the distinguished base in the forward direction as well as the back-
ward; that is, if A ∈ AM, then there exists B ∈ AN such that A = f−1(B).

Call such a morphism a strict embedding. The collection of all N such that there exists
a strict embedding M → N contains a final object, which is the colimit of the strict
embeddingsM→ N . This is the saturation ofM.

9.5.3 Definition of SMP

The saturated spaces underline what we will call Stone-Markov processes.

Definition 9.5.1 (Stone–Markov Process). A Markov processM = (M, A, θ) with distin-
guished base is a Stone–Markov process (SMP) if it is saturated.

The morphisms of SMPs are just the morphisms of MPs with distinguished base as defined
above.

The category of SMPs and SMP morphisms is denoted SMP.

9.6 Stone Duality

In this section we describe the duality between SMPs and countable AAs. This is in the
spirit of the classical Stone representation theorem [45], or, more precisely, the represen-
tation theorem of Jonsson and Tarski [30] for Boolean algebras with operators. Here the
details are somewhat different, as we must deal with measure theory.



9.6. STONE DUALITY 191

9.6.1 From AAs to SMPs

Firstly, we prove that we can construct an SMP from an Aumann algebra.

For this subsection, we fix an arbitrary countable Aumann algebra

A = (A,→,⊥, {Fr}r∈Q0 ,≤).

Let U ∗ be the set of all ultrafilters of A. The classical Stone construction gives a Boolean
algebra of sets isomorphic to A with elements

LaM∗ = {u ∈ U ∗ | a ∈ u}, a ∈ A

and let LAM∗ = {LaM∗ | a ∈ A}.

The sets LaM∗ generate a Stone topology τ∗ on U ∗, and the sets LaM∗ are exactly the clopen
sets of the topology.

Let F be the set of elements of the form

αr = Ft1···tnra

for a ∈ A and t1, . . . , tn, r ∈ Q∩ [0, 1].
As before, we consider this term as parameterized by r; that is, if αr = Ft1···tnra, then

αs denotes Ft1···tnsa.
The set F is countable since A is. Axiom (AA7) asserts all infinitary conditions of

the form

αs =
∧
r<s

αr. (9.6.1)

for αs ∈ F .

Let us call an ultrafilter u bad if it violates one of these conditions in the sense that
for some αs ∈ F , αr ∈ u for all r < s but αs 6∈ u. Otherwise, u is called good.

Let U be the set of good ultrafilters of A.

Let τ = {B ∩ U | B ∈ τ∗} be the subspace topology on U , and let

LaM = {u ∈ U | a ∈ u} = LaM∗ ∩ U
LAM = {LaM | a ∈ A}.

Then τ is countably generated by the sets LaM and all LaM are clopen in the subspace
topology.

Lemma 9.6.1. If S denotes the closure of S in τ∗, then

L¬αsM∗ =
⋃
r<s

L¬αrM∗.
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Proof. (⊇):From Lemma 9.4.2 and (AA6) we have that ¬αr ≤ ¬αs for any r < s. Conse-
quently, for any u ∈ U ∗, u 3 ¬αr implies u 3 ¬αr.

(⊆): It is sufficient to prove that for every open set B ∈ τ∗,
if B ∩ L¬αsM 6= ∅, then B ∩ L¬αrM 6= ∅ for some r < s.

Proving this for B ∈ LAM∗ is sufficient.
Let B = LaM∗ and suppose that LaM∗ ∩ L¬αsM 3 u. Then,

a ∧ ¬αs ∈ u, implying a ∧ ¬αs 6= ⊥.

Applying Rasiowa-Sikorski lemma we obtain that
there exists v ∈ U such that a ∧ ¬αs ∈ v.

Consequently, a,¬αs ∈ v and since v is a good ultrafilter, there exists r < s such that
¬αr ∈ v. Hence v ∈ LaM∗ ∩ L¬αsM 6= ∅.

The next lemma asserts that the set U \ U ∗ of bad ultrafilters is meager. We will use
this to argue that U is dense in U ∗, therefore no LaM vanishes as a result of dropping
the bad points from LaM∗. It will follow that LAM and LAM∗ are isomorphic as Boolean
algebras.

Lemma 9.6.2. The set U ∗ \ U is of first category in the Stone topology τ∗. In particular, U is
dense in U ∗.

Proof. We must prove that U ∗ \ U is a countable union of nowhere dense sets.
Since A countable, the set F is countable as well. Each bad ultrafilter u ∈ U ∗ \ U

violates at least one constraint (9.6.1), thus

U ∗ \ U =
⋃

αs∈F
Uαs ,

where

Uαs = {u ∈ U ∗ | αs 6∈ u and ∀r < s αr ∈ u}
= L¬αsM∗ \

⋃
r<s

L¬αrM∗.

Now we argue that each Uαs is nowhere dense.
In τ∗, L¬αsM∗ is a closed set while

⋃
r<sL¬αrM∗ is a countable union of open sets, hence

open.
Applying Lemma 9.6.1, Uαs is the boundary of an open set, hence nowhere dense.
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In the remainder of this section, we show that the topological space (U , τ) is a zero-
dimensional Hausdorff space with base LAM and that this space gives rise to an SMP
(U , LAM, θ). Note that unlike (U ∗, τ∗), the space (U , τ) is not compact, but it is saturated.

In order to prove these claims, we need to focus on the properties of the subspace
topology.

Recall that for a topological space (X, τ) and an arbitrary set Y ⊆ X, we can view Y
as a topological space with the relative topology τ′ = {u ∩ Y | u ∈ τ}. Moreover, if u is
an open (closed) set in τ, then u ∩ Y is open (closed) in τ′, and if B ⊆ τ is a base for τ,
then B′ = {u ∩Y | u ∈ B} is a base for τ′.

The next lemma is immediate from the definitions.

Lemma 9.6.3. Any subspace of a zero-dimensional space is zero-dimensional, and any subspace
of a Hausdorff space is Hausdorff.

Proof. Let (X, τ) space and (Y, τ′) a subspace with the relative topology.
Suppose that (X, τ) is zero-dimensional.
For all u′ ∈ τ′, there exists u ∈ τ such that u′ = u ∩ Y. Since (X, τ) has a base of

clopen sets, we have u =
⋃

i∈I ui, where (ui) is an indexed collection of clopens in τ.
Then

u′ = (
⋃
i∈I

ui) ∩Y =
⋃
i∈I

(ui ∩Y).

Since the ui are clopen in τ, ui ∩Y are clopen in τ′, thus the clopens of τ′ form a base for
the topology τ′. Therefore (Y, τ′) is zero-dimensional.

Suppose that (X, τ) is Hausdorff.
For all x, y ∈ Y there exist disjoint u, v ∈ τ such that x ∈ u and y ∈ v. Then x ∈ u∩Y,

y ∈ v ∩ Y, and u ∩ Y and v ∩ Y are disjoint and in τ′. As x, y were arbitrary, (Y, τ′) is
Hausdorff.

Since (U , τ) is a subspace of the Stone space (U ∗, τ∗), the next proposition is just an
instance of Lemma 9.6.3.

Proposition 9.6.4. The space (U , τ) is a zero-dimensional Hausdorff space.

9.6.2 Construction of M(A)

We can now form a Markov process

M(A) = (U , Σ, θ),

where Σ is the σ-algebra generated by LAM.
To define the measure θ(u) for an ultrafilter u ∈ U , we need to prove some additional

results.
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Lemma 9.6.5. For all a ∈ A and u ∈ U , the set

{r ∈ Q∩ [0, 1] | Fra ∈ u}

is nonempty and closed downward in the natural order on Q∩ [0, 1].

Proof. The set contains at least 0 by (AA1).
Downward closure follows from Lemma 9.4.2(ii).

It follows that {r ∈ Q0 | ¬Fra ∈ u} is closed upward. Thus we can define the
function θ : U → [LAM→ [0, 1]] by

θ(u)(LaM) = sup{r ∈ Q∩ [0, 1] | Fra ∈ u}
= inf{r ∈ Q∩ [0, 1] | ¬Fra ∈ u}.

The aforementioned equality is proven in details for the Markovian logics in the previ-
ous part of this monograph – see Lemma 7.6.3 in Chapter 7.

Note that θ(u)(LaM) is not necessarily rational. In the following, we use Theorem
3.2.3 to show that θ can be uniquely extended to a transition function. This will allow
us to construct a Markov process on the space of good ultrafilters.

Lemma 9.6.6. The set LAM is a field of sets, and for all u ∈ U , the function θ(u) is a finitely
additive set function.

Proof. That the set LAM is a field of sets is immediate from the classic Stone representa-
tion theorem and the fact that LAM is dense in LAM∗.

To show finite additivity, suppose a, b ∈ A and LaM ∩ LbM = ∅. Then a ∧ b = 0. We
wish to show that

θ(u)(La ∨ bM) = θ(u)(LaM) + θ(u)(LbM).

It suffices to show the inequality in both directions.
For ≤, by the definition of θ, it suffices to show that

sup{t | Ft(a ∨ b) ∈ u}
≤ inf{r | ¬Fra ∈ u}+ inf{s | ¬Fsb ∈ u}
= inf{r + s | ¬Fra ∈ u and ¬Fsb ∈ u}
= inf{r + s | ¬Fra ∧ ¬Fsb ∈ u};

that is, if Ft(a ∨ b) ∈ u and ¬Fra ∧ ¬Fsb ∈ u, then t ≤ r + s.
But

¬Fra ∧ ¬Fsb = ¬Fr((a ∨ b) ∧ a) ∧ ¬Fs((a ∨ b) ∧ ¬a)
≤ ¬Fr+s(a ∨ b) by (AA5),
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thus ¬Fr+s(a ∨ b) ∈ u, and t ≤ r + s follows from the characterization of Lemma 9.6.5.

The inequality in the opposite direction is similar, using (AA4). We need to show

inf{t | ¬Ft(a ∨ b) ∈ u} ≥ sup{r + s | Fra ∧ Fsb ∈ u};

that is, if ¬Ft(a ∨ b) ∈ u and Fra ∧ Fsb ∈ u, then t ≥ r + s. But

Fra ∧ Fsb = Fr((a ∨ b) ∧ a) ∧ Fs((a ∨ b) ∧ ¬a)
≤ Fr+s(a ∨ b) by (AA4),

thus Fr+s(a ∨ b) ∈ u, and again r + s ≤ t follows from the characterization of Lemma
9.6.5.

The following is the key technical lemma where we use the fact that we have re-
moved the bad ultrafilters.

Lemma 9.6.7. For u ∈ U , θ(u) is continuous from above at ∅ relatively to the field LAM.

Proof. We prove that if u ∈ U (it is a good ultrafilter) and b0 ≥ b1 ≥ · · · with
⋂

iLbiM = ∅,
then

inf
i

θ(u)(LbiM) = 0.

Consider the countable set F of elements of the form

αr = Ft1···tnra

for a ∈ A and rational t1, . . . , tn, r ≥ 0, parameterized by r.
If r < s, then αs ≤ αr. Using (AA4),

θ(u)(Lαr ∧ ¬αsM) ≤ θ(u)(LαrM)− θ(u)(LαsM). (9.6.2)

Since u is good, Ftα
r ∈ u for all r < s iff Ftα

s ∈ u, therefore

θ(u)(LαsM) = inf
r<s

θ(u)(LαrM). (9.6.3)

Let ε > 0 be an arbitrarily small positive number. For each α ∈ F and s ∈ Q ∩ [0, 1],
choose εs

α > 0 such that
∑

α∈F
∑

s∈Q0

εs
α = ε.

By (9.6.2) and (9.6.3), we can choose rs
α < s such that

θ(u)(Lαrs
α ∧ ¬αsM) ≤ θ(u)(Lαrs

αM)− θ(u)(LαsM) ≤ εs
α.

The assumption
⋂

iLbiM = ∅ implies that
⋂

iLbiM∗ contains only bad ultrafilters.
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The set of good ultrafilters is

⋂
α∈F

⋂
s∈Q0

(⋃
r<s

L¬αrM∗ ∪ LαsM∗
)

. (9.6.4)

Thus
⋂

iLbiM = ∅ is equivalent to the condition ⋂
α∈F

⋂
s∈Q0

(⋃
r<s

L¬αrM∗ ∪ LαsM∗
) ∩⋂

i

LbiM∗ = ∅.

From this it follows that ⋂
α∈F

⋂
s∈Q0

(
L¬αrs

αM∗ ∪ LαsM∗
) ∩⋂

i

LbiM∗ = ∅.

Since the space of ultrafilters is compact in the presence of the bad ultrafilters and
LaM∗ is a clopen for any a ∈ A, there exist finite sets C0 ⊆ F and S0 ⊆ Q ∩ [0, 1] and
j ∈N such that ⋂

α∈C0

⋂
s∈S0

L¬αrs
α ∨ αsM∗ ∩ LbjM∗ = ∅,

or in other words,

LbjM∗ ⊆
⋃

α∈C0

⋃
s∈S0

Lαrs
α ∧ ¬αsM∗

= L
∨

α∈C0

∨
s∈S0

(αrs
α ∧ ¬αs) M∗

Thus in the Boolean algebra A,

bj ≤
∨

α∈C0

∨
s∈S0

(αrs
α ∧ ¬αs). (9.6.5)

Consequently,

θ(u)(LbjM) ≤ θ(u)(L
∨

α∈C0

∨
s∈S0

(αrs
α ∧ ¬αs)M)

≤ ∑
α∈C0

∑
s∈S0

θ(u)(Lαrs
α ∧ ¬αsM)

≤ ∑
α∈C0

∑
s∈S0

εs
α ≤ ε.

As ε > 0 was arbitrary, infi θ(u)(LbiM) = 0.
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Since LAM is a field, the previous results and Theorem 3.2.3 imply that for all u ∈
U , the set function θ(u) can be uniquely extended to a measure on the σ-algebra Σ
generated by LAM.

Now we are ready to prove that M(A) is a Stone Markov process.

Theorem 9.6.8. If A is a countable Aumann algebra, then

M(A) = (U , LAM, θ)

is a Stone Markov process.

Proof. We firstly prove that the space of good ultrafilters is analytic.
Since any second-countable Stone space is Polish, the set of all ultrafilters (good and

bad) is Polish.
The good ultrafilters form a Borel set in the space of all ultrafilters—in fact, a Gσδ

Borel set as given by (9.6.4)—and since any Borel set in a Polish space is analytic, we
obtain that the space of good ultrafilters is analytic.

The space is saturated, since all possible good ultrafilters are present, and the set
{LaM | u ∈ LaM} is just u.

To conclude that M(A) is a Markov process, it remains to verify that θ is a measur-
able function.

Let a ∈ A, r ∈ R ∩ [0, 1], and (ri)i ⊆ Q ∩ [0, 1] an increasing sequence with supre-
mum r.

Let X = {µ ∈ ∆(U , Σ) | µ(LaM) ≥ r}.
It suffices to prove that θ−1(X) ∈ Σ. But

θ−1(X) = {u ∈ U | θ(u)(LaM) ≥ r}
=
⋂

i

{u ∈ U | θ(u)(LaM) ≥ ri}

=
⋂

i

LFri aM ∈ Σ.

Now we are ready to prove the algebraic version of a truth lemma for Aumann
algebras.

Lemma 9.6.9 (Extended Truth Lemma). Let A be a countable Aumann algebra and J·K an
interpretation of elements of A as measurable sets in M such that for any generator p of A,
JpK = {u ∈ U | p ∈ u}. Then, for arbitrary a ∈ A,

JaK = LaM.
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Proof. We prove it by induction on the structure of the element a.
The case a = p, where p is a generator of A:

JaK = {u ∈ U | u 3 p} = LpM.

The Boolean cases are trivial.
The case a = Frb:

JFrbK = JFrK(JbK) = {u ∈ U | θ(u)(JbK) ≥ r} =

{u ∈ U | θ(u)(LbM) ≥ r} = LFrbM.

9.6.3 From SMPs to AAs

LetM = (M,B, θ) be a Stone Markov process with distinguished base B. By definition,
B is a field of clopen sets closed under the operations

Fr(A) = {m ∈ M | θ(m)(A) ≥ r}.

Theorem 9.6.10. The structure B with the set-theoretic Boolean operations and the operations
Fr for r ∈ Q∩ [0, 1], is a countable Aumann algebra.

We denote this algebra by A(M).

Proof. We need to verify all the axioms of Aumann algebra.

(AA1) has the form M ⊆ F0c for arbitrary c ∈ B. Trivially true, since

F0c = {m ∈ M | θ(m)(c) ≥ 0} = M.

(AA2) has the form M ⊆ Fr M that is trivially true, since θ(m)(M) = 1 implies

Fr M = {m ∈ M | θ(m)(M) ≥ r} = M.

(AA3) has the form Frc ⊆ M \ Fs(M \ c) for arbitrary c ∈ B and r + s > 1. This is
equivalent to Frc ∩ Fs(M \ c) = ∅ for s + t > 1.

Note that

Fs(M \ c) = {m ∈ M | θ(m)(M \ c) ≥ s} = {m ∈ M | θ(m)(c) ≤ 1− s}.

If there exists m ∈ Frc ∩ Fs(M \ c), then using the previous observation we should have
r ≤ θ(m)(c) ≤ 1− s, implying r ≤ 1− s, but this contradicts the fact that r + s > 1.
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(AA4) has the form

Fr(c ∩ c′) ∩ Fs(c ∩ (M \ c′)) ⊆ Fr+sc.

Observe that
Fr(c ∩ c′) ∩ Fs(c ∩ (M \ c′)) =

{m ∈ M | θ(m)(c ∩ c′) ≥ r and θ(m)(c ∩ (M \ c′)) ≥ s}.
Using additivity we obtain further that

Fr(c ∩ c′) ∩ Fs(c ∩ (M \ c′)) = {m ∈ M | θ(m)(c) ≥ r + s} = Fr+sc.

(AA5) has the form

(M \ Fr(c ∩ c′)) ∩ (M \ Fs(c ∩ (M \ c′))) ⊆ M \ Fr+sc

and it can be proved similarly to the case of (AA4).

(AA6) has the form
c ⊆ c′ implies Frc ⊆ Frc′.

This follows from the monotonicity of θ(m).

(AA7) has the form ⋂
r<s

Fr1,...,rn,rc = Fr1,...,rn,sc.

The proof is done inductively on n.
For n = 0 we need to prove that

⋂
r<s

Frc = Fsc. Observe that

⋂
r<s

Frc = {m ∈ M | θ(m)(c) ≤ r for all r > s} =

{m ∈ M | θ(m)(c) ≤ s} = Fsc.

The inductive step uses (AA6).

9.6.4 Duality

In this section we summarize the previous results in the form of the duality theorem.

Theorem 9.6.11 (Duality Theorem).

(i) Any countable Aumann algebra A is isomorphic to A(M(A)) via the map

β : A→ A(M(A))

defined for arbitrary a ∈ A by

β(a) = {u ∈ supp(M(A)) | a ∈ u} = LaM.
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(ii) Any Stone Markov processM = (M, A, θ) is homeomorphic to M(A(M)) via the map

α :M→M(A(M))

defined for arbitrary m ∈ M by

α(m) = {a ∈ A(M) | m ∈ a}.

Proof. (i) The set β(a) is the set of good ultrafilters of A that contain a; that is, β(a) = LaM.
By the classical Stone representation theorem, A and LAM∗ are isomorphic as Boolean

algebras via the map a 7→ LaM∗.
By the Rasiowa–Sikorski lemma (Theorem 3.6.1) and Lemma 9.6.2, the good ultrafil-

ters are dense in LAM∗, and since the space U ∗ has a base of clopens, LAM∗ and LAM are
isomorphic as Boolean algebras via the map LaM∗ 7→ LaM.

Indeed, consider two elements a, b of A such that LaM∗ ⊆ LbM∗. This implies LaM ⊆ LbM
by definition.

Reverse, if LaM ⊆ LbM and LaM∗ 6⊆ LbM∗, then LaM∗ \ LbM∗ is a non-empty clopen. By
density, (LaM∗ \ LbM∗) ∩ U 6= ∅ implying LaM \ LbM 6= ∅ - contradiction.

It remains to show that the operations Fr are preserved.
Let U = supp(M(A)). For each r ∈ Q∩ [0, 1],

β(Fra) = {u ∈ U | Fra ∈ u}
= {u ∈ U | θ(u)(LaM) ≥ r}
= {u ∈ U | θ(u)(β(a)) ≥ r}
= Fr(β(a)).

(ii) The set α(m) is the set of all elements of A that contain m.
We first prove that this is a good ultrafilter of A(M). It is clearly an ultrafilter, as it

is a principal ultrafilter of a set-theoretic Boolean algebra.
To show that it is good, we need to reason that if a ∈ A and Fra ∈ α(m) for all r < s,

then Fsa ∈ α(m). This follows immediately from the fact that

Fta ∈ α(m) iff m ∈ Fta iff θ(m)(a) ≥ t.

The map α is a a strict embedding, since the two distinguished bases A ofM and
LAM of M(A(M)) are isomorphic.

This embedding must be a homeomorphism, sinceM is saturated.

9.6.5 Duality in Categorical Form

We present the previous results in a more categorical format. The categories of Au-
mann algebras (AA) and Stone Markov processes (SMP) were defined in §9.4 and §9.5,
respectively.
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We define two contravariant functors

A : SMP→ AAop

and
M : AA→ SMPop

The functor A on an object M produces the Aumann algebra A(M) defined in
Theorem 9.6.10.

On arrows f :M→ N we define

A( f ) = f−1 : A(N )→ A(M)

It is well known that this is a Boolean algebra homomorphism. It is also easy to verify
from the definition of morphisms in the category SMP (Definition 9.5.1) that it is an
Aumann algebra homomorphism.

To see this explicitly, let A ∈ AN . We wish to show that

f−1(FNr (A)) = FMr ( f−1(A)).

Using the fact that
θN ( f (m))(A) = θM(m)( f−1(A)),

we have

m ∈ f−1(FNr (A))⇔ f (m) ∈ FNr (A)

⇔ θN ( f (m))(A) ≥ r

⇔ θM(m)( f−1(A)) ≥ r

⇔ m ∈ FMr ( f−1(A)).

The functor M : AA → SMPop on an object A gives the Stone–Markov process
M(A) defined in Theorem 9.6.8.

On morphisms h : A→ B, it maps ultrafilters to ultrafilters by

M(h) = h−1 : M(B)→M(A);

that is,

M(h)(u) = h−1(u) = {A ∈ AN | h(A) ∈ u}.

Another way to view M(h) is by composition, recalling that an ultrafilter can be identi-
fied with a homomorphism u : A→ 2 by u = {a | u(a) = 1}. In this view,

M(h)(u) = u ◦ h,
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where ◦ denotes function composition.
We know from classical Stone duality that this is continuous. We need to verify that

it is a morphism.
It suffices to verify it on sets of the form LaM as these generate the σ-algebra. Because

h is a homomorphism, we calculate as follows:

θB(u)(M(h)−1(LaM)) = sup{r | Fr(h(a)) ∈ u}
= sup{r | h(Fr(a)) ∈ u}
= {r | u(h(Fr(a))) = 1}
= {r | Fr(a) ∈M(h)(u)}
= θA(M(h)(u)(LaM)).

Theorem 9.6.12. The functors M and A define a dual equivalence of categories.

SMP AAop
A

M

Proof. We need to show that we have a contravariant adjunction A a M and that the
unit and counit of the adjunction are isomorphisms.

A(M) A

M M(A)

AA:

SMP:

A M

The unit and counit are the natural transformations

α′ : M ◦A→ I

β′ : A ◦M→ I

respectively, with components

α′M : M(A(M))→M
β′A : A(M(A))→ A,

the inverses of the α and β defined in Theorem 9.6.11. Here we are using ′ to denote
functional inverse so as not to conflict with our previous usage of −1 as

f−1(X) = {x | f (x) ∈ X}.

We have already shown that these are isomorphisms.
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To verify that we have an adjunction with unit α′ and counit β′, it suffices to verify
the conditions

β′A ◦Aα′ = I

Mβ′ ◦ α′M = I.

Since α′ and β′ are invertible, these are equivalent to

Aα′ = βA

Mβ′ = αM.

Specializing at components A and M and using the definition of A and M on mor-
phisms, it suffices to show

α′−1
M = βA(M)

β′−1
A = αM(A).

For the left-hand equation, as αM is invertible, all elements of M(A(M)) are of the
form αM(m) for some m ∈ M, and α′M(αM(m)) = m.

Thus for C ∈ A(M(A(M))),

α′−1
M (C) = {αM(m) | α′M(αM(m)) ∈ C}

= {αM(m) | m ∈ C}
= {αM(m) | C ∈ αM(m)}
= {αM(m) | αM(m) ∈ βA(M)(C)}
= βA(M)(C).

The argument for the right-hand equation is symmetric.

9.7 Concluding Remarks

As promised, we have proved a duality theorem between Stone–Markov processes and
Aumann algebras which subsumes and extends the completeness theorems that we
have presented in the previous Part of the monograph. Our treatment improves on
the existing axiomatizations.

The following novel features appear in our proof:

1. We must remove ultrafilters that fail to satisfy a key infinitary axiom, and we must
show that this does not change the represented algebra by showing that these are
“rare” in a topological sense (meager).
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2. As a result, the usual compactness for Stone spaces fails, and we need a new con-
cept, which we call saturation, instead.

3. We must establish the relevant measure theoretic properties of the Markov kernels
that we construct from the algebras. This again uses the Baire category theorem in
a crucial way.

4. We define our Markov processes with a distinguished base and use this to con-
strain the morphisms in order to achieve duality.

There are many variations one can imagine exploring. Perhaps the most interest-
ing one is to consider more general measure spaces and work with different bisimu-
lation notions [10] that apply more generally. Our treatment is not fully localic, and
perhaps some of the topological subtleties of the present proof would disappear once
we adopted a more localic point of view.



Chapter 10

Metrized Stone Duality for Markov
Processes

10.1 Introduction

In the previous Chapter of this monograph we have presented a Stone-type duality
developed for Markov processes defined on continuous state spaces, following [27].
The algebraic counterpart of the Markov processes were called Aumann algebras in
honour of Aumann’s work on probabilistic reasoning [3].

Aumann algebras capture, in algebraic form, the probabilistic Markovian logic, stud-
ied in Chapter 7 of this monograph. In this logic, bounds on probabilities enter into the
modalities. As demonstrated in Chapter 7, this logic can be stripped down to a very
spartan core – just the modalities and finite conjunction – and still characterize bisimu-
lation for labelled Markov processes (see also [8, 11, 12]). However, to obtain the strong
completeness properties that are implied by the duality theorems, one needs infinitary
proof principles [21], since the Markovian logics are not compact.

One of the critiques [19] of logics and equivalences used for the treatment of proba-
bilistic systems is that boolean logic is not robust with respect to small perturbations of
the real-valued system parameters. Accordingly, a theory of metrics [13, 14, 39, 40] was
developed and metric reasoning principles were advocated. In the present paper we ex-
tend our exploration of duality theory with an investigation into the role of metrics and
exhibit a metric analogue of the duality theory. This opens the way for an investigation
into quantitative aspects of approximate reasoning.

In the present Chapter we integrate quantitative information into the duality pre-
sented in the previous Chapter, by endowing Markov processes with a (pseudo)metric
and Aumann algebras with a quantitative “norm-like” structure called a metric diameter.
The interplay between the pseudometric and the boolean algebra is somewhat delicate
and had to be carefully examined for the duality to emerge.

205
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The final results, proven in [27], have easy proofs but the correct way to impose
quantitative structure on Aumann algebras was elusive. The key idea is to axiomatize
the notion of metric diameter on the Aumann algebra side. This is a concept more like
a norm than a distance, but one can derive a metric from it. The idea comes from a
paper by Banaschewski and Pultr [4] on Stone duality for metric spaces. However, our
formulation is not quite the same as theirs.

10.2 Extending the Duality to Metrized Markov Processes

We add quantitative structure to both Markov processes and Aumann algebras.
We prove an extended version of the representation theorem for metrized Markov

processes versus metrized Aumann algebras. This theorem states that starting from an
arbitrary metrized Markov process, we can extend the Aumann algebra constructed in
the previous Chapter to a metrized Aumann algebra that preserves the pseudometric
and conversely. In other words the natural isomorphisms that arise in the duality pre-
sented in the previous Chapter will turn out to be isometries.

Moreover, the condition that defines the concept of metrized Markov process seems
to be a further refinement of the concept of dynamic-continuous pseudometrics that we
researched for in Chapter 8. In fact, the concept of dynamic-continuity, even if it suc-
ceeded to guarantee that certain sequences of MPs converge, it did not succeed to rule
out undesirable pseudometrics such as the discrete one that measures to 0 the distance
between bisimilar MPs and to 1 all the others. However, the condition in the definition
of metrized MPs that we will prezent in what follows succeeds to complete the job.

10.3 Metrized Markov Processes

We equip Stone Markov processes with a pseudometric that measures distances be-
tween the states of the MP. The key condition that we impose is that for a particular
state m, the diameters of the clopens containing m converges to 0.

Definition 10.3.1 (Metrized Markov process). A metrized Markov process is a tuple (M, d),
where M = (M, A, θ) is a Stone Markov process with A its countable base of clopens and
d : M×M→ [0, 1] is a pseudometric on M satisfying for arbitrary m ∈ M the property

(M) inf
c∈A,m∈c

sup{d(n, n′) | n, n′ ∈ c} = 0.

The following lemma gives a number of conditions equivalent to (M). In particu-
lar, it shows the connection between the topology of the Stone Markov space and the
pseudometric topology.

Lemma 10.3.2. For a metrized MP (M, d), whereM = (M, A, θ), the following are equiva-
lent:
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(i) ∀m, inf
c∈A,m∈c

sup{d(n, n′) | n, n′ ∈ c} = 0

(ii) ∀m, m′ inf
c∈A,m,m′∈c

sup{d(n, n′) | n, n′ ∈ c} = d(m, m′)

(iii) ∀m, ∀ε > 0 ∃c ∈ A (m ∈ c ∧ ∀n, n′ ∈ c d(n, n′) < ε)

(iv) ∀m ∀ε > 0 ∃c ∈ A (m ∈ c ∧ ∀n ∈ c d(m, n) < ε)

(v) The topology generated by A refines the pseudometric topology generated by d.

(vi) The pseudometric d is continuous in both arguments with respect to the A-topology.

Proof. Note that (i) is just (M).

(i)⇔ (iii) is immediate from the definitions.

For (iii)⇒ (iv), we can substitute m, n for n, n′ in (iii).

For (iv)⇒ (iii), let m and ε > 0 be arbitrary, and let c ∈ A such that m ∈ c and for all
n ∈ c, d(m, n) < ε/2 and d(n, m) < ε/2. Then for any n, n′ ∈ c,

d(n, n′) ≤ d(n, m) + d(m, n′) < ε/2 + ε/2 = ε.

For (iv)⇔ (v), let Nε(m) = {x | d(m, x) < ε}. Then,

∀m ∀ε > 0 ∃c ∈ A (m ∈ c ∧ ∀n ∈ c d(m, n) < ε ∧ d(n, m) < ε)

⇔ ∀m ∀ε > 0 ∃c ∈ A (m ∈ c ∧ ∀n ∈ c n ∈ Nε(m))

⇔ ∀m ∀ε > 0 ∃c ∈ A (m ∈ c ∧ c ⊆ Nε(m)).

The last statement says that every basic open neighborhood of the pseudometric topol-
ogy contains a basic open neighborhood of the A-topology, which says exactly that the
A-topology refines the pseudometric topology.

For (iii) ⇒ (vi), to show that d is continuous in its second argument, let m, x and
ε > 0 be arbitrary and let c ∈ A such that x ∈ c and for all n, n′ ∈ c, d(n, n′) < ε. Then
for all y ∈ c,

d(m, y) ≤ d(m, x) + d(x, y) < d(m, x) + ε

d(m, x) ≤ d(m, y) + d(y, x) < d(m, y) + ε

so d(m, y) ∈ (d(m, x)− ε, d(m, x) + ε).
That d is continuous in its first argument follows from symmetry.
For the other direction, suppose d is continuous in its second argument. Then for all

m and ε > 0, the set Nε(m) is open and contains m, thus there exists a basic open set
c ∈ A such that m ∈ c and c ⊆ Nε(m). Thus the A-topology refines the pseudometric
topology of d.
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Statement (ii) implies (i) immediately by taking m′ = m in (ii).

To show (i) implies (ii), let m, m′ and ε > 0 be arbitrary.
From (iv), we have c ∈ A such that m ∈ c and from (iii) we have that for all n, n′ ∈ c,

d(n, n′) < ε/2 and we have c′ ∈ A such that m′ ∈ c′ and for all n, n′ ∈ c′, d(n, n′) < ε/2.
We claim that for all n, n′ ∈ c ∪ c′,

d(n, n′) < d(m, m′) + ε,

which will establish (ii).
If n, n′ ∈ c, then

d(n, n′) ≤ d(n, m) + d(m, n′) < ε/2 + ε/2 = ε ≤ d(m, m′) + ε.

If n, n′ ∈ c′, the argument is the same, replacing m by m′. If n ∈ c and n′ ∈ c′, then

d(n′, n) = d(n, n′) ≤ d(n, m) + d(m, m′) + d(m′, n′)
< ε/2 + d(m, m′) + ε/2 = d(m, m′) + ε.

Having a concept of pseudometric at hand, it make sense to define what does it
mean for two metrized MPs to be isometric.

Definition 10.3.3 (Isometric Markov processes). Given two metrized MPs (Mi, di), where
Mi = (Mi, Σi, θi) for i = 1, 2, an isometry fromM1 toM2 is a map f : M1 → M2 such that
for arbitrary m, n ∈ M1,

d1(m, n) = d2( f (m), f (n)).

10.4 Metrized Aumann Algebras

Now we introduce the metrized Aumann algebras. Despite their name, the metrized
AAs are not directly equipped with a pseudometric structure, but with a concept of
metric diameter. Later we will prove that the metric diameter can indeed define a pseu-
dometric.

Definition 10.4.1 (Metrized Aumann algebra). A metrized Aumann algebra is a tuple
(A, | |), where A = (A,→,⊥, {Fr}r∈Q0 ,≤) is an Aumann algebra and | | : A → [0, 1] is a
metric diameter on A, which is a map satisfying, for arbitrary a, b ∈ A and ultrafilter u, the
following properties

• (A1) |⊥| = 0;

• (A2) if a ≤ b, then |a| ≤ |b|;
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• (A3) if a ∧ b 6= ⊥, then |a ∨ b| ≤ |a|+ |b|;

• (A4) inf{|a| | a ∈ u} = 0.

Similarly to the case of metrized MPs, the morphisms of Aumann algebras can be
extended with a notion of isometry.

Definition 10.4.2 (Isometric Aumann Algebras). Given two metrizable Aumann Algebras
(Ai, | |i) for i = 1, 2, an isometry from A1 to A2 is a map f : A1 → A2 such that for any
a ∈ A1,

|a|1 = | f (a)|2.

10.5 Metrized Stone Duality

With all these concepts in hands, we are ready to extend the Stone duality for MPs
presented in the previous Chapter, to include metric structures and isometries.

Consider a metrizable MP (M, d), whereM = (M, A, θ). As in the previous Chap-
ter, let A(M) be the AA constructed fromM.

We extend this construction so that A(M) becomes a metrized AA.
For arbitrary a ∈ A, let

|a|d = sup{d(m, n) | m, n ∈ a},

under the assumption that sup∅ = 0.

Lemma 10.5.1. (A(M), | |d) is a metrized Aumann Algebra.

Proof. We need to verify the axioms (A1) – (A4) in Definition 10.4.1.
(A1) |⊥|d = 0 follows from the assumption that sup∅ = 0.

(A2) If c1 ⊆ c2, then sup{d(m, n) | m, n ∈ c1} ≤ sup{d(m, n) | m, n ∈ c2}.

(A3) Suppose that c1 ∩ c2 6= ∅. Let z ∈ c1 ∩ c2, x ∈ c1 and y ∈ c2. Then, the triangle
inequality for d guarantees that

d(x, y) ≤ d(x, z) + d(z, y) ≤

sup{d(x, z) | x, z ∈ c1}+ sup{d(z, y) | z, y ∈ c2} =

|c1|+ |c2|.
Consequently,

sup{d(x, y) | x ∈ c1, y ∈ c2} ≤ |c1|+ |c2|
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and similarly,
sup{d(y, x) | x ∈ c1, y ∈ c2} ≤ |c1|+ |c2|.

Since
|c1 ∪ c2| =

max{|c1|, |c2|, sup{d(x, y) | x ∈ c1, y ∈ c2}, sup{d(x, y) | x ∈ c2, y ∈ c1}},

|c1 ∪ c2| ≤ |c1|+ |c2|.

(A4) Using the notation of the previous duality theorem 9.6.11 proven in the previ-
ous Chapter, we know that for any ultrafilter u of A(M) and any clopen c ∈ A, we
have that

α−1(u) ∈ c iff c ∈ u.

Then,
inf{|c|d | c ∈ u} = inf{|c|d | α−1(u) ∈ c}.

Since α is a bijection, α−1(u) ∈ M and |c|d = sup{d(n, n′) | n, n′ ∈ c}, using (M) we
obtain

inf
c∈A,c3α−1(u)

sup{d(n, n′) | n, n′ ∈ c} = 0,

therefore
inf{|c|d | c ∈ u} = 0.

Consider a metrized Aumann algebra (A, | |) and let M(A) be the Markov process
constructed from A, as presented in the previous Chapter. We extend this construction
so that M(A) will become a metrized Markov process.

For arbitrary ultrafilters u, v of A, let

δ| |(u, v) = inf{|a| | a ∈ u ∩ v}.

Lemma 10.5.2. (M(A), δ| |) is a metrized MP.

Proof. First, we prove that δ| | is a pseudometric over the space of ultrafilters.
From (A4) we can simply infer that δ| |(u, u) = 0, while the symmetry of δ| | follows

from the definition.

We now prove the triangle inequality: let u, v, w be three arbitrary ultrafilters.
Let a ∈ u ∩ v, b ∈ u ∩ w and c ∈ w ∩ v. Obviously b ∪ c ∈ u ∩ v. Then,

inf
a∈u∩v

|a| ≤ |b ∪ c|.
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Since b ∩ c 6= ∅, using (A3) we get |b ∪ c| ≤ |b|+ |c| which guarantees that for any
b ∈ u ∩ w and any c ∈ w ∩ v,

inf
a∈u∩v

|a| ≤ |b|+ |c|,

implying
inf

a∈u∩v
|a| ≤ inf

b∈u∩w
|b|+ inf

c∈w∩v
|c|.

Hence,
δ| |(u, v) ≤ δ| |(u, w) + δ| |(w, v)

which proves that δ| | is a pseudometric.

It remains to verify (M).
Since from theorem 9.6.11 we know that

a ∈ u iff u ∈ β(a),

(M) follows directly from (A4).

Finally, we extend the duality theorem 9.6.11 to include the metric structure. Essen-
tially, we show that the isomorphisms α and β of the duality theorem are isometries.

Theorem 10.5.3 (Metrized Duality Theorem). 1. Any metrized countable Aumann alge-
bra (A, | |) is isomorphic to (A(M(A)), | |δ| |) via the map

β : A→ A(M(A))

defined for arbitrary a ∈ A by

β(a) = {u ∈ supp(M(A)) | a ∈ u} = LaM.

Moreover, β is an isometry of metrized Aumann algebras, i.e., for arbitrary a ∈ A,

|a| = |β(a)|δ| | .

2. Any metrized Stone Markov process (M, d), whereM = (M, A, θ) is homeomorphic to
(M(A(M)), δ| |d) via the map

α :M→M(A(M))

defined for arbitrary m ∈ M by

α(m) = {A ∈ A | m ∈ A}.

Moreover, α is an isometry of metrized Markov processes, i.e., for arbitrary m, n ∈ M,

d(m, n) = δ| |d(α(m), α(n)).
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Proof. We only need to prove the two isometries, since the rest has been proven in The-
orem 9.6.11.

(i). The isometry of AAs. We need to prove that |a| = |β(a)|δ| | .
Observe that

|β(a)|δ| | = sup
u,v∈β(a)

δ| |(u, v) = sup
u,v∈β(a)

inf
a′∈u∩v

|a′|.

Since β(a) is the set of all ultrafilters containing a, a′ quantifies over all elements that
belong to the intersection of all ultrafilters containing a. But this intersection is nothing
else but the principal filter ↑ a of a. Hence, the previous equality became

|β(a)|δ| | = inf
a′∈↑a
|a′|.

Now the monotonicity stated by (A2) guarantees that

inf
a′∈↑a
|a′| = |a|.

(ii). The isometries of MPs. We need to prove that d(m, n) = δ| |d(α(m), α(n)).
From Lemma 10.3.2(ii) we know that

d(m, n) = inf
c∈A,c3m,n

|c|d.

From Theorem 9.6.11 we also know that

m, n ∈ c iff c ∈ α(m) ∩ α(n).

Consequently,

d(m, n) = inf{|c|d | c ∈ α(m) ∩ α(n)} = δ| |d(α(m), α(n)).

10.6 A canonic metric for Metrized Aumann Algebras

We have seen in Chapter 8 how useful can be to have a pseudometric over the space of
logical formulas that agrees in certain sense with the pseudometric on MPs. In this sec-
tion we shouw that we actually can define such a pseudometric in a canonic way from a
structure of metrized Aumann algebra. It is exactly this canonicity that guarantees, via
the duality, that the pseudometric on algebra side agrees with the one on MPs.

We have claimed earlier that the metric diameter on an Aumann algebra induces a
pseudometric. We now demonstrate this.
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Let (A, | |) be a metrized Aumann algebra.
For arbitrary a, b ∈ A and ε > 0, let

Bε(b) =
⋃
{β(b′) | b′ ∈ A, |b′| ≤ ε, b ∧ b′ 6= ⊥}.

Intuitively, Bε(b) is a ball that contains all ultrafilters that are at distance at most ε from
some ultrafilter containing b. This definition allows us to define a natural distance on
A by

d| |(a, b) = inf{ε > 0 | Bε(b) ⊇ β(a) and Bε(a) ⊇ β(b)}.
Intuitively, if in the light of the duality we think of the elements of A as sets of ultra-
filters, then the previous distance is just the Hausdorff pseudometric of the distance
between ultrafilters.

To prove that the previous construction is not void, we show in the next lemma that
for any non-zero element a ∈ A the ball Bε(a) is not empty for any ε.

Lemma 10.6.1. If a 6= ⊥, then for any ε > 0 there exists a′ 6= ⊥ such that a ∧ a′ 6= ⊥ and
|a′| ≤ ε.

Proof. Since a 6= ⊥, aplying Rasiowa-Sikorski lemma, there exists an ultrafilter u such
that a ∈ u.

For any other a′ ∈ u, a ∩ a′ ∈ u, hence a ∩ a′ 6= ⊥. Moreover, using (A4) there exists
a′ ∈ u such that |a′| ≤ ε.

Now we prove that d| | is indeed a pseudometric: it is the Hausdorff pseudometric
of the pseudometric δ| | on ultrafilters.

Lemma 10.6.2. The function d| | previously defined on the support set of a metrizable Aumann
Algebra is a pseudometric. Moreover,

d| |(a, b) = max{ sup
u∈β(a)

inf
v∈β(b)

δ| |(u, v), sup
u∈β(a)

inf
v∈β(b)

δ| |(v, u)}.

Proof. That d| |(a, a) = 0 follows directly from (A4) and its symmetry from the defini-
tion.

To prove the triangle inequality, we need first to prove some additional results.
For arbitrary a, b ∈ A, let

d1(a, b) = inf{ε > 0 | Bε(b) ⊇ β(a)}

and
d2(a, b) = inf{ε > 0 | Bε(a) ⊇ β(b)}.

We prove now that
d1(a, b) = sup

u3a
inf
v3b

δ| |(u, v).
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Observe that

Bε(b) =
⋃
{β(b′) ∈ A | b ∧ b′ 6= ⊥ and |b′| ≤ ε} = {u | ∃v 3 b, δ| |(u, v) ≤ ε}.

Since d1(a, b) = inf{ε | Bε(b) ⊇ β(a)}, we obtain that

d1(a, b) = inf{ε | ∀u 3 a, ∃v 3 b, δ| |(u, v) ≤ ε}.
It is not difficult to see now that

inf{ε | ∀u 3 a, ∃v 3 b, δ| |(u, v) ≤ ε} = sup
u3a

inf
v3b

δ| |(u, v).

Similarly,
d2(a, b) = sup

u3b
inf
v3a

δ| |(u, v).

With these results in hand, we can proceed to prove the triangle inequality for di,
i = 1, 2.

Consider arbitrary elements a, b, c ∈ A. We can focus on the case when all of them
are non-zero, the other cases being trivially true.

Consider arbitrary ultrafilters u 3 a, v 3 b and w 3 c. We have that

δ| |(u, v) ≤ δ| |(u, w) + δ| |(w, v).

From it we derive the following inequalities.

δ| |(u, v) ≤ δ| |(u, w) + sup
w′∈β(c)

δ| |(w
′, v)

inf
v′∈β(b)

δ| |(u, v′) ≤ δ| |(u, w) + sup
w′∈β(c)

δ| |(w
′, v)

inf
v′∈β(b)

δ| |(u, v′) ≤ δ| |(u, w) + sup
w′∈β(c)

inf
v′′∈β(b)

δ| |(w
′, v′′)

This is equivalent to

inf
v′∈β(b)

δ| |(u, v′) ≤ δ| |(u, w) + d| |(c, b)

And from it we derive the following chain of inequalities.

inf
v′∈β(b)

δ| |(u, v′) ≤ sup
u′∈β(a)

δ| |(u
′, w) + d| |(c, b)

inf
v′∈β(b)

δ| |(u, v′) ≤ inf
w′∈β(c)

sup
u′∈β(a)

δ| |(u
′, w′) + d| |(c, b)

sup
u∈β(a)

inf
v′∈β(b)

δ| |(u, v′) ≤ inf
w′∈β(c)

sup
u′∈β(a)

d(u′, w′) + d| |(c, b)

This last inequality is equivalent to

d| |(a, b) ≤ d| |(a, c) + d| |(c, b).

And this shows that indeed d| | is a pseudometric.
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10.7 Metric Duality in Categorical Form

In this section, we present the previous results in a more categorical format. The cate-
gories of metrized Aumann algebras (MAA) and metrized Markov processes (MMP)
are defined as follows.

The objects of MAA are metrized AAs and their morphisms are expansive mor-
phisms of AAs, i.e., morphisms f : A1 → A2 of Aumann algebras such that for any
a ∈ A1,

|a|1 ≤ | f (a)|2.

The objects of MMP are metrized MPs and their morphisms are non-expansive mor-
phisms of MPs, i.e., morphisms f :M1 →M2 of Stone Markov processes such that for
any m, n ∈ M1,

d1(m, n) ≥ d2( f (m), f (n)).

We define two contravariant functors

A : MMP→ MAAop

and
M : MAA→ MMPop

The functor A on an object M produces the Aumann algebra A(M) defined in
Theorem 9.6.10.

On arrows f :M→ N we define

A( f ) = f−1 : A(N )→ A(M).

We have previously proved that this is an Aumann algebra homomorphism. To see that
it is also expansive, consider a morphism f :M→ N such that for any m, n ∈ M,

dM(m, n) ≥ dN ( f (m), f (n)).

Observe that for arbitrary a ∈ A(N ),

|a|A(N ) = |a|dN and | f−1(a)|A(M) = | f−1(a)|dM

and in this context the previous inequality guarantees that

|a|A(N ) ≤ | f−1(a)|A(M).

The functor M : MAA → MMPop on an object A gives the Stone–Markov process
M(A) defined in Theorem 9.6.8.
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On morphisms h : A→ B, it maps ultrafilters to ultrafilters by

M(h) = h−1 : M(B)→M(A);

that is, for an arbitrary ultrafilter u,

M(h)(u) = h−1(u) = {A ∈ AN | h(A) ∈ u}.

Another way to view M(h) is by composition, recalling that an ultrafilter can be identi-
fied with a homomorphism u : A→ 2 by u = {a | u(a) = 1}. In this view,

M(h)(u) = u ◦ h,

where ◦ denotes function composition.
We have proven in the previous Chapter that this is a morphism of SMPs.
That it is also non-expansive can be demonstrated as follows.
Let h : A→ B be a morphism such that for arbitrary a ∈ A,

|a|A ≤ | f (a)|B.

Using the previous results it is not difficult to verify that for arbitrary ultrafilters u, v of
B,

δ| |B(u, v) ≥ δ| |A(h
−1(u), h−1(v)).

And since
δ| |B(u, v) = δM(B)(u, v)

and
δ| |A(h

−1(u), h−1(v)) = δM(A)(h
−1(u), h−1(v)),

We obtain that M(h) is non-expansive.

Theorem 10.7.1. The functors M and A define a dual equivalence of categories.

MMP MAAop

A

M

10.8 Concluding Remarks

In this Chapter we have extended the duality theory presented in the previous Chapter
to a quantitative setting.

It is important to note that the conditions we have imposed on the pseudometric
relate the support topology on which the Stone Markov process is defined, to the open-
ball topology induced by the pseudometric. This can be seen from the fact that the
pseudometric topology is refined by the (non-compact but saturated) Stone topology.
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We have defined our Stone Markov processes to be Hausdorff spaces, which was
necessary for the duality theory. In effect, this means that the clopens separate points.
In other words, one cannot have two states that satisfy exactly the same formulas. In
view of the logical characterization of bisimulation, this implies that no two distinct
states are bisimilar. That is, the process is already minimal with respect to bisimulation.

If we look at a broader class of Markov processes, then we would have possibly
nontrivial bisimulations on the space. The Stone Markov processes would be a reflective
subcategory with the reflector sending each Markov process to a version of the process
with all the bisimulation equivalence classes collapsed to point; this would be a Stone
Markov process.

How does the topology on a Stone Markov process “know” about the transition
structure? Note that the base of clopens is required to be closed under the Fr operations,
which are defined in terms of the transition function.

In this light, one can easily notice that the pseudometric associated to a metrized
Markov process does in fact ”the job” that we wanted to ensure in Chapter 8 when we
defined the concept of dynamic-continuity. However, while the conditions in the defi-
nition of a dynamic-continuous pseudometric does not rule out trivial pseudometrics,
such as the discrete one, the topological condition imposed in this Chapter does this.
Indeed, it is not difficult to observe that the discrete pseudometric that measures to 0
the distance between bisimilar MPs and to 1 all the others, cannot be the support for
a metrized Markov process since it trivially fail to satisfy (M). On the other hand in a
pseudometrized MP a sequence of systems as the one in Figure 8.1 are convergent to
the limit in the pseudometric topology.

The only work of which we are aware similar to this is a paper by Banaschewski and
Pultr [4] called “A Stone duality for metric spaces.” They are not working with Markov
processes, so there is nothing like the Aumann algebra structure there. They gave us the
idea of using a metric diameter, but their axiomatization is different and the proofs that
we developed do not resemble theirs.

The main impact of this work is to put quantitative reasoning about Markov pro-
cesses on a firmer footing. It has been over a decade since metric analogues of bisim-
ulation were developed, but they have not had the impact that they might have had.
One reason is that with ordinary logical reasoning, one has a clear understanding of
what completeness means, thus users of these logics have a good understanding of the
power of the principles they are using. What does completeness mean for metric rea-
soning and approximate reasoning in general? The standard Stone-type duality theo-
rem captures the concept of completeness; it is our hope that the present work will pave
the way towards a similar understanding of approximate reasoning principles. There
is much to be done, however. In the Chapter 8 we began investigating the relationship
between the logic and metrics on Markov processes. The results of the present Chapter
have strengthen and deepen these preliminary results.
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In this Part of the Monograph we present some of the more practical research done
in relation to behavioural distances for Markov processes. Unlike in the previous Parts,
the Chapters in this Part are rather independent.

In Chapter 11 we approach the pseudometric introduced by Desharnais et al. [22] for
discrete-time Markov chains (MCs). At the time we start working on this, van Breugel
et. al. [42] have presented a fixed point characterization of this pseudometric and sev-
eral iterative algorithms have been developed in order to compute its approximation up
to any degree of accuracy. In this Chapter, we propose an alternative approach, which
allows us to compute the pseudometric exactly and efficiently in practice. This is in-
spired by the characterization of the undiscounted pseudometric using couplings. We
aim at finding an optimal coupling using a greedy strategy that starts from an arbitrary
coupling and repeatedly looks for new couplings that improve the discrepancy func-
tion. This strategy will eventually find an optimal coupling. We use it to support the
design of an on-the-fly algorithm for computing the exact behavioural pseudometric
that can be either applied to compute all the distances in the model or to compute only
some particular distances. By using an on-the-fly approach, we avoid to exhaustively
explore the state space. Instead, we only consider those fragments that are needed in the
local computation. The efficiency of our algorithm has been evaluated on a significant
set of randomly generated MCs. The results show that our algorithm performs orders
of magnitude better than the corresponding iterative algorithms proposed, for instance
in [14, 25]. Moreover, we provide empirical evidence for the fact that our algorithm
enjoys good execution running times.

Our on-the-fly technique was proven to be sufficiently robust for even more complex
models, such as the Markov Decision Processes with rewards (MDPs), for which a simi-
lar pseudometric was proposed in [25]. In Chapter 12 we present the BISIMDIST library,
composed of two Mathematica packages which implement our on-the-fly algorithm for
computing the bisimilarity distances both for MCs and MDPs. BISIMDIST is available
at http://people.cs.aau.dk/~mardare/tools.htm together with simple tutorials pre-
senting useful examples that show all the features of the library.

However, the case of MDPs is interesting in practice also because there are many
examples reflecting the compositional features of such models. Realistic models are
usually specified compositionally by means of operators that describe the interactions
between the subcomponents. These specifications may thus suffer from an exponen-
tial growth of the state space. Moreover, when we consider approximate behaviors, the
concept of distances requires non-extensive composition operators [22]. In Chapter 13
we study to which extent compositionality on MDPs can be exploited in the computa-
tion of the behavioral pseudometrics of [25], hence how the compositional structure of
processes can be used in an approximated analysis of behaviors. This research has been
inspired by our experience with probabilistic and stochastic process algebras and by
our study of the interaction between the operational semantics of such an algebra and

http://people.cs.aau.dk/~mardare/tools.htm
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the behavioural pseudometrics, detailed in Part I of this Monograph. As a result, we
provide an algorithm to compute the bisimilarity pseudometric by exploiting both the
on-the-fly state space exploration and the compositional structure of MDPs built over
“safe” operators. Experimental results show that the compositional optimization yields
a significant additional improvement on top of that obtained by the on-the-fly method.

In Chapter 14 we push further the idea of the on-the-fly algorithm for computing
the behavioural distances, and we move from discrete-time models to continuous time
models. Continuous-time Markov chains (CTMCs) are one of the most prominent mod-
els in performance and dependability analysis, constituting the underlying semantics of
many modeling formalisms for real-time probabilistic systems. We extend the distance
considered in the previous Chapters to CTMCs and we show that it can be computed
in polynomial time in the size of the CTMC. This is obtained by reducing the problem
of computing the distance to that of finding an optimal solution of a linear program
that can be solved using the ellipsoid method. However, our linear program charac-
terization has a number of constraints that is bounded by a polynomial in the size of
the CTMC. This, in particular, allows us to avoid the use of the ellipsoid algorithm in
favor of the simplex or the interior point methods. Nevertheless, we propose to follow
an on-the-fly approach for computing the distance, by relying on the concept of cou-
pling structure generalized for CTMCs. With respect to the previous algorithms, in this
Chapter we have a series of innovations require by the fact that we need, in addition, to
handle the information regarding the residence-time in a state of the system.

As we have already seen, the first proposals of behavioral distances in the literature
are based on the Kantorovich metric and are branching-time. In Chapter 15 we consider
a linear-time metric, motivated by the fact that in many applications, such as in systems
biology, modeling/testing, and machine learning, the system to be modeled cannot be
internally accessed, but only tested via observations performed over a set of random ex-
ecutions. In this respect, we introduce a very general class of models, the semi-Markov
chains (SMCs), which are continuous-time probabilistic transition systems where the
residence time on states is governed by generic distributions on the positive real line.
SMCs subsume many probabilistic models including the discrete-time Markov chains
and the continuous-time Markov Chains. Regarding the behavioural distance, we study
the total variation between probability measures induced by an SMC over infinite timed
traces, which corresponds to the largest possible difference between the probabilities
that the measures assign to the same event. In applications, the events are specified
either as metric temporal logic (MTL) formulas [2, 3], or languages accepted by timed
automata (TAs) [1]. We prove that each of these classes of specifications characterize the
total variation.

However, the problem of computing the total variation is known to be at least NP-
hard already for the case of MCs [17,34] and there is no proof that it is, in fact, decidable.
In this context, in Chapter 15, we also prove that the problem of approximating the to-
tal variation distance with arbitrary precision is computable. This is done providing
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two sequences that converge from below and above to the total variation distance. Our
results are based on a duality that characterizes the total variation between two mea-
sures as the minimal discrepancy associated with their couplings. The computability of
the converging sequences provides us with a computable procedure to approximate the
total variation distance on SMCs with arbitrary precision.

This Part of the Monograph comprises results presented in the following articles.

[I] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. On-The-Fly Computation of Bisimilarity
Distances. Logical Methods in Computer Science, LMCS, to appear, 2015.

[II] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. On the Total Variation Distance of Semi-
Markov Chains. under submission 2014.

[III] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. Computing Behavioral Distances, Com-
positionally. In Proc. of 38th International Symposium Mathematical Foundations
of Computer Science, MFCS 2013, Lecture Notes in Computer Science, LNCS 8087,
pages: 74-85, 2013.

[IV] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. The BisimDist Library: Efficient Com-
putation of Bisimilarity Distances for Markovian Models. In Proc. of 10th Interna-
tional Conference Quantitative Evaluation of Systems, QEST 2013, Lecture Notes
in Computer Science, LNCS 8054, pages: 278-281, 2013.

[V] G. Bacci, G. Bacci, K.G. Larsen, R. Mardare. On-the-Fly Exact Computation of Bisim-
ilarity Distances. In Proc. of 19th International Conference Tools and Algorithms
for the Construction and Analysis of Systems, TACAS 2013, Lecture Notes in Com-
puter Science, LNCS 7795, pages:1-15, 2013.
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Chapter 11

Behavioural Distances for Markov
Chains

11.1 Introduction

Probabilistic bisimulation for Markov chains (MCs), introduced by Larsen and Skou
[32], is the key concept for reasoning about the equivalence of probabilistic systems.
However, when one focuses on quantitative behaviours it becomes obvious that such
an equivalence is too “exact” for many purposes as it only relates processes with identi-
cal behaviours. In various applications, such as systems biology [41], games [13], plan-
ning [18] or security [10], we are interested in knowing whether two processes that
may differ by a small amount in the real-valued parameters (probabilities) have “suf-
ficiently” similar behaviours. This motivated the development of the metric theory for
MCs, initiated by Desharnais et al. [22] and greatly developed and explored by van
Breugel, Worrell and others [42, 44]. It consists in proposing a bisimilarity distance (pseu-
dometric), which measures the behavioural similarity of two MCs. The pseudometric
proposed by Desharnais et al. is parametric in a discount factor λ ∈ (0, 1] that controls
the significance of the future in the measurement.

Since van Breugel et. al. have presented a fixed point characterization of the afore-
mentioned pseudometric in [42], several iterative algorithms have been developed in
order to compute its approximation up to any degree of accuracy [25, 42, 44]. Recently,
Chen et. al. [14] proved that, for finite MCs with rational transition function, the bisim-
ilarity pseudometrics can be computed exactly in polynomial time. The proof consists
in describing the pseudometric as the solution of a linear program that can be solved
using the ellipsoid method. Although the ellipsoid method is theoretically efficient, “com-
putational experiments with the method are very discouraging and it is in practice by no means
a competitor of the, theoretically inefficient, simplex method”, as stated in [40]. Unfortunately,
in this case the simplex method cannot be used to speed up performances in practice,
since the linear program to be solved may have an exponential number of constraints
in the number of states of the MC.
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In this Chapter, we propose an alternative approach to this problem, which allows
us to compute the pseudometric exactly and efficiently in practice. This is inspired by
the characterization of the undiscounted pseudometric using couplings, given in [14],
which we extend to generic discount factors.

A coupling for a pair of states of a given MC is a function that describes a possible
redistribution of the transition probabilities of the two states; it is evaluated by the dis-
crepancy function that measures the behavioural disimilarities between the two states.
In [14] it is shown that the bisimilarity pseudometric for a given MC is the minimum
among the discrepancy functions corresponding to all the couplings that can be defined
for that MC; moreover, the bisimilarity pseudometric is itself a discrepancy function
corresponding to an optimal coupling. This suggests that the problem of computing the
pseudometric can be reduced to the problem of finding a coupling with the least dis-
crepancy function.

Our approach aims at finding an optimal coupling using a greedy strategy that starts
from an arbitrary coupling and repeatedly looks for new couplings that improve the
discrepancy function. This strategy will eventually find an optimal coupling. We use
it to support the design of an on-the-fly algorithm for computing the exact behavioural
pseudometric that can be either applied to compute all the distances in the model or
to compute only some designated distances. The advantage of using an on-the-fly ap-
proach consists in the fact that we do not need to exhaustively explore the state space,
nor to construct entire couplings, but only those fragments that are needed in the local
computation.

The efficiency of our algorithm has been evaluated on a significant set of randomly
generated MCs. The results show that our algorithm performs orders of magnitude
better than the corresponding iterative algorithms proposed, for instance in [14, 25].
Moreover, we provide empirical evidence for the fact that our algorithm enjoys good
execution running times.

One of the main practical advantages of our approach consists in the fact that it can
focus on computing only the distances between states that are of particular interest.
This is useful in practice, for instance when large systems are considered and visiting
the entire state space is expensive. A similar issue has been considered by Comanici
et. al., in [19], who have noticed that for computing the approximated pseudometric
one does not need to update the current value for all the pairs at each iteration, but it
is sufficient to only focus on the pairs where changes are happening rapidly. Our ap-
proach goes much beyond this idea. Firstly, we are not only looking at approximations
of the bisimilarity distance, but we develop an exact algorithm. Secondly, we provide a
termination condition that can be checked locally, still ensuring that the local optimum
corresponds to the global one.

In addition, our method can be applied to decide whether two states of an MC are
probabilistic bisimilar, to identify the bisimilarity classes for a given MC or to solve
lumpability problems.

It can also be used to address issues related to state space reduction for MCs: our
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technique indicates sets of neighbour states that can be collapsed due to their similarity
and it provides a tool to estimate the difference between the initial MC and the reduced
one.

Last but not least, our approach can be used with approximation techniques as, for
instance, to provide a least over-approximation of the behavioural distance given over-
estimates of some particular distances. This can be further integrated with other ap-
proximate algorithms having the advantage of the on-the-fly state space exploration.

11.2 Preliminaries: The Transportation Problem

Central in this Chapter is the so-called (homogeneous) transportation problem consid-
ered in 1941 by Hitchcock and, independently, in 1947 by Koopmans. This problem
can be intuitively described as: a homogeneous product is to be shipped in the amounts
a1, . . . , am respectively, from each of m shipping origins and received in amounts b1, . . . , bn
respectively, by each of n shipping destinations. The cost of shipping a unit amount from
the i-th origin to the j-th destination is ci,j and is known for all combinations (i, j). The
problem is to determine an optimal shipping schedule, i.e. the amount xi,j to be shipped
over all routes (i, j), which minimizes the total cost of transportation.

It can be easily formalized as a linear programming problem

minimize ∑m
i=1 ∑n

j=1 ci,j · xi,j

such that ∑n
j=1 xi,j = ai (i = 1, . . . , m)

∑m
i=1 xi,j = bj (j = 1, . . . , n)

xi,j ≥ 0 (i = 1, . . . , m and j = 1, . . . , n)

The set of schedules feasible for a transportation problem, which is formalized as a
conjunction of linear constraints, describes a (bounded) convex polytope in R2, often
called transportation polytope.

There are several algorithms in literature which efficiently solve (not necessarily ho-
mogeneous) transportation problems. Among these we recall [20, 26].

11.3 Markov Chains and Bisimilarity Pseudometrics

In this section we give the definitions of (discrete-time) Markov chains (MCs) and proba-
bilistic bisimilarity for MCs [32]. Then we recall the bisimilarity pseudometric of Desharnais
et. al. [22], but rather than giving its first logical definition, we present its fixed point
characterization given by van Breugel et. al. [42].
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Definition 11.3.1 (Markov chain). A (discrete-time) Markov chain is a tuple

M = (S, A, π, `)

consisting of a countable nonempty set S of states, a nonempty set A of labels, a transition
probability function π : S× S→ [0, 1] such that,

for arbitrary s ∈ S, ∑
t∈S

π(s, t) = 1,

and a labelling function ` : S→ A.M is finite if its support set S is finite.

Given a finite MC M = (S, A, π, `), we identify the transition probability func-
tion π with its transition matrix (π(s, t))s,t∈S. For s, t ∈ S, we denote by π(s, ·) and
π(·, t), respectively, the probability distribution of exiting from s to any state and the
sub-probability distribution of entering to t from any state.

The MC M induces an underlying (directed) graph, denoted by G(M), where the
states act as vertices and (s, t) is an edge in G(M), if and only if, π(s, t) > 0.

For a subset Q ⊆ S, we denote by RM(Q) the set of states reachable from some
s ∈ Q, and by RM(s) we denote RM({s}).

From a theoretical point of view, it is irrelevant whether the transition probability
function of a given Markov Chain has rational values or not. However, for algorithmic
purposes, in this paper we assume that for arbitrary s, t ∈ S, π(s, t) ∈ Q∩ [0, 1].

For computational reasons, in the rest of the paper we restrict our investigation to
finite Markov chains.

Definition 11.3.2 (Probabilistic Bisimulation). LetM = (S, A, π, `) be an MC. An equiv-
alence relation R ⊆ S× S is a probabilistic bisimulation if whenever s R t, then

(i) `(s) = `(t) and,

(ii) for each R-equivalence class E, ∑
u∈E

π(s, u) = ∑
u∈E

π(t, u).

Two states s, t ∈ S are bisimilar, written s ∼ t, if they are related by some probabilistic bisimu-
lation.

This definition is due to Larsen and Skou [32]. Intuitively, two states are bisimilar if
they have the same label and their probability of moving by a single transition to any
given equivalence class is always the same.

The notion of equivalence can be relaxed by means of a pseudometric, which mea-
sures how far apart two elements are from each other; whenever they are at zero dis-
tance, they are equivalent.
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The bisimilarity pseudometric of Desharnais et. al. [22] on MCs enjoys the property
that two states are at zero distance if and only if they are bisimilar. This pseudometric
can be defined as the least fixed point of an operator based on the Kantorovich metric
for comparing probability distributions, which makes use of the notion of matching.

Definition 11.3.3 (Matching). Let µ, ν : S → [0, 1] be probability distributions on S. A
matching for the pair (µ, ν) is a probability distribution ω : S × S → [0, 1] on S × S sat-
isfying

∀ u ∈ S. ∑
s∈S

ω(u, s) = µ(u) , ∀ v ∈ S. ∑
s∈S

ω(s, v) = ν(v) . (11.3.1)

We call µ and ν, respectively, the left and the right marginals of ω.

In the following, we denote by µ⊗ ν the set of all matchings for (µ, ν).

Remark 11.3.4. Note that, for S finite, (11.3.1) describes the constraints of a homoge-
neous transportation problem (TP) [20, 26], where the vector (µ(u))u∈S specifies the
amounts to be shipped and (ν(v))v∈S the amounts to be received.

Thus, a matching ω for (µ, ν) induces a matrix (ω(u, v))u,v∈S to be thought as a
shipping schedule belonging to the transportation polytope µ⊗ ν. Hereafter, we denote
by TP(c, ν, µ) the TP with cost matrix (c(u, v))u,v∈S and marginals ν and µ. �

ForM = (S, A, π, `) an MC, and λ ∈ (0, 1] a discount factor, the operator

∆Mλ : [0, 1]S×S → [0, 1]S×S,

defined for d : S× S→ [0, 1] and s, t ∈ S, is given as follows.

∆Mλ (d)(s, t) =

1 if `(s) 6= `(t)
λ · min

ω∈π(s,·)⊗π(t,·)
∑

u,v∈S
d(u, v) ·ω(u, v) if `(s) = `(t)

In the above definition, π(s, ·)⊗ π(t, ·) is a closed polytope so that the minimum is
well defined and it corresponds to the optimal value of TP(d, π(s, ·), π(t, ·)).

The set [0, 1]S×S is endowed with the partial order v defined by

d v d′ iff d(s, t) ≤ d′(s, t) for all s, t ∈ S.

This forms a complete lattice with bottom element 0 and top element 1, defined as

0(s, t) = 0 and 1(s, t) = 1, for all s, t ∈ S.
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For D ⊆ [0, 1]S×S, the least upper bound
⊔

D, and greatest lower bound
d

D are given
for all s, t ∈ S by

(
⊔

D)(s, t) = sup
d∈D

d(s, t),

(
l

D)(s, t) = inf
d∈D

d(s, t).

In [42], for anyM and λ ∈ [0, 1], ∆Mλ is proved to be monotonic, thus, by Tarski’s
fixed point theorem, it admits least and greatest fixed points.

Definition 11.3.5 (Bisimilarity pseudometric). LetM be an MC and λ ∈ (0, 1] be a discount
factor. Then, the λ-discounted bisimilarity pseudometric forM, denoted by δMλ , is the least
fixed point of ∆Mλ .

Hereafter, ∆Mλ and δMλ will be denoted simply by ∆λ and δλ, respectively, when the
Markov chainM is clear from the context.

11.4 Alternative Characterization of the Pseudometric

In [14], Chen et. al. proposed an alternative characterization of δ1, relating the pseudo-
metric to the notion of coupling. In this section, we recall the definition of coupling, and
generalize the characterization for generic discount factors.

Definition 11.4.1 (Coupling). LetM = (S, A, π, `) be a finite MC.
The Markov chain C = (S× S, A× A, ω, l) is said a coupling forM if, for all s, t ∈ S,

1. ω((s, t), ·) ∈ π(s, ·)⊗ π(t, ·), and

2. l(s, t) = (`(s), `(t)).

A coupling forM can be seen as a probabilistic pairing of two copies ofM running
synchronously, although not necessarily independently.

Couplings have been used to characterize weak ergodicity of arbitrary Markov chains
[29], or to give upper bounds on convergence to stationary distributions [7, 35].

Given a coupling C = (S×S, A×A, ω, l) forM = (S, A, π, `) we define the operator

ΓCλ : [0, 1]S×S → [0, 1]S×S

for d : S× S→ [0, 1] and s, t ∈ S, as follows.

ΓCλ(d)(s, t) =

1 if `(s) 6= `(t)
λ · ∑

u,v∈S
d(u, v) ·ω((s, t), (u, v)) if `(s) = `(t)
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One can easily verify that, for any λ ∈ (0, 1], ΓCλ is well-defined and order preserving.
Hence, by Tarski’s fixed point theorem, ΓCλ admits a least fixed point, which we denote
by γCλ.

In Section 14.5.1 we will see that, for any s, t ∈ S, γC1 (s, t) corresponds to the prob-
ability of reaching a state (u, v) with `(u) 6= `(v) starting from the state (s, t) in the
underling graph of C. For this reason we will call γCλ the λ-discounted discrepancy of C or
simply the λ-discrepancy of C.

Lemma 11.4.2. LetM be an MC, C be a coupling forM, and λ ∈ (0, 1] be a discount factor.
If d = ΓCλ(d) then δλ v d.

Proof. Assume thatM = (S, A, π, `) and C = (S× S, A× A, ω, l).
In order to prove δλ v d, it suffices to show that ∆λ(d) v d. Indeed, by Tarski’s fixed

point theorem, δλ is a lower bound of {d | ∆λ(d) v d}.
Let s, t ∈ S. If `(s) 6= `(t), then

∆λ(d)(s, t) = 1 = ΓCλ(d)(s, t) = d(s, t).

If `(s) = `(t),

∆λ(d)(s, t) = λ · min
ω′∈π(s,·)⊗π(t,·)

∑
u,v∈S

d(u, v) ·ω′(u, v)

and
ΓCλ(d)(s, t) = λ · ∑

u,v∈S
d(u, v) ·ω((s, t), (u, v)).

Since ω((s, t), ·) ∈ π(s, ·)⊗ π(t, ·) (Definition 14.4.1), we have that

∆λ(d)(s, t) ≤ ΓCλ(d)(s, t) = d(s, t).

As a consequence of Lemma 13.5.2 we obtain the following characterization for δλ,
which generalizes [14, Theorem 8] for generic discount factors.

Theorem 11.4.3 (Minimum coupling criterion). Let M be an MC and λ ∈ (0, 1] be a
discount factor. Then,

δλ = min{γCλ | C coupling forM}.

Proof. For any fixed d ∈ [0, 1]S×S there exists a coupling C forM such that

ΓCλ(d) = ∆λ(d).
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Indeed, we can take as transition function for C, the joint probability distribution ω such
that, for all s, t ∈ S,

∑
u,v∈S

d(u, v) ·ω((s, t), (u, v))

achieves the minimum value.
Let D be a coupling forM such that

ΓDλ (δλ) = ∆λ(δλ).

By Definition 14.2.5, ∆λ(δλ) = δλ, therefore δλ is a fixed point for ΓDλ .
By Lemma 13.5.2, δλ is a lower bound of the set of fixed points of ΓDλ , therefore

δλ = γDλ .
By Lemma 13.5.2, we have also that, for any coupling C ofM, δλ v γCλ.
Therefore, given the set D = {γCλ | C coupling forM}, it follows that δλ ∈ D and δλ

is a lower bound for D.
Hence, by antisymmetry of v, δλ = min D.

11.5 Exact Computation of Bisimilarity Distance

Inspired by the characterization given in Theorem 14.4.3, in this section we propose a
procedure to exactly compute the bisimilarity pseudometric.

For λ ∈ (0, 1], the set of couplings for M can be endowed with the preorder Eλ

defined as
C Eλ D if and only if γCλ v γDλ .

Theorem 14.4.3 suggests to look to all the couplings C forM in order to find an optimal
one, i.e., minimal with respect to Eλ. However, it is clear that the enumeration of all
the couplings is unfeasible, therefore it is crucial to provide an efficient search strategy
which prevents us to do that. Moreover, we also need an efficient method for computing
the λ-discrepancy.

In Subsection 14.5.1 the problem of computing the λ-discrepancy of a coupling C
is reduced to the problem of computing reachability probabilities in C. Then, Subsec-
tion 14.5.2 illustrates a greedy strategy that explores the set of couplings until an optimal
one is eventually reached.

11.5.1 Computing the λ-Discrepancy

In this section, we first recall the problem of computing the reachability probability for
general MCs [7], then we instantiate it to compute the λ-discrepancy.
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Let M = (S, A, π, `) be an MC, and xs denote the probability of reaching G ⊆ S
from s ∈ S. The goal is to compute xs for all s ∈ S.

The following holds

xs = 1 if s ∈ G , xs = ∑
t∈S

xt · π(s, t) if s ∈ S \ G , (11.5.1)

that is, either G is already reached, or it can be reached by way of another state.
Equation (11.5.1) defines a linear equation system of the form ~x = ~A~x +~b, where

S? = S \ G, ~x = (xs)s∈S? , ~A = (π(s, t))s,t∈S? , and ~b = (∑
t∈G

π(s, t))s∈S? .

This linear equation system always admits a solution in [0, 1]S. However, it may not
be unique.

Since we are interested in the least solution, we address this problem by fixing each
free variable to zero, so that we obtain a reduced system with a unique solution. This
can be easily done by inspecting the graph G(M): all variables with zero probability of
reaching G are detected by checking that they cannot be reached from any state in G in
the reverse graph of G(M).

Regarding the λ-discrepancy for a coupling C, if λ = 1, one can directly instantiate
the aforementioned method with

G = {(s, t) ∈ S× S | `(s) 6= `(t)} and S? = (S× S) \ G.

As for generic λ ∈ (0, 1], the discrepancy γCλ can be formulated as the least solution in
[0, 1]S×S of the linear equation system

~x = λ~A~x + λ~b . (11.5.2)

Remark 11.5.1. If one is interested in computing the λ-discrepancy for a particular pair
of states (s, t), the method above can be applied on the least independent subsystem of
Equation (11.5.2) containing the variable x(s,t). Moreover, assuming that for some pairs
the λ-discrepancy is already known, the goal set can be extended with all those pairs
with λ-discrepancy greater than zero. �

11.5.2 Greedy Search Strategy for Computing an Optimal Coupling

In this subsection, we give a greedy strategy for moving toward an optimal coupling
starting from a given one. Then we provide sufficient and necessary conditions for a
coupling, ensuring that its associated λ-discrepancy coincides with δλ.

Hereafter, we fix a coupling C = (S× S, A× A, ω, l) forM = (S, A, π, `).
Let s, t ∈ S and µ be a matching for (π(s, ·), π(t, ·)).
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We denote by C[(s, t)/µ] the coupling for M with the same labeling function of C
and transition function ω′ defined by ω′((u, v), ·) = ω((u, v), ·), for all (u, v) 6= (s, t),
and ω′((s, t), ·) = µ.

Lemma 11.5.2. Let C be a coupling forM = (S, A, π, `), s, t ∈ S, ω′ ∈ π(s, ·)⊗ π(t, ·),
and D = C[(s, t)/ω′].

If ΓDλ (γ
C
λ)(s, t) < γCλ(s, t), then γDλ < γCλ.

Proof. It suffices to show that ΓD(γCλ) < γCλ, i.e., γCλ is a strict post-fixed point of ΓDλ .
Then, the thesis follows by Tarski’s fixed point theorem.

Assume ω̄ be the transition function of D and let u, v ∈ S.
If `(u) 6= `(v), then

ΓDλ (γ
C
λ)(u, v) = 1 = ΓCλ(γ

C
λ)(u, v) = γCλ(u, v).

Notice that, this also means that `(s) = `(t), since ΓDλ (γ
C
λ)(s, t) < γCλ(s, t), by hypothe-

sis.
If `(u) = `(v) and (u, v) 6= (s, t), by definition of D, we have that

ω̄((u, v), ·) = ω((u, v), ·),

hence
ΓCλ(γ

C
λ)(u, v) = ΓDλ (γ

C
λ)(u, v).

This proves ΓD(γCλ) < γCλ.

Lemma 11.5.2 states that C can be improved w.r.t. Eλ by updating its transition
function at (s, t), if `(s) = `(t) and there exists ω′ ∈ π(s, ·)⊗ π(t, ·) such that

∑
u,v∈S

γCλ(u, v) ·ω′(u, v) < ∑
u,v∈S

γCλ(u, v) ·ω((s, t), (u, v)).

Notice that, an optimal schedule ω′ for TP(γCλ, π(s, ·), π(t, ·)) enjoys the above condi-
tion, so that, the update C[(s, t)/ω′] improves C. This gives us a strategy for moving
toward δλ by successive improvements on the couplings.

Lemma 11.5.3. Let s, t ∈ S, and γC1 = ∆1(γ
C
λ). Then,

γC1 (s, t) = 1 iff δ1(s, t) = 1.
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Proof. (⇐) Follows from Theorem 14.4.3.
(⇒) Assume ω be the transition function of C.
If `(s) 6= `(t) the thesis follows trivially.
Assume `(s) = `(t).

1 = γC1 (s, t) = ΓC1 (γ
C
1 )(s, t)

= ∑u,v∈S γC1 (u, v) ·ω((s, t), (u, v))
≤ ∑u,v∈S ω((s, t), (u, v)) = 1

Thus, whenever ω((s, t), (u, v)) > 0, we have that γC1 (u, v) = 1. By hypothesis, γC1 =

∆1(γ
C
λ), therefore

1 = γC1 (s, t) = min
ω′∈π(s,·)⊗π(t,·)

∑
u,v∈S

γC1 (u, v) ·ω′(u, v).

Hence, there is no coupling that can improve the summation. Therefore, by Theo-
rem 14.4.3, δ1(s, t) = 1.

Lemma 11.5.4. Let C be a coupling forM. For any λ ∈ (0, 1],

if γCλ = ∆λ(γ
C
λ), then δλ = γCλ.

Proof. By Definition 14.2.5, it suffices to prove that if γCλ is a fixed point for ∆λ, it is also
the least one. We distinguish two cases: when λ < 1 and λ = 1.

For λ < 1, [14, Theorem 6] states that ∆λ has a unique fixed point. By hypothesis γCλ
is a fixed point for ∆λ, therefore it is also the least one.

For λ = 1, we proceed by contradiction.
Assume δ1 6= γC1 and ω be the transition function of C. By δ1 6= γC1 and Theo-

rem 14.4.3, we have that δ1 < γC1 .
Let ∆′′ : [0, 1]S×S → [0, 1]S×S be defined by

∆′′(d)(s, t) =

{
0 if γC1 (s, t) = 0
∆1(d)(s, t) otherwise

Since ∆1 is monotonic so is ∆′′, thus ∆′′ admits a greatest fixed-point, say g. By δ1 < γC1
there exists s, t ∈ S such that δ1(s, t) < γC1 (s, t), so that γC1 (s, t) 6= 0.

Suppose that
{(s, t) | γC1 (s, t) = 0} = ∼.
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Applying [14, Corollary 18], ∆′′ has a unique fixed point which corresponds to δ1. By
γC1 = ∆1(γ

C
1 ), we have that γC1 = ∆′′(γC1 ), which contradicts the hypothesis that δ1 6= γC1 .

It can be shown that there exist s, t ∈ S such that γC1 (s, t) 6= 0, s ∼ t (as proven
above), and g(s, t) = 1.

Using Lemma 11.5.3 and δ1(s, t) = 0, we get that γC1 (s, t) < 1. Hence, γC1 < g.
Let m and M be defined as follows

m = max{g(s, t)− γC1 (s, t) | s, t ∈ S}, M = {(s, t) | g(s, t)− γC1 (s, t) = m} .

Since γC1 < g, m > 0.
We prove firstly two properties on M:

M ∩ {(s, t) | `(s) 6= `(t)} = ∅ (11.5.3)

M ∩ {(s, t) | γC1 (s, t) = 0} = ∅ (11.5.4)

(11.5.3) follows since, for all `(u) 6= `(v), γC1 (u, v) = 1 = g(u, v), and m > 0.
(11.5.4) follows by definition of ∆′′ and m > 0.

Let (s, t) ∈ M, then

m = g(s, t)− γC1 (s, t)

= ∆′′(g)(s, t)− ΓC1 (γ
C
1 )(s, t)

= ∆1(g)(s, t)− ΓC1 (γ
C
1 )(s, t) (by (11.5.4))

=
(

min
ω′∈π(s,·)⊗π(t,·)

∑
u,v∈S

g(u, v) ·ω′(u, v)
)
− ∑

u,v∈S
γC1 (u, v) ·ω((s, t), (u, v))

≤ ∑
u,v∈S

g(u, v) ·ω((s, t), (u, v))− ∑
u,v∈S

γC1 (u, v) ·ω((s, t), (u, v))

= ∑
u,v∈S

(
g(u, v)− γC1 (u, v)

)
·ω((s, t), (u, v)) .

Since, for all u, v ∈ S,
g(u, v)− γC1 (u, v) ≤ m

and
∑

u,v∈S
ω((s, t), (u, v)) = 1,

we have that, whenever
ω((s, t), (u, v)) > 0

guarantees
g(u, v)− γC1 (u, v) = m.

Thus, ω has the support contained in M. This means that, for all (s, t) ∈ M, RC((s, t)) ⊆
M. Hence, using (11.5.3), we get that γC1 (s, t) = 0, which contradicts (11.5.4).
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With these results in hand, we proceed now to give a sufficient and necessary condi-
tion for termination.

Lemma 11.5.5. Let C be a coupling forM. For any λ ∈ (0, 1], if γCλ 6= δλ, then there exist
s, t ∈ S and a coupling D = C[(s, t)/ω′] forM such that

ΓDλ (γ
C
λ)(s, t) < γCλ(s, t).

Proof. We proceed by contraposition.
Suppose that for all s, t ∈ S and for all couplings D = C[(s, t)/ω′],

ΓDλ (γ
C
λ)(s, t) ≥ γCλ(s, t).

This means that γCλ = ∆λ(γ
C
λ). Then the result follows from Lemma 11.5.4.

The above result ensures that, unless C is optimal w.r.t Eλ, the hypothesis of Lemma
11.5.2 are satisfied, so that, we can further improve C as aforesaid.

The next statement proves that this search strategy is correct.

Theorem 11.5.6. Let C be a coupling forM. Then, δλ = γCλ iff there is no coupling D forM
such that

ΓDλ (γ
C
λ) < γCλ.

Proof. We prove that:
δλ 6= γCλ iff there exists D such that ΓDλ (γ

C
λ) < γCλ.

(⇒) Assume δλ 6= γCλ. By Lemma 14.5.3, there exist s, t ∈ S and ω′ ∈ π(s, ·)⊗ π(t, ·)
such that

λ · ∑
u,v∈S

γCλ(u, v) ·ω′(u, v) < γCλ(s, t).

As in the proof of Lemma 11.5.2, we have that D = C[(s, t)/ω′] satisflies ΓD(γCλ) < γCλ.
(⇐) Let D be such that ΓDλ (γ

C
λ) < γCλ. By Tarski’s fixed point theorem, γDλ < γCλ.

Applying Theorem 14.4.3, δλ v γDλ < γCλ, therefore, δλ 6= γCλ.

Remark 11.5.7. Note that, in general, there could be an infinite number of couplings for
a given MC.

However, for each fixed d ∈ [0, 1]S×S, the linear function mapping ω((s, t), ·) to
λ ∑u,v∈S d(u, v) ·ω((s, t), (u, v)) achieves its minimum at some vertex in the transporta-
tion polytope π(s, ·)⊗ π(t, ·).

Since the number of such vertices are finite, using the optimal TP schedule for the
update, ensures that the search strategy is always terminating. �
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11.6 The On-the-Fly Algorithm for Exact Computation

In this section we provide an on-the-fly algorithm for exact computation of the bisimi-
larity distance δλ for generic discount factors, by making full use of the greedy strategy
presented in Section 14.5.2.

Let Q ⊆ S × S. Assume that we want to compute δλ(s, t), for all (s, t) ∈ Q. The
method proposed in Section 14.5.2 has the following key features:

1. the improvement of each coupling C is obtained by a local update of its transition
function at some state (u, v) in C;

2. the strategy does not depend on the choice of the state (u, v);
3. whenever a coupling C is considered, the over-approximation γCλ of the distance

can be computed by solving a system of linear equations.

Among them, only the last one requires a visit of the coupling. However, as noticed
in Remark 11.5.1, the value γCλ(s, t) can be computed without considering the entire
linear system of Equation (11.5.2), but only its smallest independent subsystem contain-
ing the variable x(s,t), which is obtained by restricting on the variables x(u,v) such that
(u, v) ∈ RC((s, t)). This subsystem can be further reduced, by Gaussian elimination,
when some values for δλ are known. The last observation suggests that, in order to
compute γCλ(s, t), we do not need to store the entire coupling, but it can be constructed
on-the-fly.

The exact computation of the bisimilarity pseudometric is implemented by Algo-
rithm 1. It takes as input a finite MCM = (S, A, π, `), a discount factor λ, and a query
set Q.

We assume the following global variables to store:

• C, the current partial coupling;

• d, the λ-discrepancy associated with C;

• ToCompute, the pairs of states for which the distance has to be computed;

• Exact, the pairs of states (s, t) such that d(s, t) = δλ(s, t);

• Visited, the states of C considered so far.

At the beginning (line 1) both the coupling C and the discrepancy d are empty, there are
no visited states, and no exact computed distances.

While there are still pairs left to be computed (line 2), we pick one (line 4), say (s, t).
According to the definition of δλ, if `(s) 6= `(t) then δλ(s, t) = 1; if s = t then

δλ(s, t) = 0, so that, d(s, t) is set accordingly, and (s, t) is added to Exact (lines 4–7).
Otherwise, if (s, t) was not previously visited, a matching ω ∈ π(s, ·) ⊗ π(t, ·) is

guessed, and the routine SetPair updates the coupling C at (s, t) with ω (line 9), then
the routine Discrepancy updates d with the λ-discrepancy associated with C (line 10).
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Algorithm 1 On-the-Fly Bisimilarity Pseudometric
Input: MCM = (S, A, π, `); discount factor λ ∈ (0, 1]; query Q ⊆ S× S.

1. C ← empty; d← empty; Visited← ∅; Exact← ∅; ToCompute← Q; —Init.—
2. while ToCompute 6= ∅ do
3. pick (s, t) ∈ ToCompute
4. if `(s) 6= `(t) then
5. d(s, t)← 1; Exact← Exact ∪ {(s, t)}; Visited← Visited ∪ {(s, t)}
6. else if s = t then
7. d(s, t)← 0; Exact← Exact ∪ {(s, t)}; Visited← Visited ∪ {(s, t)}
8. else —if (s, t) is nontrivial—
9. if (s, t) /∈ Visited then pick ω ∈ π(s, ·)⊗ π(t, ·); SetPair(M, (s, t), ω)

10. Discrepancy(λ, (s, t)) —update d as the λ-discrepancy for C—
11. while ∃(u, v) ∈ RC((s, t)). C[(u, v)] not opt. for TP(d, π(u, ·), π(v, ·)) do
12. ω ← optimal schedule for TP(d, π(u, ·), π(v, ·))
13. SetPair(M, (u, v), ω) —improve the current coupling—
14. Discrepancy(λ, (s, t)) —update d as the λ-discrepancy for C—
15. end while
16. Exact← Exact ∪ RC((s, t)) —add new exact distances—
17. remove from C all edges exiting from nodes in Exact
18. end if
19. ToCompute← ToCompute \ Exact —remove exactly computed pairs—
20. end while
21. return d�Q —return the distance for all pairs in Q—

According to the greedy strategy, C is successively improved and d is consequently
updated, until no further improvements are possible (lines 11–15). Each improvement
is demanded by the existence of a better schedule for TP(d, π(u, ·), π(u, ·)) (line 11).
Note that, each improvement actually affects the current value of d(s, t). This is done
by restricting our attention only to the pairs that are reachable from (s, t) in G(C).

It is worth to note that C is constantly updated, hence RC((s, t)) may differ from one
iteration to another.

When line 16 is reached, for each (u, v) ∈ RC((s, t)), we are guaranteed that d(u, v) =
δλ(s, t), therefore RC((s, t)) is added to Exact, and these values can be used in successive
computations, so the edges exiting from these states are removed from G(C).

In line 19, the exact pairs computed so far are removed from ToCompute. Finally, if
no more pairs need be considered, the exact distance on Q is returned (line 21).

Algorithm 1 calls the subroutines SetPair and Discrepancy, respectively, to construct
or update the coupling C, and to update the current over-approximation d during the
computation. Now we explain how they work.

SetPair (Algorithm 2) takes as input an MCM = (S, A, π, `), a pair of states (s, t),
and a matching ω ∈ π(s, ·)⊗ π(t, ·).
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Algorithm 2 SetPair(M, (s, t), ω)

Input: MCM = (S, A, π, `); s, t ∈ S; ω ∈ π(s, ·)⊗ π(t, ·)
1. C[(s, t)]← ω —update the coupling at (s, t) with ω—
2. Visited← Visited ∪ {(s, t)} —set (s, t) as visited—
3. for all (u, v) ∈ {(u′, v′) | ω(u′, v′) > 0} \Visited do —for all demanded pairs—
4. Visited← Visited ∪ {(u, v)}
5. if u = v then d(u, v)← 0; Exact← Exact ∪ {(u, v)};
6. if `(u) 6= `(v) then d(u, v)← 1; Exact← Exact ∪ {(u, v)};
7. // propagate the construction
8. if (u, v) /∈ Exact then
9. pick ω′ ∈ π(u, ·)⊗ π(v, ·) —guess a matching—

10. SetPair(M, (u, v), ω′)
11. end if
12. end for

In lines 1–2 the transition function of the coupling C is set to ω at (s, t), then (s, t) is
added to Visited.

The on-the-fly construction of the coupling is recursively propagated to the succes-
sors of (s, t) in G(C).

During this construction, if some states with trivial distances are encountered, d and
Exact are updated accordingly (lines 5–6).

Discrepancy (Algorithm 3) takes as input a discount factor λ and a pair of states (s, t).
It constructs the smallest (reduced) independent subsystem of Equation 11.5.2 having
the variable x(s,t) (lines 9–10).

As noticed in Remark 11.5.1, the least solution is computed by fixing d to zero for all
the pairs which cannot be reached from any pair in Exact and such that its distance is
greater than zero (lines 5–7).

Then, the discrepancy is computed and d is consequently updated.

Next, we present a simple example of how Algorithm 1 computes, showing the main
features of our method:

1. the on-the-fly construction of the (partial) coupling, and

2. the restriction only to those variables which are demanded for the solution of the
system of linear equations.

Example 11.6.1 (On-the-fly computation). Consider the undiscounted distance between states
1 and 4 for the {white, gray}-labeled MC depicted in Figure 11.1.

Algorithm 1 guesses an initial coupling C0 with transition distribution ω0. This is done
considering only the pairs of states which are needed: starting from (1, 4), the distribution
ω0((1, 4), ·) is guessed as in Figure 11.1, which demands for the exploration of (3, 4) and a
guess ω0((3, 4), ·).
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Algorithm 3 Discrepancy(λ, (s, t))
Input: discount factor λ ∈ (0, 1]; s, t ∈ S

1. Nonzero ← ∅ —detect non-zero variables—
2. for all (u, v) ∈ RC((s, t)) ∩ Exact such that d(u, v) > 0 do
3. Nonzero ← Nonzero ∪ {(u′, v′) | (u, v) ; (u′, v′) in G−1(C)}
4. end for
5. for all (u, v) ∈ RC((s, t)) \ Nonzero do —set distance to zero—
6. d(u, v)← 0; Exact← Exact ∪ {(u, v)}
7. end for
8. // construct the reduced linear system over nonzero variables
9. ~A← (C[(u, v)](u′, v′))(u,v),(u′,v′)∈Nonzero

10. ~b←
(

∑(u′,v′)∈Exact d(u′, v′) · C[(u, v)](u′, v′)
)
(u,v)∈Nonzero

11. ~̃x ← solve ~x = λ~A~x + λ~b′ —solve the reduced linear system—
12. for all (u, v) ∈ Nonzero do —update distances—
13. d(u, v)← x̃(u,v)
14. end for

Since no other pairs are demanded, the construction of C0 terminates. This gives the equation
system: 

x1,4 =
1
3
·

=1︷︸︸︷
x1,2 +

1
3
·

=1︷︸︸︷
x2,3 +

1
6
· x3,4 +

1
6
·

=1︷︸︸︷
x3,6 =

1
6
· x3,4 +

5
6

x3,4 =
1
3
·

=1︷︸︸︷
x1,2 +

1
6
·

=0︷︸︸︷
x2,2 +

1
6
·

=1︷︸︸︷
x2,3 +

1
3
·

=0︷︸︸︷
x3,3 =

1
2

.

Note that the only variables appearing in the above equation system correspond to the pairs
which have been considered so far. The least solution for it is given by dC0(1, 4) = 11

12 and
dC0(3, 4) = 1

2 .
Now, these solutions are taken as the costs of a TP, from which we get an optimal transporta-

tion schedule ω1((1, 4), ·) improving ω0((1, 4), ·).
The distribution ω1 is used to update C0 to C1 = C0[(1, 4)/ω1] (depicted in Figure 11.1),

obtaining the following new equation system:

x1,4 =
1
3
·

=0︷︸︸︷
x2,2 +

1
3
·

=0︷︸︸︷
x3,3 +

1
6
· x1,4 +

1
6
·

=1︷︸︸︷
x1,6 =

1
6
· x1,4 +

1
6

,

which has dC1(1, 4) = 1
5 as least solution.

Note that, (3, 4) is no more demanded, thus we do not need to update it.
Running again the TP on the improved over-approximation dC1 , we discover that the cou-

pling C1 cannot be further improved, hence we stop the computation, returning δ1(1, 4) =
dC1(1, 4) = 1

5 .
It is worth noticing that Algorithm 1 does not explore the entire MC, not even all the reach-

able states from 1 and 4. The only edges in the MC which have been considered during the
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Figure 11.1: Execution trace for the computation of δ1(1, 4) (details in Example 11.6.1).

computation are highlighted in Figure 11.1. �

Remark 11.6.2. Notably, Algorithm 1 can also be used for computing over-approxi-
mated distances.

Indeed, assuming over-estimates for some particular distances are already known,
they can be taken as inputs and used in our algorithm simply storing them in the vari-
able d and treated as “exact” values. In this way, our method will return the least over-
approximation of the distance agreeing with the given over-estimates.

This modification of the algorithm can be used to further decrease the exploration of
the MC. Moreover, it can be employed in combination with other existing approximated
algorithms, having the advantage of an on-the-fly state space exploration. �

11.7 Experimental Results

In this section, we evaluate the performances of the on-the-fly algorithm on a collection
of randomly generated MCs1. The detailed of these experiments can be seen in Table
11.3.

First, we compare the execution times of the on-the-fly algorithm with those of the
iterative method proposed in [14] in the discounted case. Since the iterative method
only allows for the computation of the distance for all state pairs at once, the comparison

1 The tests have been made using a prototype implementation coded in Mathematicar (available
at http://people.cs.aau.dk/~mardare/projects/tools/mc_dist.zip) running on an Intel Core-i7 3.4
GHz processor with 12GB of RAM.

http://people.cs.aau.dk/~mardare/projects/tools/mc_dist.zip
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# States On-the-Fly (exact) Iterating (approximated) Approximation
Time (s) # TPs Time (s) # Iterations # TPs Error

5 0.019675 1.19167 0.0389417 1.73333 26.7333 0.139107
6 0.05954 3.04667 0.09272 1.82667 38.1333 0.145729
7 0.13805 6.01111 0.204789 2.19444 61.7278 0.122683
8 0.255067 8.5619 0.364019 2.30476 83.0286 0.11708
9 0.499983 12.0417 0.673275 2.57917 114.729 0.111104
10 1.00313 18.7333 1.27294 3.11111 174.363 0.0946047
11 2.15989 25.9733 2.66169 3.55667 239.557 0.0959714
12 4.64225 34.797 5.52232 4.04242 318.606 0.0865612
13 6.73513 39.9582 8.06186 4.63344 421.675 0.0977743
14 6.33637 38.0048 7.18807 4.91429 593.981 0.118971
17 11.2615 47.0143 12.8048 5.88571 908.61 0.13213
19 26.6355 61.1714 29.6542 6.9619 1328.6 0.14013
20 34.379 66.4571 38.2058 7.5381 1597.92 0.142834

Table 11.1: Comparison between the on-the-fly algorithm and the iterative method.

is (in fairness) made with respect to runs of our on-the-fly algorithm with input query
being the set of all state pairs. For each input instance, the comparison involves the
following steps:

1. We run the on-the-fly algorithm, storing both execution time and the number of
solved transportation problems,

2. Then, on the same instance, we execute the iterative method until the running time
exceeds that of step 1. We report the execution time, the number of iterations, and
the number of solved transportation problems.

3. Finally, we calculate the approximation error between the exact solution δλ com-
puted by our method at step 1 and the approximate result d obtained in step 2 by
the iterative method, as maxs,t∈S δλ(s, t)− d(s, t).

This has been made on a collection of MCs varying from 5 to 20 states.
For each n = 5, . . . , 20, we have considered 80 randomly generated MCs per out-

degree, varying from 2 to n. Table 11.1 reports the average results of the comparison
while Table 11.3 contains detailed data of all these experiments.

As can be seen, our use of a greedy strategy in the construction of the couplings
leads to a significant improvement in the performances. We are able to compute the
exact solution before the iterative method can under-approximate it with an error of
≈ 0.1, which is a considerable error for a value in [0, 1].

So far, we only examined the case when the on-the-fly algorithm is run on all state
pairs at once. Now, we show how the performance of our method is improved even
further when the distance is computed only for single pairs of states.

Table 11.2 shows the average execution times and number of solved transportation
problems for (nontrivial) single-pair queries for randomly generated of MCs with num-
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# States out-degree = 3 2 ≤ out-degree ≤ # States∗

Time (s) # TPs Time (s) # TPs
5 0.00594318 0.272727 0.011654 0.657012
6 0.0115532 0.548936 0.0304482 1.66696
7 0.0168408 0.980892 0.0884878 3.67706
8 0.0247971 1.34606 0.164227 5.30112
9 0.0259426 1.29074 0.394543 8.16919

10 0.0583405 2.03887 1.1124 13.0961
11 0.0766988 1.82706 2.22016 18.7228
12 0.0428891 1.62038 4.94045 26.0965
13 0.06082 1.88134 10.3606 35.1738
14 0.0894778 2.79441 20.1233 46.0775
20 0.35631 6.36833 1.5266 13.1367
30 4.66113 17.3167 74.8146 76.2642
50 27.2147 30.8217 2234.54 225.394

Table 11.2: Average performances of the on-the-fly algorithm on single-pair queries. In
the first to columns the out-degree is 3; in the last two columns, the out-degree varies
from 2 to # States. (*) For 20, 30 and 50 states, out-degree is 4;

0 3.5 7 10.5 14 17.5 21 24.5 28 31.5 35 38.5
0

40
80

120
160
200
240
280

Figure 11.2: Distribution of the execution times (in seconds) for 1332 tests on randomly
generated MCs with 14 states, out-degree 6 (darkest) and 8 (lightest).

ber of states varying from 5 to 50. In the first two columns we consider MCs with out-
degree equal to 3, while the last two columns show the average values for out-degrees
varying from 2 to the number of states of the MCs.

The results show that, when the out-degree of the MCs is low, our algorithm per-
forms orders of magnitude better than in the general case. This is illustrated in Fig-
ure 11.2, where the distributions of the execution times for out-degree 6 and 8 are jux-
taposed, in the case of MCs with 14 states. Each bar in the histogram represents the
number of tests that terminate within the time interval indicated in the x-axis.

Notably, our method may perform better on large queries than on single-pairs queries.
This is due to the fact that, although the returned value does not depend on the order the
queried pairs are considered, a different order may speed up the performances. When
the algorithm is run on more than a single pair, the way they are picked may increase
the performances (e.g., compare the execution times in Tables 11.1 and 11.2 for MCs
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with 14 states).

# States out-degree Time (s) # TPs

5

2 0.00400676 0.108108
3 0.00594318 0.272727
4 0.0139438 0.89375
5 0.0219477 1.30233

6

2 0.00418537 0.0829268
3 0.0115532 0.548936
4 0.0181834 1.31878
5 0.0503963 3.01843
6 0.0659359 3.26496

7

2 0.00381973 0.108844
3 0.0168408 0.980892
4 0.045375 2.64329
5 0.0953065 4.56774
6 0.171368 6.73054
7 0.190202 6.6859

8

2 0.00492955 0.0863636
3 0.0247971 1.34606
4 0.0574707 3.01171
5 0.127983 5.57985
6 0.194809 7.02206
7 0.316305 9.49161
8 0.426304 10.7912

9

2 0.00858527 0.292636
3 0.0259426 1.29074
4 0.0742248 3.33333
5 0.17075 5.59023
6 0.448721 11.3662
7 0.554762 12.2854
8 0.745632 13.875
9 1.11997 17.1407

10

2 0.00921778 0.201481
3 0.0583405 2.03887
4 0.154308 4.8458
5 0.298055 7.61401
6 0.75986 13.313
7 0.899531 14.5403
8 1.81921 22.0646
9 2.62714 26.4177

10 3.32188 26.5842

11

2 0.0277172 0.495146
3 0.0766988 1.82706
4 0.299206 6.05806
5 0.72154 11.3061
6 1.86622 17.7955
7 1.70401 17.1671
8 3.19049 33.9219
9 3.80195 31.5558

10 4.52554 31.0671
11 6.20838 36.8718

# States out-degree Time (s) # TPs

12

2 0.0154774 0.455709
3 0.0428891 1.62038
4 0.250268 6.65647
5 0.642051 13.3423
6 2.76465 25.1563
7 2.35534 23.0476
8 3.33388 28.0218
9 8.58611 40.2267
10 9.53899 41.2665
11 8.56025 43.165
12 18.5177 64.8665

13

2 0.011122 0.286942
3 0.06082 1.88134
4 0.573837 8.97117
5 0.964231 14.4766
6 2.78855 23.8415
7 6.00371 34.8411
8 9.11574 39.7318
9 10.9838 51.6655
10 15.0667 49.8645
11 24.1127 65.2042
12 22.8915 66.0113
13 32.8509 68.6738

14

2 0.0116639 0.269461
3 0.0894778 2.79441
4 0.549372 10.6123
5 1.61925 17.9549
6 3.19621 24.761
7 7.1762 42.2557
8 10.674 50.3776
9 20.8513 62.4393
10 29.753 72.7825
11 42.3095 85.4986
12 56.4491 90.0443
13 75.946 99.7807

20

2 0.0173417 0.5
3 0.35631 6.36833
4 1.5266 13.1367
5 10.0704 38.8383

30
2 0.07566 0.855
3 4.66113 17.3167
4 74.8146 76.2642

50
2 0.093105 0.93
3 27.2147 30.8217
4 2234.54 225.394

Table 11.3: Detailed experimental results.
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11.8 Conclusive Remarks

In this Chapter we have proposed an on-the-fly algorithm for computing exactly the
bisimilarity distance between Markov chains, introduced by Desharnais et al. in [22].

Our algorithm represents an important improvement of the state of the art in this
field where, before our contribution, the known tools were only concerned with com-
puting approximations of the bisimilarity distances and they were, in general, based on
iterative techniques. We demonstrate that, using on-the-fly techniques, we cannot only
calculate exactly the bisimilarity distance, but the computation time is improved with
orders of magnitude with respect to the corresponding iterative approaches. Moreover,
our technique allows for the computation on a set of target distances that might be done
by only investigating a significantly reduced set of states, and for further improvement
of speed.

Our algorithm can be practically used to address a large spectrum of problems. For
instance, it can be seen as a method to decide whether two states of a given MC are
probabilistic bisimilar, to identify bisimilarity classes, or to solve lumpability problems.
It is sufficiently robust to be used with approximation techniques as, for instance, to
provide a least over-approximation of the behavioural distance given over-estimates
of some particular distances. It can be integrated with other approximate algorithms,
having the advantage of the efficient on-the-fly state space exploration.

Having a practically efficient tool to compute bisimilarity distances, opens the per-
spective of new applications. One of these is the state space reduction problem for MCs.
Our technique can be used in this context, as an indicator for the sets of neighbor states
that can be collapsed due to their similarity. It also provides a tool to estimate the dif-
ference between the initial MC and the reduced one, hence a tool for the approximation
theory of Markov chains.



Chapter 12

Efficient Computation of Bisimilarity
Distances

12.1 Introduction

As we have emphasized in the previous Chapters, probabilistic bisimulation of Larsen
and Skou [32] is the standard equivalence for analyzing the behaviour of Markov chains.
In [28], this notion has been extended to Markov Decision Processes with rewards (MDPs)
with the intent of reducing the size of large systems to help the computation of optimal
policies.

However, as in the case of MCs, also for MDPs, when the numerical values of prob-
abilities are based on statistical sampling or subject to error estimates, any behavioral
analysis based on a notion of equivalence is too fragile, as it only relates processes with
identical behaviors. This is a common issue in applications such as systems biology [41],
games [13], or planning [18].

Such problems motivated the study of behavioral distances (pseudometrics) for prob-
abilistic systems, firstly developed for Markov chains [22, 42, 44] and later extended to
MDPs [25]. These distances support approximate reasoning on probabilistic systems,
providing a way to measure the behavioral similarity between states. They allow one
to analyze models obtained as approximations of others, more accurate but less man-
ageable, still ensuring that the obtained solution is close to the real one. For instance,
in [11, 12] the pseudometric of [25] is used to compute (approximated) optimal polices
for MDPs in applications for artificial intelligence. These arguments motivate the de-
velopment of methods to efficiently compute behavioral distances also for MDPs.

In the previous Chapter we proposed an efficient on-the-fly algorithm for comput-
ing the behavioral pseudometrics of Desharnais et al. [22] on MCs. Our method has
been inspired by an alternative characterization of the pseudometric given in [14], that
relates the pseudometric to the least solutions of a set of equation systems induced by
a collection transportation schedules. The pseudometric is computed by successive re-
finements of over-approximations of the actual distance using a greedy strategy that

251
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always chooses a transportation schedule that better improves the current approxima-
tion. This strategy avoids the exhaustive exploration of the state space, and has the
practical advantage that allows one to focus only on computing the distances between
states that are of particular interest. Experimental results have shown that this technique
performs, on average, orders of magnitude better then the corresponding iterative algo-
rithms proposed in the literature, e.g., in [14].

This algorithm can be adapted, without difficulty, to compute the bisimilarity pseu-
dometric introduced by Ferns et al. in [25] for MDPs with rewards. Being the similarity
with the previous algorithm, we will not present the details in this monograph. How-
ever, an even more advanced algorithm for MDPs will be presented and discussed in
the next Chapter.

In this Chapter we present the BISIMDIST library, composed of two Mathematica
packages which implement our on-the-fly algorithm for computing the bisimilarity dis-
tances both for MCs and MDPs. BISIMDIST is available at http://people.cs.aau.dk/
~mardare/tools.htm together with simple tutorials presenting use case examples that
show all the features of the library.

12.2 The BISIMDIST Library

The BISIMDIST library consists of two Mathematica packages: MCDIST and MDPDIST
providing data structures and primitives for creating, manipulating, and computing
bisimilarity distances for MCs and MDPs respectively.

It also includes methods to identify bisimilarity classes and to solve lumpability
problems.

The MCDIST Package: An MC with n states is represented as a term of the form
MC[<tm>, <lbl> ],

where <tm> is an n× n probability transition matrix (<tm> [[i,j]] denotes the probabil-
ity of going from the state i to the state j) and <lbl> is a vector of strings of length n
(<lbl> [[i]] is the label associated with the state i). Note that states are implicitly repre-
sented as indices 1 ≤ i ≤ n.

The probability transition matrices can be defined explicitly as a matrix, or implicitly
by listing only the transitions which have nonzero probability by means of the function
MCtm (see Fig. 12.1).

Given a list trRules of rules of the form {i, j} → pi,j, the function MCtm[trRules, n]
returns an n× n matrix where each pair (i, j) is associated with the value pi,j, otherwise
0.

An MC mc is displayed by calling PlotMC[mc].
Given a sequence mc1, . . . , mck of MCs, JoinMC[mc1,...,mck] yields an MC represent-

ing their disjoint union. The indices representing the set of states are obtained shifting
the indices of the states of the arguments according to their order in the sequence (e.g.

http://people.cs.aau.dk/~mardare/tools.htm
http://people.cs.aau.dk/~mardare/tools.htm
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1

a

2

b1

2
3

1
3 tm = MCtm[{{1,2}->1, {2,2}->1/3, {2,1}->2/3},2];

mc = MC[tm, {"a","b"}]

Figure 12.1: Encoding of a Markov Chain as a data term in BISIMDIST.

if mc1 has n states, the index corresponding to the i-th state of mc2 in JoinMC[mc1,mc2] is
n + i).

Given an MC mc with n states, a list Qpairs of pairs of indices 1 ≤ i, j ≤ n, and
a rational discount factor λ ∈ (0, 1], BDistMC[mc, λ, Qpairs] returns the list of all λ-
discounted bisimilarity distances calculated between the pairs of states in Qpairs as list
of rules of the form {i, j} → di,j. The alias All is used for indicating the list of all pairs
of states. BDistMC has the following options:
Verbose: (default False) displays all intermediate approximations steps;

ConsistencyCheck: (default True) checks that the term mc is a proper MC;

Estimates: (default None) takes a list of rules of the form {i, j} → di,j and computes
the least over-approximation of the bisimilarity distance assuming di,j to be the
actual distance between the states i and j.

The package MCDIST provides also the functions BisimClassesMC, which calculates the
bisimilarity classes of an MC, and BisimQuotientMC that, for a given an MC, yields its
quotient w.r.t. probabilistic bisimilarity.

The MDPDIST Package: An MDP with n states and m action labels is represented as
a term of the form

MPD[<tm>, <rw>, <act> ],
where <tm> is an n× m× n labelled probability transition matrix (<tm> [[i,a,j]] is the
probability of going from the state i to the state j, known that the action a as been cho-
sen), <rw> is a n×m real-valued matrix representing a reward function, and <act> is a
string-valued list of length m specifying the names of the action labels. States and action
labels are implicitly encoded as indices.

Probability transition matrices of size n×m× n can be defined by giving the nonzero
transition probabilities as a list trRules of rules of the form {i, a, j} → pi,a,j and calling
MDPtm[trRules, n, m].

Analoguosly, n×m reward matrices can be defined by calling
MDPrm[<rwRules>, n, m],

where <rwRules> is a list of rules of the form {i, a} → ri,a.
The MDPDIST package is provided with an interface similar to MCDIST with analo-

gous semantics: PlotMDP, JoinMDP, BDistMDP, BisimClassesMDP, and BisimQuotientMDP.
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Table 12.1: Comparison between the on-the-fly and the iterative methods on MCs.

# States On-the-Fly (exact) Iterative (approximated) Approximation
Time (sec) Time (sec) # Iterations Error

10 1.003 1.272 3.111 0.0946
12 4.642 5.522 4.042 0.0865
14 6.336 7.188 4.914 0.1189
20 34.379 38.205 7.538 0.1428

12.3 Conclusive Remarks

BISIMDIST is a research tool still undergoing development. While not yet mature enough
to handle industrial case studies, the on-the-fly algorithm for computing the bisimilarity
distance performs, on average, better than the iterative method proposed in [14].

Table 12.1 reports the average execution times of the on-the-fly algorithm run with
discount factor λ = 1/2 on a collection of randomly generated MCs. We executed the
iterative method on the same input instances, interrupting it as soon as it exceeded the
running time of our method. The on-the-fly approach leads to a significant improve-
ment in the performances: it yields the exact solution before the iterative method can
under-approximate it with an error of ≈ 0.1, which is a non-negligible error for a value
in the interval [0, 1].

The BISIMDIST library provides primitives that aid the analysis on probabilistic sys-
tems by reasoning in terms of approximate behaviors. In the next Chapter, reporting
the results published in [4], we further improve the efficiency of the implemented on-
the-fly algorithm on MDPs, also in relation to the addition of primitives for handling al-
gebraic operations over probabilistic systems, such as synchronous/asynchronous par-
allel composition.



Chapter 13

Compositional Distance for Markov
Decision Processes

13.1 Introduction

In the previous two Chapters we proposed and implemented an efficient on-the-fly
method for the exact computation of behavioral pseudometrics for Markov chains and
Markov decision processes with rewards. In this Chapter we will further extend this
algorithm, for the case of Markov decision processes, by taking into account the com-
positionality and the modularity of systems.

Realistic models are usually specified compositionally by means of operators that
describe the interactions between the subcomponents. These specifications may thus
suffer from an exponential growth of the state space, e.g. the parallel composition of n
subsystems with m states may cause the main system to have mn states. To cope with
this problem, algorithms like [14,18,25] that need to investigate the entire state space of
the system are not sufficient; the same can be said about our algorithm, presented in the
previous two Chapters for MCs and MDPs, which even if it is more efficient than the
others because it avoids the entire state space exploration using on-the-fly techniques,
it is not sufficiently efficient when compositionality is an issue.

Classically, the exact behavior of systems can be analyzed compositionally if the con-
sidered behavioral equivalence (e.g. bisimilarity) is a congruence w.r.t. the composition
operators. When the behavior of processes is approximated by means of behavioral dis-
tances, congruence is generalized by the notion of non-extensiveness of the composition
operators, that describes the relation between the distances of the subcomponents to
that of the composite system [22].

In this Chapter we study to which extent compositionality on MDPs can be exploited
in the computation of the behavioral pseudometrics of [25], hence how the composi-
tional structure of processes can be used in an approximated analysis of behaviors. This
research has been inspired by our experience with probabilistic and stochastic process
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algebras and by our study of the interaction between the operational semantics of such
an algebra and the behavioural pseudometrics, detailed in the first Part of this mono-
graph.

To this end, we introduce a general notion of composition operator on MDPs and
characterize a class of operators, called safe, that are guaranteed to be non-extensive.
This class is shown to cover a wide range of known operators (e.g. synchronous and
asynchronous parallel composition), moreover its defining property provides an easy
systematic way to check non-extensiveness.

We provide an algorithm to compute the bisimilarity pseudometric by exploiting
both the on-the-fly state space exploration in the spirit of the previous two Chapters [5],
and the compositional structure of MDPs built over safe operators. Experimental results
show that the compositional optimization yields a significant additional improvement
on top of that obtained by the on-the-fly method. In the best cases, the exploitation of
compositionality achieves a reduction of computation time by a factor of 10, and for
least significant cases the reduction is that of a factor of 2.

13.2 Markov Decision Processes and Behavioral Metrics

In this section we recall the definitions of finite discrete-time Markov Decision Process with
rewards (MDP), and of bisimulation relation on MDPs [28]. Then we recall the definition
of bisimilarity pseudometric introduced in [25], which measures behavioral similarities
between states.

Basic notations: Recall that a probability distribution over a finite set S is a function
µ : S→ [0, 1] such that

∑
s∈S

µ(s) = 1.

We denote by ∆(S) the set of probability distributions over S.
Given µ, ν ∈ ∆(S), a distribution ω ∈ ∆(S× S) is a matching for (µ, ν) if

for all u, v ∈ S,
∑
s∈S

ω(u, s) = µ(u) and ∑
s∈S

ω(s, v) = ν(v).

We denote by Π(µ, ν) the set of matchings for (µ, ν).
For a (pseudo)metric d : S×S→ [0, ∞) over a finite set S, the Kantorovich (pseudo)metric

is defined by
Td(µ, ν) = min

ω∈Π(µ,ν)
∑

u,v∈S
ω(u, v)d(u, v),

for arbitrary µ, ν ∈ ∆(S)1.

1 Since S is finite, Π(µ, ν) describes a bounded transportation polytope [20], hence the minimum in the
definition of Td(µ, ν) exists and can be achieved at some vertex.



13.2. MARKOV DECISION PROCESSES AND BEHAVIORAL METRICS 257

Definition 13.2.1 (Markov Decision Process). A Markov Decision Process is a tuple

M = (S, A, τ, ρ)

consisting of a finite nonempty set S of states, a finite nonempty set A of actions, a transition
function τ : S× A→ ∆(S), and a reward function ρ : S× A→ R≥0.

The operational behavior of an MDPM= (S, A, τ, ρ) is as follows.

• The process in the state s0 ∈ S chooses nondeterministically an action a ∈ A and
it changes the state to s1 ∈ S, with probability τ(s0, a)(s1).

• The choice of a in s0 is rewarded by ρ(s0, a).

• The executions are transition sequences w = (s0, a0)(s1, a1) . . . ; the challenge is to
find strategies for choosing the actions in order to maximize the reward

Rλ(w) = lim
n→∞

n

∑
i=0

λiρ(si, ai),

where λ ∈ (0, 1) is a discount factor.

• A strategy is given by a function π : S→ ∆(A), called policy, where π(s0)(a) is the
probability of choosing the action a at state s0. Each policy π induces a probability
distribution over executions defined, for an arbitrary w = (s0, a0)(s1, a1) . . . , by

Pπ(w) = lim
n→∞

n

∏
i=0

π(si)(ai) · τ(si, ai)(si+1).

• The value of s ∈ S according to π, written Vπ
λ (s), is the expected value of Rλ w.r.t.

Pπ on the measurable cylinder set of the executions starting from s.

• The mapping Vπ
λ : S→ R≥0 is the value function according to π. The value functions

induce a preorder on policies defined by

π � π′ iff Vπ
λ (s) ≤ Vπ′

λ (s), for all s ∈ S.

• A policy π∗ is optimal for an MDPM if it is maximal w.r.t. � among all policies
forM.

• GivenM, there always exists an optimal policy π∗, but it might not be unique; it
has a unique value function Vπ∗

λ satisfying, for all s ∈ S, the following system of
equations known as the Bellman optimality equations:

Vπ∗
λ (s) = max

a∈A

(
ρ(s, a) + λ ∑

t∈S
τ(s, a)(t) ·Vπ∗

λ (t)
)
.
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The MDPs are equated by stochastic bisimilarity in order to describe similar be-
haviours. Givan et al. [28] investigated several notions of state equivalence and de-
termined that the most appropriate one is the one defined as follows.

Definition 13.2.2 (Stochastic Bisimulation). Let M = (S, A, τ, ρ) be an MDP. An equiv-
alence relation R ⊆ S × S is a stochastic bisimulation if whenever (s, t) ∈ R then, for all
a ∈ A,

i. ρ(s, a) = ρ(t, a) and,

ii. for all R-equivalence classes C, τ(s, a)(C) = τ(t, a)(C).

Two states s, t ∈ S are stochastic bisimilar, written s ∼M t, if they are related by some
stochastic bisimulation onM.

To cope with the problem of measuring how similar two MDPs are, Ferns et al. [25]
defined a bisimilarity pseudometrics that measure the behavioural similarity of two
non-bisimilar MDPs. This is defined as the least fixed point of a transformation operator
on functions in [0, 1]S×S.

LetM = (S, A, τ, ρ) be an MDP and λ ∈ (0, 1) be a discount factor.
The set [0, 1]S×S of [0, ∞)-valued maps on S× S equipped with the point-wise partial

order defined by
d v d′ iff d(s, t) ≤ d′(s, t), for all s, t ∈ S,

forms an ω-complete partial order with bottom the constant zero-function 0, and great-
est lower bound given by

(
l

i∈N
di)(s, t) = inf

i∈N
di(s, t), for all s, t ∈ S.

We define a fixed point operator FMλ on [0, 1]S×S, for d : S× S → [0, ∞) and s, t ∈ S, as
follows:

FMλ (d)(s, t) = maxa∈A
(
|ρ(s, a)− ρ(t, a)|+ λ · Td(τ(s, a), τ(t, a))

)
.

FMλ is monotonic [25], thus, by Tarski’s fixed point theorem, it admits a least fixed point.
This fixed point is the bisimilarity pseudometric.

Definition 13.2.3 (Bisimilarity pseudometric). LetM be an MDP and λ ∈ (0, 1) be a dis-
count factor, then the λ-discounted bisimilarity pseudometric forM, denoted by δMλ , is the
least fixed point of FMλ .

The pseudometric δMλ enjoys the property that two states are at zero distance if and
only if they are bisimilar. Moreover, in [19] it has been proved, using Banach’s fixed
point theorem, that for λ ∈ (0, 1), FMλ has a unique fixed point.
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13.3 Compositional Operators for MDPs

In this section we give a general definition of a composition operator on MDPs that
subsumes most of the known composition operators such as the synchronous, asyn-
chronous, and CCS-like parallel compositions. We introduce the notion of safeness for
an operator and prove that it implies non-extensiveness. Recall that, non-extensiveness
corresponds to the quantitative analogue of congruence when one aims to reason with
behavioral distances, as advocated e.g. in [22, 27].

Definition 13.3.1 (Composition Operator). Let Mi = (Si, Ai, τi, ρi), i = 1..n, be MDPs.
A composition operator on M1, . . . ,Mn is a tuple op = (A, opτ, opρ) consisting of a
nonempty set A of actions and the following operations

• on transitions functions: opτ : ∏n
i=1 ∆(Si)

Si×Ai → ∆(S)S×A,

• on reward functions: opρ : ∏n
i=1 RSi×Ai → RS×A.

where, S = ∏n
i=1 Si denotes the cartesian product of Si, i = 1..n.

We denote by op(Mi, . . . ,Mn) the composite MDP (S, A, opτ(τ1, . . . , τn), opρ(ρ1, . . . , ρn)).

Below we present two examples of the most known parallel composition operators
for two fixed MDPsMX = (X, AX, τX, ρX) andMY = (Y, AY, τY, ρY).

Example 13.3.2. Synchronous Parallel Composition can be given as a binary composition
operator | = (AX ∩ AY, |τ, |ρ), where

(τX |τ τY)((x, y), a)(u, v) = τX(x, a)(u) · τY(y, a)(v) ,

(ρX |ρ ρY)((x, y), a) = ρX(x, a) + ρY(y, a) .

The processMX | MY reacts iffMX andMY can react synchronously. Actions are rewarded
by summing up the rewards of the components. �

Example 13.3.3. CCS-like Parallel Composition can be defined by the composition operator
‖ = (AX ∪ AY, ‖τ, ‖ρ), where

(τX ‖τ τY)((x, y), a)(u, v) =


τX(x, a)(u) if a /∈ AY and v = y
τY(y, a)(v) if a /∈ AX and u = x
τX(x, a)(u) · τY(y, a)(v) if a ∈ AX ∩ AY

0 otherwise

(ρX ‖ρ ρY)((x, y), a) =


ρX(x, a) if a /∈ AY

ρY(y, a) if a /∈ AX

ρX(x, a) + ρY(y, a) if a ∈ AX ∩ AY
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In the process MX ‖ MY, the components synchronize on the same action, otherwise they
proceed asynchronously. Asynchronous parallel composition can be defined as above, requiring
that the MDPs have disjoint set of actions. �

13.4 Non-Extensive Compositional Operators

To introduce the concept of non-extensiveness for a composition operator, that is central
for this research, some additional notations are required.

Consider the sets Xi, the functions di : Xi × Xi → [0, ∞), for i = 1..n, and p ∈ [1, ∞].
We define the p-norm function

‖d1, . . . , dn‖p :
n

∏
i=1

Xi ×
n

∏
i=1

Xi → [0, ∞)

as follows.

‖d1, . . . , dn‖p((x1, . . . , xn), (y1, . . . , yn)) = (∑n
i=1 di(xi, yi)

p)
1
p for p < ∞ ,

‖d1, . . . , dn‖∞((x1, . . . , xn), (y1, . . . , yn)) = max1≤i≤n di(xi, yi) .

Note that, if (Xi, di) are (pseudo)metric spaces, ‖d1, . . . , dn‖p is a (pseudo)metric on
∏n

i=1 Xi, known in the literature as the p-product (pseudo)metric.

Definition 13.4.1. Let p ∈ [1, ∞]. A composition operator op on MDPs M1, . . . ,Mn is
p-non-extensive if

δ
op(M1,...,Mn)
λ v ‖δM1

λ , . . . , δMn
λ ‖p.

A composition operator is non-extensive if it is p-non-extensive for some p.

Non-extensiveness for a composition operator ensures that bisimilarity is a congru-
ence with respect to it — a direct consequence of Theorem 4.5 in [25].

Lemma 13.4.2. LetMi = (Si, Ai, τi, ρi), for i = 1..n, be MDPs and si, ti ∈ Si. Assume that
op is a p-non-extensive composition operator onM1, . . . ,Mn. Then,

i) if p < ∞, δ
op(M1,...,Mn)
λ ((s1, . . . , sn), (t1, . . . , tn)) ≤ (

n

∑
i=1

δ
Mi
λ (si, ti)

p)
1
p

ii) if p = ∞, δ
op(M1,...,Mn)
λ ((s1, . . . , sn), (t1, . . . , tn)) ≤ maxn

i=1 δ
Mi
λ (si, ti).

Proof. Since si ∼Mi ti, applying and Theorem 4.5 in [25], we obtain that δ
Mi
λ (si, ti) = 0.

Further, using the p-non-extensiveness of op and the definition of p-product metric, we
obtain the desired results.



13.4. NON-EXTENSIVE COMPOSITIONAL OPERATORS 261

Corollary 13.4.3. LetMi = (Si, Ai, τi, ρi), for i = 1..n, be MDPs and si, ti ∈ Si. Assume that
op is a p-non-extensive composition operator on M1, . . . ,Mn. If si ∼Mi ti for all i = 1..n,
then

(s1, . . . , sn) ∼op(M1,...,Mn) (t1, . . . , tn).

Proof. It follows by Lemma 13.4.2 and Theorem 4.5 in [25].

In general, proving non-extensiveness for a composition operator on MDPs is not a
simple task, since one needs to consider the pseudometrics δ

Mi
λ which are defined as the

least fixed point of FMi
λ . A simpler sufficient condition that ensures non-extensiveness

is the safeness.

Definition 13.4.4. Let Mi = (Si, Ai, τi, ρi), for i = 1..n, be MDPs and p ∈ [1, ∞]. A
composition operator op onM1, . . . ,Mn is p-safe if, for any di pseudometric on Si, such that
di v FMi

λ (di), the following condition is satisfied

Fop(M1,...,Mn)
λ (‖d1, . . . , dn‖p) v ‖FM1

λ (d1), . . . , FMn
λ (dn)‖p .

A composition operator on MDPs is safe if it is p-safe for some p ∈ [1, ∞].

Theorem 13.4.5. Any safe composition operator on MDPs is non-extensive.

Proof. Assume op is a safe composition operator on the MDPs M1, . . . ,Mn, and let
M = op(M1, . . . ,Mn).

Then, for some p ∈ [1, ∞] the following condition is satisfied

FMλ (‖δM1
λ , . . . , δMn

λ ‖p) v ‖FM1
λ (δM1

λ ), . . . , FMn
λ (δMn

λ )‖p .

By definition FM1
λ (δM1

λ ) = δM1
λ , therefore ‖δM1

λ , . . . , δMn
λ ‖p is a prefix point of FMλ .

Applying Tarski’s fixed point theorem it follows that

δMλ v ‖δ
M1
λ , . . . , δMn

λ ‖p.

The examples of compositional operators that we have presented in the previous
section are all 1-safe, hence non-extensive.

Proposition 13.4.6. The composition operators of Examples 13.3.2–13.3.3 are 1-safe.

Proof. LetMX = (X, AX, τX, ρX),MY = (Y, AY, τY, ρY) be MDPs, and d1 v FMX
λ (d1),

d2 v FMY
λ (d2).
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1. AssumeM =MX | MY, τ = τX |τ τY, and ρ = ρX |ρ ρY.

We have to show that

FMλ (‖d1, d2‖1) v ‖FMX
λ (d1), FMY

λ (d2)‖1.

Note that, for d ∈ AX ∩ AY,

ωX ∈ Π(τX(x, d), τX(x′, d))

and
ωY ∈ Π(τY(y, d), τY(y′, d)).

The function ω : (X×Y)2 → [0, 1], defined by

ω((u, v), (u′, v′)) = ωX(u, u′) ·ωY(v, v′),

is a probability distribution on (X×Y)2.

Moreover, the definition of | guarantees that

i. ω ∈ Π(τ((x, y), d), τ((x′, y′), d));

ii. ρ((x, y), d) = ρX(x, d) + ρY(y, d) and ρ((x′, y′), d) = ρX(x′, d) + ρY(y′, d).

Let x, x′ ∈ X, y, y′ ∈ Y, c ∈ AX ∩ AY and ω̃ ∈ Π(τ((x, y), c), τ((x′, y′), c)) be such
that

FMλ (‖d1, d2‖1)((x, y), (x′, y′)) = |ρ((x, y), c)− ρ((x′, y′), c)|+
λ ∑u,u′∈X

v,v′∈Y
(d1(u, u′) + d2(v, v′)) · ω̃((u, v), (u′, v′)) ,

i.e., ω̃ is the matching that minimizes the last summand, and c is the action that
maximize the whole expression (see the definition of FMλ ).

To ease the notation, let P and Q denote the following expressions:

P = |ρX(x, c)− ρX(x′, c)|+ λ ∑u,u′∈X
v,v′∈Y

d1(u, u′) · ω̃((u, v), (u′, v′)) ,

Q = |ρY(y, c)− ρY(y′, c)|+ λ ∑u,u′∈X
v,v′∈Y

d2(v, v′) · ω̃((u, v), (u′, v′)) .

Using (ii) and |(A− B) + (C− D)| ≤ |A− B|+ |C− D|, it is easy to see that

FMλ (‖d1, d2‖1)((x, y), (x′, y′)) ≤ P + Q.

To prove the thesis it suffices to show that

P ≤ FMX
λ (d1)(x, x′) and Q ≤ FMY

λ (d2)(y, y′).
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Indeed

FMX
λ (d1)(x, x′) + FMY

λ (d2)(y, y′) = ‖FMX
λ (d1), FMY

λ (d2)‖1((x, y), (x′, y′)) .

Here we show only P ≤ FMX
λ (d1)(x, x′); the other inequality can be proven simi-

larly.

Let a ∈ AX and ω̃X ∈ Π(τX(x, a), τX(x′, a)) be such that

FMX
λ (d1)(x, x′) = |ρX(x, a)− ρX(x′, a)|+ λ ∑u,u′∈X d1(u, u′)ω̃X(u, u′) ,

Case c = a: By (i) we have that for any ωY ∈ Π(τY(y, a), τY(y′, a))

P ≤ |ρX(x, a)− ρX(x′, a)|+ λ ∑u,u′∈X
v,v′∈Y

d1(u, u′) ω̃X(u, u′)ωY(v, v′)

= |ρX(x, a)− ρX(x′, a)|+ λ ∑u,u′∈X d1(u, u′) ω̃X(u, u′)

= FMX
λ (d1)(x, x′) .

Case c 6= a: By (i) we have that for any ωX ∈ Π(τX(x, c), τY(x′, c)) and ωY ∈
Π(τY(y, c), τY(y′, c))

P ≤ |ρX(x, c)− ρX(x′, c)|+ λ ∑u,u′∈X
v,v′∈Y

d1(u, u′)ωX(u, u′)ωY(v, v′)

= |ρX(x, c)− ρX(x′, c)|+ λ ∑u,u′∈X d1(u, u′)ωX(u, u′)

≤ FMX
λ (d1)(x, x′) .

2. Assume thatM =MX ‖ MY, τ = τX ‖τ τY, and ρ = ρX ‖ρ ρY.

We need to prove that

FMλ (‖d1, d2‖1) v ‖FMX
λ (d1), FMY

λ (d2)‖1.

Let x, x′ ∈ X, y, y′ ∈ Y, c ∈ AX ∪ AY and ω̃ ∈ Π(τ((x, y), c), τ((x′, y′), c)) be such
that

FMλ (‖d1, d2‖1)((x, y), (x′, y′)) = |ρ((x, y), c)− ρ((x′, y′), c)|+
λ ∑u,u′∈X

v,v′∈Y
(d1(u, u′) + d2(v, v′)) · ω̃((u, v), (u′, v′)) . (13.4.1)

Case c /∈ AY: Notice firstly that, by definition of ‖, for v, v′ ∈ Y and arbitrary
ω ∈ Π(τ((x, y), c), τ((x′, y′), c)) the following condition is satisfied

i. v 6= y or v′ 6= y′ =⇒ ω((u, v), (u′, v′)) = 0;
ii. ω((·, y), (·, y′)) ∈ Π(τX(x, c), τX(x′, c));

iii. ρ((x, y), c) = ρX(x, c), and ρ((x′, y′), c) = ρX(x′, c).
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Given (i)–(iii), it is easy to see that (13.4.1) can be rewritten as follows:

FMλ (‖d1, d2‖1)((x, y), (x′, y′)) = |ρX(x, c)− ρX(x′, c)|+
λ ∑u,u′∈X d1(u, u′) · ω̃((u, y), (u′, y′)) + λd2(y, y′) .

By (i) and (ii), it also holds that

FMX
λ (d1)(x, x′) ≥ |ρX(x, c)− ρX(x′, c)|+

λ ∑u,u′∈X d1(u, u′) · ω̃((u, y), (u′, y′)) .

From the above considerations, we have

FMλ (‖d1, d2‖1)((x, y), (x′, y′)) ≤ FMX
λ (d1)(x, x′) + λd2(y, y′)

≤ FMX
λ (d1)(x, x′) + λFMY

λ (d2)(y, y′)

≤ FMX
λ (d1)(x, x′) + FMY

λ (d2)(y, y′)

= ‖FMX
λ (d1), FMY

λ (d2)‖1((x, y), (x′, y′)) .

Case c /∈ AX: Similarly to the previous case.

Case c ∈ AX ∩ AY: Similarly to 1.

13.5 Alternative Characterization of the Pseudometric

In this section we give an alternative characterization of δMλ based on the notion of cou-
pling, that allows us to transfer the results previously proven for Markov chains in [5]
and presented in this monograph in Chapter 11, to MDPs. Then, we show how to relate
this characterization to the concept of non-extensiveness for compositional operators on
MDPs.

Definition 13.5.1 (Coupling). LetM = (S, A, τ, ρ) be an MDP. A coupling forM is a pair
C = (ρ, ω), where ω : (S× S)× A→ ∆(S× S) is such that, for any s, t ∈ S and a ∈ A,

ω((s, t), a) ∈ Π(τ(s, a), τ(t, a)).

Given a coupling C = (ρ, ω) forM and a discount factor λ ∈ (0, 1), we define the
operator ΓCλ : [0, 1]S×S → [0, 1]S×S, for d ∈ [0, 1]S×S and s, t ∈ S, by

ΓCλ(d)(s, t) = max
a∈A

(
|ρ(s, a)− ρ(t, a)|+ λ ∑

u,v∈S
d(u, v) ·ω((s, t), a)(u, v)

)
.
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Note that, any coupling C = (ρ, ω) for M induces an MDP C∗ = (S × S, A, ω, ρ∗),
defined for any s, t ∈ S and a ∈ A by

ρ∗((s, t), a) = |ρ(s, a)− ρ(t, a)|,
and ΓCλ corresponds to the Bellman optimality operator on C∗.

This operator is monotonic and has a unique fixed point, hereafter denoted by γCλ,
corresponding to the value function for C∗, as demonstrated in [37, §6.2].

There exist certain dependences between γCλ and the bisimilarity pseudometric δMλ
that will be proven next.

Lemma 13.5.2. Let C be a coupling for the DMCM. Then, δMλ v γCλ.

Proof. Assume thatM = (S, A, τ, ρ) and C = (ρ, ω).
In order to prove δMλ v γCλ using Tarski’s fixed point theorem, it suffices to show

that FMλ (γCλ) v γCλ.
Let s, t ∈ S. Since ω((s, t), a) ∈ Π(τ(s, a), τ(t, a)) we have

FMλ (γCλ)(s, t) = maxa∈A
(
|ρ(s, a)− ρ(t, a)|+ λTγCλ

(τ(s, a), τ(t, a))
)

≤ maxa∈A
(
|ρ(s, a)− ρ(t, a)|+ λ ∑u,v∈S γCλ(u, v)ω((s, t), a)(u, v)

)
= ΓCλ(γ

C
λ)(s, t) .

Since γCλ = ΓCλ(γ
C
λ), we obtain FMλ (γCλ) v γCλ.

Next we see that the bisimilarity pseudometric δMλ can be characterized as the min-
imum γCλ among all the couplings C forM.

Theorem 13.5.3. LetM be an MDP. Then,

δMλ = min{γCλ | C coupling for M}.
Proof. LetM = (S, A, τ, ρ).

For any fixed d ∈ [0, 1]S×S there exists a coupling C = (ρ, ω) forM such that

ΓCλ(d) = FMλ (d).

This can be defined by taking ω such that, for all s, t ∈ S,

Td(τ(s, a), τ(t, a)) = ∑
u,v∈S

d(u, v) ·ω((s, t), a)(u, v).

Let D be a coupling forM such that

ΓDλ (δ
M
λ ) = FMλ (δMλ ).

By definition, FMλ (δMλ ) = δMλ , therefore δMλ is a fixed point for ΓDλ .
Using the uniqueness of the fixed point of ΓDλ , we get δMλ = γDλ .
Let D = {γCλ | C coupling forM}. We have δMλ ∈ D and, applying Lemma 13.5.2,

δMλ is a lower bound for D. Hence, δMλ = min D.
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Theorem 13.5.3 allows us to transfer the compositional reasoning on couplings. To
this end, we introduce the notion of composition operator on couplings.

Definition 13.5.4. LetMi = (Si, Ai, τi, ρi), for i = 1..n, be MDPs. A coupling composition
operator forM1, . . . ,Mn is a tuple op∗ = (A, op∗ρ, op∗ω) consisting of a nonempty set A, and

the following operations, where S =
n

∏
i=1

Si.

• op∗ρ :
n

∏
i=1

RSi×Ai → RS×A,

• op∗ω :
n

∏
i=1

∆(Si × Si)
Si×Si×Ai → ∆(S× S)S×S×A.

Let Ci = (ρi, ωi) be a coupling for Mi, i = 1..n. We denote by op∗(C1, . . . , Cn) the
composite coupling (op∗ρ(ρ1, . . . , ρn), op∗ω(ω1, . . . , ωn)). Moreover, op∗ is called lifting of
a composition operator op on M1, . . . ,Mn, if for all i = 1..n and Ci coupling for Mi,
op∗(C1, . . . , Cn) is a coupling for op(M1, . . . ,Mn).

It is not always possible to find coupling composition operators that lift a compo-
sition operator on MDPs. Nevertheless, the composite operators presented in Exam-
ples 13.3.2–13.3.3 can be lifted on couplings. We show in the next example how this can
be done for the CCS-like parallel composition. For the other examples the construction
is similar.

Example 13.5.5. The composition operator of Example 13.3.3 can be lifted on couplings by the
operator ‖∗ = (AX ∪ AY, ‖ρ, ‖ω)

(ωX ‖ω ωY)(((x, y), (x′, y′)), a)((u, v), (u′, v′)) =

=


ωX((x, x′), a)(u, u′) if a /∈ AY, (v, v′) = (y, y′)
ωY((y, y′), a)(v, v′) if a /∈ AX, (u, u′) = (x, x′)
ωX((x, x′), a)(u, u′) ·ωY((y, y′), a)(v, v′) if a ∈ AX ∩ AY

0 otherwise

Note how the definition above mimics the one in Example 13.3.3. �

Next we adapt the concept of safeness to coupling composition operators.

Definition 13.5.6. LetMi = (Si, Ai, τi, ρi) be MDPs, i = 1..n and p ∈ [1, ∞]. A coupling
composition operator op∗ on M1, . . . ,Mn is p-safe if whenever Ci is a coupling for Mi and
di : Si× Si → [0, ∞) is such that di v ΓCi

λ (di), for all i = 1..n, the following asertion is satisfied.

Γop∗(C1,...,Cn)
λ (‖d1, . . . , dn‖p) v ‖ΓC1

λ (d1), . . . , ΓCn
λ (dn)‖p .

A coupling composition operator is safe if it is p-safe for some p ∈ [1, ∞].
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As done for Proposition 13.4.6, the lifting in Example 13.5.5 can be shown to be 1-
safe.

The non-extensiveness for an operator is ensured if it admits a lifting composition
operator on couplings that is safe, as proven by the following theorem.

Theorem 13.5.7. Let op∗ be a coupling composition operator that lifts a composition operator
op onM1, . . . ,Mn. If op∗ is safe, then op is non-extensive.

Proof. Applying Theorem 13.5.3, there exists a coupling Ci forMi, for each 1 ≤ i ≤ n,
such that δ

Mi
λ = γ

Ci
λ .

The hypothesis of the theorem ensures us that there exists 1 ≤ p ≤ ∞, such that

Γop∗(C1,...,Cn)
λ (‖γC1

λ , . . . , γCn
λ ‖p) v ‖ΓC1

λ (γC1
λ ), . . . , ΓCn

λ (γCn
λ )‖p .

Since, for 1≤ i≤ n,
ΓCi

λ (γ
Ci
λ ) = γ

Ci
λ = δ

Mi
λ ,

we have that ‖δM1
λ , . . . , δMn

λ ‖p is a pre-fixed point of Γop∗(C1,...,Cn)
λ . Therefore, applying

Tarski’s fixed point theorem,

γ
op∗(C1,...,Cn)
λ v ‖δM1

λ , . . . , δMn
λ ‖p.

By hypothesis op∗ is a lifting of op, that is op∗(C1, . . . , Cn) is a coupling for (opM1, . . . ,Mn)
and Lemma 13.5.2 ensures us that

δ
(opM1,...,Mn)
λ v γ

op∗(C1,...,Cn)
λ .

Therefore, δ
(opM1,...,Mn)
λ v ‖δM1

λ , . . . , δMn
λ ‖p.

13.6 Exact Computation of Bisimilarity Distance

Inspired by the characterization provided in Theorem 13.5.3, in this section we propose
a procedure to exactly compute the bisimilarity pseudometric. This extends to MDPs
the method proposed in [5] and described in Chapter 11 for Markov chains. We also
show how this strategy can be optimized to cope well with composite MDPs.

For a discount factor λ ∈ (0, 1), the set of couplings forM can be endowed with the
preorder Eλ, defined by

C Eλ D iff γCλ v γDλ .

Theorem 13.5.3 suggests to look for a coupling forM which is minimal w.r.t. Eλ. The
enumeration of all the couplings is clearly unfeasible, therefore it is crucial to provide
an efficient search strategy which prevents us to do that.
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A Greedy Search Strategy: We propose a greedy strategy that explores the set of cou-
plings until an optimal one is eventually reached.

LetM = (S, A, τ, ρ) be an MDP and C = (ρ, ω) be a coupling forM.
Given s, t ∈ S, a ∈ A, and µ ∈ Π(τ(s, a), τ(t, a)), we denote by C[(s, t), a/µ] the

coupling (ρ, ω′) forM, where ω′ is such that

ω′((s, t), a) = µ and ω′((s′, t′), a′) = ω((s′, t′), a′)

for all s′, t′ ∈ S and a′ ∈ A with ((s′, t′), a′) 6= ((s, t), a).

Lemma 13.6.1. Let M = (S, A, τ, ρ) be an MDP, C be a coupling for M, s, t ∈ S, a ∈ A,
µ ∈ Π(τ(s, a), τ(t, a)), and D = C[(s, t), a/µ].

If ΓDλ (γ
C
λ)(s, t) < γCλ(s, t), then γDλ < γCλ.

Proof. Applying Tarski’s fixed point theorem, it suffices to show that

ΓD(γCλ) < γCλ.

Assume C = (ρ, ω), D = (ρ, ω̄), and let s′, t′ ∈ S.
If (s′, t′) 6= (s, t), by definition of D, we have that for all a′ ∈ A, ω̄((s′, t′), a′) =

ω((s′, t′), a′), hence
ΓCλ(γ

C
λ)(s

′, t′) = ΓDλ (γ
C
λ)(s

′, t′).

Since, by hypothesis, ΓDλ (γ
C
λ)(s, t) < γCλ(s, t), we have ΓD(γCλ) < γCλ.

The lemma above states that C can be improved w.r.t. Eλ by locally updating it as
C[(s, t), a/µ], with a matching µ ∈ Π(τ(s, a), τ(t, a)) such that

∑
u,v∈S

γCλ(u, v) · µ(u, v) < ∑
u,v∈S

γCλ(u, v) ·ω((s, t), a)(u, v) ,

where a ∈ A is the action that maximizes ΓC(γCλ)λ(s, t).
A matching µ satisfying the condition above can be obtained as a solution of a Trans-

portation Problem [20] with cost matrix (γCλ(u, v))u,v∈S and marginals τ(s, a) and τ(t, a),
hereafter denoted by

TP(γCλ, τ(s, a), τ(t, a)).

This gives us a strategy for moving toward δMλ by successive improvements on the
couplings.

Now we give a necessary and sufficient condition for termination.
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Lemma 13.6.2. LetM = (S, A, τ, ρ) be an MDP and C be a coupling forM. If γCλ 6= δMλ ,
then there exist s, t ∈ S, a ∈ A, and µ ∈ Π(τ(s, a), τ(t, a)) such that

ΓDλ (γ
C
λ)(s, t) < γCλ(s, t),

where D = C[(s, t), a/µ].

Proof. If for all s, t ∈ S, a ∈ A, and µ ∈ Π(τ(s, a), τ(t, a)),

ΓDλ (γ
C
λ)(s, t) ≥ γCλ(s, t),

then γCλ = FMλ (γCλ). Since FMλ has a unique fixed point, γCλ = δMλ .

The above result ensures that, unless C is optimal w.r.t Eλ, the hypotheses of Lemma
13.6.1 are satisfied, so that, we can further improve C following the same strategy. The
next statement proves that this search strategy is correct.

Theorem 13.6.3. δMλ = γCλ iff there exists no coupling D forM s.t. ΓDλ (γ
C
λ) < γCλ.

Proof. We prove that δλ 6= γCλ if and only if there exists a coupling D forM such that
ΓDλ (γ

C
λ) < γCλ.

(⇒) Assume δλ 6= γCλ. From Lemma 13.6.2, there exist s, t ∈ S, a ∈ A and µ ∈
Π(τ(s, a), τ(s, a)) s.t.

ΓDλ (γ
C
λ)(s, t) < γCλ(s, t),

where D = C[(s, t), a/µ].
As in the proof of Lemma 13.6.1, we have ΓD(γCλ) < γCλ.
(⇐) Let D be such that ΓDλ (γ

C
λ) < γCλ. Using Tarski’s fixed point theorem γDλ < γCλ.

By Lemma 13.5.2, δλ v γDλ < γCλ.

Remark 13.6.4. In general, there could be an infinite number of couplings (ρ, ω). How-
ever, for each fixed d ∈ [0, 1]S×S, the linear function mapping ω((s, t), a) to ∑u,v∈S d(u, v) ·
ω((s, t)a)(u, v) achieves its minimum at some vertex of the transportation polytope
P = Π(τ(s, a), τ(t, a)). Since the number of such vertices is finite, using the optimal
transportation schedule (which is a vertex in P) for the update ensures that the search
strategy is always terminating. �
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Compositional Heuristic: Assume we want to compute the bisimilarity distance for
a composite MDPM = op(M1, . . . ,Mn). The greedy strategy described above moves
toward an optimal coupling for M starting from an arbitrary one. Clearly, the better
is the initial coupling the fewer are the steps to the optimal one. The following result
gives a heuristic for choosing such a coupling when op admits a safe lifting coupling
composition operator.

Proposition 13.6.5. Let op be a composition operator on M1, . . . ,Mn, and op∗ be a p-safe
coupling composition operator that lifts op. Then,

(i) γ
op∗(C1,...,Cn)
λ v ‖γC1

λ , . . . , γCn
λ ‖p, for any Ci coupling forMi;

(ii) δ
op(M1,...,Mn)
λ v γ

op∗(D1,...,Dn)
λ v ‖δM1

λ , . . . , δMn
λ ‖p, where Di is a coupling for Mi

which is minimal w.r.t. Eλ.

Proof. We prove the two items separately.

(i) By hypothesis op∗ is a p-safe, hence for all Ci coupling forMi, we have

Γop∗(C1,...,Cn)
λ (‖γC1

λ , . . . , γCn
λ ‖p) v ‖γC1

λ , . . . , γCn
λ ‖p.

Applying Tarski’s fixed point theorem,

γ
op∗(C1,...,Cn)
λ v ‖γC1

λ , . . . , γCn
λ ‖p.

(ii) Since Di are minimal w.r.t. Eλ, Theorem 13.5.3 guarantees that we have δ
Mi
λ =

γ
Di
λ . Using (i), it holds

γ
op∗(D1,...,Dn)
λ v ‖δM1

λ , . . . , δMn
λ ‖p.

Since op∗ is a lifting of op, Lemma 13.5.2 implies δ
op(M1,...,Mn)
λ v γ

op∗(D1,...,Dn)
λ .

Proposition 13.6.5(ii) suggests to start from the coupling op∗(D1, . . . ,Dn), i.e., the
one given as the composite of the optimal couplings Di for the subcomponents Mi.
This ensures that the first over-approximation of δMλ , that is γ

op∗(D1,...,Dn)
λ , is at least as

good as the upper bound given by non-extensiveness of op.
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Algorithm 4 On-the-Fly Bisimilarity Pseudometric
Input: MDPM = (S, A, τ, ρ); discount factor λ ∈ (0, 1); query Q ⊆ S× S.

1. C ← (ρ, empty); d← empty; visited← ∅; exact← ∅; toComp← Q; —Initialize—
2. while ∃(s, t) ∈ toComp do
3. for all a ∈ A do guess µ ∈ Π(τ(s, a), τ(t, a)); UpdateC(M, (s, t), a, µ)
4. d← BellmanOpt(λ, C, d) —update the current estimate—
5. while C[(u, v), a] is not optimal for TP(d, τ(u, a), τ(v, a)) do
6. µ← optimal schedule for TP(d, τ(u, a), τ(v, a))
7. UpdateC(M, (u, v), a, µ) —improve the current coupling—
8. d← BellmanOpt(λ, C, d) —update the current estimate—
9. end while

10. exact← exact∪ visited —add new exact distances—
11. toComp← toComp \ exact —remove exactly computed pairs—
12. end while
13. return d�Q —return the distance restricted to the pairs in Q—

13.7 A Compositional On-the-Fly Algorithm

In this section we propose an on-the-fly algorithm for computing the bisimilarity dis-
tance making full use of the greedy strategy presented in Section 13.6. Then, we describe
how to optimize the computation on composite MDPs.

LetM = (S, A, τ, ρ) be an MDP, Q ⊆ S× S, and assume we want to compute δMλ
restricted to Q, denoted by δMλ �Q.

Our strategy has the following features:
• when a coupling C is considered, γCλ can be computed solving the Bellman opti-

mality equation system associated with it;
• the current coupling C can be improved by a local update C[(u, v), a/µ] that satis-

fies the hypotheses of Lemma 14.5.2.
Note that, γCλ�Q can be computed considering only the smallest independent subsys-

tem containing the variables associated with the pairs in Q. Therefore, we do not need
to store the entire coupling, but we can construct it on-the-fly.

The computation of δMλ �Q is implemented by Algorithm 4.
We assume the following global variables to store:

• C, the current partial coupling;

• d, the current partial over-approximation of δMλ ;

• toComp, the pairs of states for which the distance has to be computed;

• exact, the pairs of states (s, t) such that d(s, t) = δMλ (s, t);
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Algorithm 5 UpdateC(M, (s, t), a, µ)

Input: MDPM = (S, A, τ, ρ); s, t ∈ S; a ∈ A, µ ∈ Π(τ(s, a), τ(t, a))
1. C ← C[(s, t), a/µ] —update the coupling—
2. visited← visited∪ {(s, t)} —set (s, t) as visited—
3. for all (u, v) ∈ {(u′, v′) | µ(u′, v′) > 0} \ visited do —for all demanded pairs—
4. visited← visited∪ {(u, v)}
5. // propagate the construction
6. for all a ∈ A do guess µ′ ∈ Π(τ(u, a), τ(v, a)); UpdateC(M, (u, v), a, µ′)
7. end for

• visited, the pair of states considered so far.

At the beginning C and d are empty, there are no visited states and no exact distances.
While there are pairs (s, t) left to be computed we update C calling the subroutine

UpdateC on a matching µ ∈ Π(τ(s, a), τ(t, a)), for each a ∈ A.
Then, d is updated on all visited pairs with the over-approximation γCλ by calling

BellmanOpt.
According to the greedy strategy, C is successively improved and d is consequently

updated, until no further improvements are possible. Each improvement is demanded
by the existence of a better transportation schedule.

When line 10 is reached, d(u, v) = δMλ (u, v) for all (u, v) ∈ visited, therefore visited is
added to exact and removed from toComp. If no more pairs have to be considered, the
exact distance on Q is returned.

The subroutine UpdateC (Algorithm 5) updates the coupling C and recursively pop-
ulates it on all demanded pairs.

BellmanOpt(λ, C, d) solves the smallest independent subsystem of the Bellman opti-
mality equation system on the MDP induced by C, that contains all the visited pairs.

Notice that, the equation system can be further reduced by Gaussian elimination,
substituting the variables associated with pairs (u, v) ∈ exact with d(u, v).

Compositional Optimizations: Algorithm 4 can be modified to handle composite MDPs
efficiently.

AssumeM = op(M1, . . . ,Mn) and that we have a safe coupling composition oper-
ator op∗ that lifts op.

The compositional heuristic described in Section 13.6 suggests to start from the cou-
pling op∗(D1, . . . ,Dn) obtained by composing the optimal couplings Di for eachMi.

This is done running Algorithm 4 in two modalities: master/slave. For eachMi, the
master shares the data structures Ci, di, visitedi, toCompi and exacti with the correspond-
ing slave to keep track of the computation of δ

Mi
λ .

When a new pair ((si, . . . , sn), (t1, . . . , tn)) is considered, the master runs (possibly in
parallel) n slave threads of Algorithm 4 on the query {(si, ti)}.
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Figure 13.1: Pipeline

Query Instance OTF COTF # States

All pairs

E0 ‖ E1 0.654791 0.97248 9
E1 ‖ E2 0.702105 0.801121 9

E0 ‖ E0 ‖ E1 48.5982 13.5731 27
E0 ‖ E1 ‖ E2 23.1984 19.9137 27
E0 ‖ E1 ‖ E1 126.335 13.6483 27
E0 ‖ E0 ‖ E0 49.1167 14.1075 27

Single pair

E0 ‖ E0 ‖ E0 ‖ E1 ‖ E1 16.7027 11.6919 243
E0 ‖ E1 ‖ E0 ‖ E1 ‖ E1 20.2666 16.6274 243
E2 ‖ E1 ‖ E0 ‖ E1 ‖ E1 22.8357 10.4844 243
E1 ‖ E2 ‖ E0 ‖ E0 ‖ E2 11.7968 6.76188 243

E1 ‖ E2 ‖ E0 ‖ E0 ‖ E2 ‖ E2 Time-out 79.902 729

Table 13.1: Comparison between the on-the-fly algorithm (OTF) and its compositional
optimization (COTF); E0 = E0(0.7, 0.2), E1 = E1(0.6, 0.2), and E2 = E2(0.5, 0.3).

At the end of these subcomputations, the couplings Ci are optimal, and they are
composed to obtain a coupling forM.

Note that, the master can reuse the values stored by the slaves in their previous
computations.

Experimental Results: For Markov chains, in [5] and detailed in Chapter 11 of this
monograph, it has already been shown that an on-the-fly strategy yields, on average,
significant improvements with respect to the corresponding iterative algorithms.

Here we focus on how the compositional optimization affects the performances. To
this end, we consider a simple yet meaningful set of experiments performed on a col-
lection of MDPs, parametric in the probabilities, modeling a pipeline.

The Figure 13.1 specifies an element Ei(p, q) of the pipeline with actions
Ai = {ai, ai+1, bi}. Pipelines are modeled as the parallel composition of different pro-
cessing elements, that are connected in series by means of synchronization on shared
actions.

Table 13.1 reports the computation times of the tests2 we have run both on all-pairs

2The tests have been made using a prototype implementation coded in Mathematicar (available at
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queries and single-pair queries for several pipeline instances; timings are expressed
in seconds and, as for the single-pair case, they represent the average of 20 randomly
chosen queries.

Table 13.1 shows that the required overhead for maintaining the additional data
structure for the subcomponents, affects the performances only on very small systems.
In all other cases the compositional optimization yields a significant reduction of the
computation time that varies from a factor of 2 up to a factor of 10.

Notably, on single-pair queries the compositional version can manage (relatively)
large systems whereas the non-compositional one exceeds a time-bound of 3 minutes.
Interestingly, we observe better reductions on all-pairs queries than in single-pairs; this
may be due to fact that the exact distances collected during the computation are used to
further reduce the size of the equation systems that are successively encountered.

13.8 Concluding Remarks

We have proposed a general notion of composition operator on MDPs and identified
safeness as a sufficient condition for ensuring non-extensiveness. We showed that the
class of safe operators is general enough to cover a wide range of known composition
operators. Moreover, we presented an algorithm for computing bisimilarity distances
on MDPs, which is able to exploit the compositional structure of the system and applies
on MDPs built over any safe operators. This is the first proposal for a compositional al-
gorithm for computing bisimilarity distances; before our contribution, the known tools
were based on iterative methods that, by their nature, cannot take advantage of the
structure of the systems.

Our work can be extended in several directions. For instance, the notion of safeness
can be easily adapted to other contexts where bisimilarity pseudometrics have a fixed
point characterization. In the same spirit, one may obtain a sufficient condition that en-
sures continuity of operators, which is the natural generalization of non-extensiveness.

http://people.cs.aau.dk/~mardare/tools.html) running on an Intel Core-i5 2.4 GHz processor with
4GB of RAM.

http://people.cs.aau.dk/~mardare/tools.html


Chapter 14

A Distance for Continuous-Time
Markov Chains

14.1 Introduction

Continuous-time Markov chains (CTMCs) are one of the most prominent models in
performance and dependability analysis. They are exploited in a broad range of ap-
plications, and constitute the underlying semantics of many modeling formalisms for
real-time probabilistic systems such as Markovian queuing networks, stochastic process
algebras, and calculi for systems biology.

An example of CTMC is presented in Figure 14.1(left). Here, state s1 goes to state
s3 and s4 with probability 1

3 and 2
3 , respectively. Each state has an associated exit-rate

representing the rate of an exponentially distributed random variable that characterizes
the residence-time in the state.

For example, the probability to move from s1 to any other state within time t ≥ 0 is
given by ∫ t

0
3e−3xdx = 1− e−3t.

A state with no outgoing transitions (as s3 in Figure 14.1) is called an absorbing state, and
it represents a terminating state of the system.

The concept of probabilistic bisimulation, introduced by Larsen and Skou for discrete-
time Markov chains (MCs) [32], has been extended to several type of probabilistic sys-
tems, including CTMCs. In Figure 14.1(left) s4 and s5 are bisimilar. Moreover, although
s1 and s2 move with different probabilities to state s4 and s5, their probabilities to reach
any bisimilarity class is the same; hence, also s1 and s2 are bisimilar.

However, as with the Markovian models discussed in the previous Chapters of this
monograph, also for CTMCs any behavioral analysis based on a notion of equivalence
is too fragile, as it only relates processes with identical behaviors. This issue is illus-
trated in Figure 14.1(right), where the states t1 and t2 (i.e., the counterpart of s1 and s2,

275
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respectively, after a perturbation of the transition probabilities) are not bisimilar. A sim-
ilar situation occurs considering perturbations on the exit-rates or on associated labels,
if one assumes they are taken from a metric space.

In this Chapter we introduce a bisimilarity pseudometric over CTMCs that extends
that of Desharnais et al. over MCs [22], and we consider the problem of computing it
both from a theoretical and practical point of view.

We show that the proposed distance can be computed in polynomial time in the size
of the CTMC. This is obtained by reducing the problem of computing the distance to that
of finding an optimal solution of a linear program that can be solved using the ellipsoid
method. Differently from the proposal of [14], our linear program characterization has a
number of constraints that is bounded by a polynomial in the size of the CTMC. This, in
particular, allows us to avoid the use of the ellipsoid algorithm in favor of the simplex
or the interior point methods.

Also in this case, the linear program characterization turns out to be inefficient in
practice, even for small CTMCs. Nevertheless, supported by the encouraging results in
our previous work [5] summarized in the previous Chapters, we propose to follow an
on-the-fly approach for computing the distance. This is inspired by an alternative char-
acterization of the bisimilarity pseudometric based on the notion of coupling structure
for a CTMC.

Each coupling structure is associated with a discrepancy function that represents an
over-approximation of the distance. The problem of computing the pseudometric is
then reduced to that of searching for an optimal coupling structure whose associated
discrepancy coincides with the distance.

The exploration of the coupling structures is based on a greedy strategy that, given
a coupling structure, moves to a new one by ensuring an actual improvement of the
current discrepancy function. This strategy will eventually find an optimal coupling
structure. The method is sound independently from the initial starting coupling struc-
ture.
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s5
5

1
3
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1
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5

1
3

1
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Figure 14.1: A CTMC (left) and an ε-perturbation of it (right), for some ε ∈ (0, 2
3). Labels

are represented by different colors; states are additionally labelled with their exit rates;
and transitions with probability 0 are omitted.
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Notably, the moving strategy is based on a local update of the current coupling struc-
ture. Since the update is local, when the goal is to compute the distance only between
certain pairs of states, the construction of the coupling structures can be done on-the-fly,
delimiting the exploration only to those states that are demanded during the computa-
tion.

The efficiency of our algorithm has been evaluated on a significant set of randomly
generated CTMCs. The results show that our algorithm performs orders of magnitude
better than the corresponding iterative and linear program implementations. Moreover,
we provide empirical evidence that our algorithm enjoys good execution running times.

One of the main practical advantages of our approach consists in that one can focus
on computing only the distances between states that are of particular interest. This
is useful in practice, for instance when large systems are considered and visiting the
entire state space is computationally expensive. A similar issue has been considered
by Comanici et al., in [19] in the case of Markov decision processes with rewards, who
noticed that for computing the approximated pseudometric one does not need to update
the current value for all the pairs at each iteration, but it is sufficient only to focus on
the pairs where changes are happening rapidly.

In our approach, the termination condition is checked locally, still ensuring that the
local optimum corresponds to the global one.

Our methods can also be used in combination with approximation techniques as, for
instance, to provide a least over-approximation of the behavioral distance given over-
estimates of some particular distances.

14.2 CTMCs and Bisimilarity Pseudometrics

We recall the definitions of (finite) L-labelled continuous-time Markov chains (CTMCs)
for a nonempty set of labels L, and stochastic bisimilarity over them. Then, we introduce
a behavioral pseudometric over CTMCs to considered as a quantitative generalization of
stochastic bisimilarity.

Given a set X, a discrete probability distribution over it is a finitely supported func-
tion µ : X → [0, 1] such that µ(X) = 1, where µ(E) = ∑x∈E µ(x), for E ⊆ X. We denote
the set of discrete probability distributions over X by D(X).

Definition 14.2.1 (Continuous-time Markov chain). An L-labelled continuous-time Markov
chain is a tupleM = (S, A, τ, ρ, `) consisting of

• a countable nonempty finite set S of states,

• a set A ⊆ S of absorbing states,

• a transition probability function τ : S \ A→ D(S),
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• an exit rate function ρ : S \ A→ R>0, and

• a labeling function ` : S→ L.

�

The labels in L represent properties of interest that hold in a particular state accord-
ing to the labeling function ` : S→ L.

If s ∈ S is the current state of the system and E ⊆ S is a subset of states, τ(s)(E) ∈
[0, 1] corresponds to the probability that a transition from s to arbitrary s′ ∈ E is taken,
and ρ(s) ∈ R>0 represents the rate of an exponentially distributed random variable that
characterizes the residence time in the state s before any transition is taken. Therefore,
the probability to make a transition from state s to any s′ ∈ E within time unit t ∈ R≥0
is given by

τ(s)(E) · Exp(ρ(s))([0, t)),

where Exp(r)(E) =
∫

E re−rx dx, for any Borel subset E ⊆ R≥0 and r > 0.
Absorbing states in A ⊆ S are used to represent termination or deadlock states. An

example of CTMC is shown in Figure 14.1.

For discrete-time Markov chains, the standard notion of behavioral equivalence is
probabilistic bisimulation of Larsen and Skou [32]. The following definition extends it
to CTMCs.

To ease the notation, for A ⊆ S, we introduce the relation ≡A ⊆ S× S defined by
s ≡A s′ if either s, s′ ∈ A or s, s′ /∈ A.

As before in this monograph, for an equivalence relation R on a set S we denote by
S/R the set of R-closed sets. Hence, each element of S/R is a union of R-equivalence
classes.

Definition 14.2.2 (Stochastic Bisimulation). LetM = (S, A, τ, ρ, `) be a CTMC. An equiv-
alence relation R ⊆ S× S is a stochastic bisimulation onM if whenever s R t, then

1. s ≡A t, `(s) = `(t), and

2. if s, t ∈ A, then ρ(s) = ρ(t) and, for all C ∈ S/R, τ(s)(C) = τ(t)(C).

Two states s, t ∈ S are bisimilar with respect toM, written s ∼M t, if they are related by some
probabilistic bisimulation onM.

Intuitively, two states are bisimilar if they have the same labels, they are simultane-
ously absorbing or non-absorbing states and, in the case they are non-absorbing, their
residence-time distributions and probability of moving by a single transition to any
given class of bisimilar states is always the same.

As an example of two stochastic bisimilar states, consider s1 and s2 in the CTMC
depicted on the left hand side of in Figure 14.1. A bisimulation relation that relates
them is the equivalence relation with equivalence classes given by {s1, s2}, {s3}, and
{s4, s5}.
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14.2.1 Bisimilarity Pseudometrics on CTMCs

In this section, we introduce a family of pseudometrics on CTMCs parametric in a dis-
count factor λ ∈ (0, 1).

Following the approach of [46], given a CTMC M = (S, A, τ, ρ, `) we define a (1-
bounded) pseudometric on S as the least fixed point of an operator on the set [0, 1]S×S

of functions from S× S to [0, 1]. This pseudometric is then shown to be adequate with
respect to stochastic bisimilarity: we prove that two states are stochastic bisimilar if and
only if they have distance zero.

The operator we are going to introduce will use three key ingredients:

• a 1-bounded metric1 dL : L× L→ [0, 1] on the set of labels;

• a distance between residence-time distributions;

• a distance between transition distributions.

The first is meant to measure the static differences with respect to the labels associated
with the states; the last two are meant to capture the differences in the dynamics with
respect to the continuous and discrete probabilistic choices, respectively.

To this end, we consider two distances over probability distributions. The first one
is the, so called, total variation metric, defined for arbitrary distributions µ, ν ∈ D(R≥0)
as follows.

‖µ− ν‖TV = supE |µ(E)− ν(E)| ,

where the supremum is taken over the Borel measurable sets of R≥0.

The second one is the Kantorovich distance, based on the notion of coupling of prob-
ability measures that we already introduced in the previous Chapters. Hereafter, we
recall this definition for the case of probability distributions over finite sets.

Definition 14.2.3 (Coupling). Let S be a finite set, and let µ, ν ∈ D(S). A probability distri-
bution ω ∈ D(S× S) is called a coupling for (µ, ν) if for arbitrary u, v ∈ S

∑
v∈S

ω(u, v) = µ(u) and ∑
u∈S

ω(u, v) = ν(v) .

In other words, ω is a joint probability distribution with µ and ν being the left and
the right marginal, respectively.

We denote by Ω(µ, ν), the set of couplings for (µ, ν).

1Since the set S of states is assumed to be finite, one may assume the set of labels is finite as well. Thus,
the metric dL on labels can be bounded without loss of generality.
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For a finite set S and a 1-bounded distance d : S× S → [0, 1] over it, the Kantorovich
distance is defined, for arbitrary distributions µ, ν ∈ D(S) as follows

Kd(µ, ν) = min{ ∑
u,v∈S

d(u, v) ·ω(u, v) | ω ∈ Ω(µ, ν)} .

Intuitively, Kd lifts a (1-bounded) distance over S to a (1-bounded) distance over its
probability distributions. It can be easily verified that Kd is a (pseudo)metric whenever
d is a (pseudo)metric.

Now, consider the following functional operator.

Definition 14.2.4. LetM = (S, A, τ, ρ, `) be a CTMC and λ ∈ (0, 1) a discount factor. The
function ∆Mλ : [0, 1]S×S → [0, 1]S×S is defined, for arbitrary d : S× S → [0, 1] and s, t ∈ S,
as follows.

∆Mλ (d)(s, t) =


1 if s 6≡A t
L(s, t) if s, t ∈ A
max{L(s, t), λ · T (d)(s, t)} if s, t /∈ A

where T : [0, 1]S×S → [0, 1]S×S and L, E : S× S→ [0, 1] are defined by

T (d)(s, t) = E(s, t) + (1− E(s, t)) · Kd(τ(s), τ(t)) ,

L(s, t) = dL(`(s), `(t)) ,

E(s, t) = ‖Exp(ρ(s))− Exp(ρ(t))‖TV .

The functional ∆Mλ measures the difference of two states with respect to: their labels
(by means of the pseudometric L), their residence-time distributions (by means of the
pseudometric E ), and their discrete probabilities to move to the next state (by means of
the Kantorovich distance).

If two states are not absorbing or non-absorbing in the same time, they are consid-
ered incomparable, and their distance is set to 1.

If both states are absorbing, they express no dynamic behaviour, hence they are com-
pared statically, and their distance corresponds to that occurring between their labels.

Finally, if the states are non-absorbing, then they are compared with respect to both
their static and dynamic features, namely, taking the maximum among their respective
associated distances.

Specifically, the value E(s, t) corresponds to the least probability that two transitions
are taken independently from the states s and t at different moments in time. This value
is used by the functional T to measure the overall differences that might occur in the
dynamics of the two states in combination with the Kantorovich distance between their
transition probability distributions.
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The set [0, 1]S×S is endowed with the partial order v defined by

d v d′ iff d(s, t) ≤ d′(s, t),

for all s, t ∈ S and it forms a complete lattice. The bottom element 0 is the constant 0
function, while the top element is the constant 1 function.

For any subset D ⊆ [0, 1]S×S, the least upper bound
⊔

D, and greatest lower boundd
D are, respectively, given by

(
⊔

D)(s, t) = sup
d∈D

d(s, t)

and
(
l

D)(s, t) = inf
d∈D

d(s, t),

for all s, t ∈ S.

It is easy to check that, for anyM and λ ∈ (0, 1), ∆Mλ is monotone, i.e.,

if d v d′, then ∆Mλ (d) v ∆Mλ (d),

thus, since ([0, 1]S×S,v) is a complete lattice, Tarski’s fixed point theorem guarantees
that ∆Mλ admits least and greatest fixed points.

Definition 14.2.5 (Bisimilarity distance). Let M be a CTMC and λ ∈ (0, 1). The λ-disc-
ounted bisimilarity pseudometric onM, denoted by δMλ , is the least fixed point of ∆Mλ .

Now we will show that the least fixed point δMλ is indeed a pseudometric and, more-
over, it is adequate with respect to stochastic bisimilarity (Theorem 14.2.9). This justifies
the definition above.

To this end, we need some technical lemmas. In particular, we prove that ∆Mλ pre-
serves pseudometrics (Lemma 14.2.6) and it is non-expansive (Lemma 14.2.7).

Hereafter, unless mentioned otherwise, we fix a CTMC M = (S, A, τ, ρ, `) and a
discount factor λ ∈ (0, 1). To easy the notation, wheneverM is clear from the context,
instead of ∆Mλ , δMλ or ∼M we will simply use ∆λ, δλ and ∼, respectively.

Lemma 14.2.6. The operator ∆λ preserves pseudometrics.

Proof. Let d : S× S → [0, 1] be a pseudometric. We want to prove that ∆λ(d) is a pseu-
dometric as well.

Recall that L, E : S × S → [0, 1] are pseudometrics. Thus, since the point wise
maximum of pseudometrics is a pseudometric, it suffices to prove that T preserves
pseudometrics.
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Recall also that Kd : D(S)×D(S)→ [0, 1] is a pseudometric, since d is. Thus, reflex-
ivity and symmetry are immediate.

The only nontrivial case is triangular inequality.
Let s, t, u ∈ S, we want to prove T (d)(s, t) ≤ T (d)(s, u) + T (d)(u, t).
First note that, for any 0 ≤ α, β ≤ 1 and α′ ≥ α, the following holds:

α + (1− α)β = β− β + α + (1− α)β

= β− αβ− (1− α)β + α + (1− α)β (0 ≤ α ≤ 1)
= β− αβ + α = β + (1− β)α

≤ β + (1− β)α′ (α ≤ α′ and 0 ≤ β ≤ 1)

= α′ + (1− α′)β .

Thus, since E is a pseudometric, by triangular inequality and the above we have

T (d)(s, t) = E(s, t) + (1− E(s, t)) · Kd(τ(s), τ(t)) (def. T )

≤ E(s, u) + E(u, t) +
(
1− (E(s, u) + E(u, t))

)
· Kd(τ(s), τ(t)) (∗)

If we show that the last summand in (∗) is smaller or equal than the sum of (1−E(s, u)) ·
Kd(τ(s), τ(u)) and (1− E(u, t)) · Kd(τ(u), τ(t)), we get the following

≤ E(s, u) + (1− E(s, u)) · Kd(τ(s), τ(u)) + E(u, t) + (1− E(u, t)) · Kd(τ(u), τ(t))
= T (d)(s, t) + T (d)(s, t) . (def. T )

To this end, consider two cases.
If E(s, u)+E(u, t) > 1 then the inequality holds trivially, since 1− (E(s, u)+E(u, t)) <

0, so that the last summand in (∗) is negative.
If E(s, u) + E(u, t) ≤ 1, then 1− (E(s, u) + E(u, t)) ≥ 0, so we have(

1− (E(s, u) + E(u, t))
)
· Kd(τ(s), τ(t))

≤
(
1− (E(s, u) + E(u, t))

)
· (Kd(τ(s), τ(u) +Kd(τ(u), τ(t)) (triang. Kd)

=
(
1− (E(s, u) + E(u, t))

)
· Kd(τ(s), τ(u)) +

(
1− (E(s, u) + E(u, t))

)
· Kd(τ(u), τ(t))

≤
(
1− E(s, u)

)
· Kd(τ(s), τ(u)) +

(
1− E(u, t)

)
· Kd(τ(u), τ(t))

and we are done.

The set [0, 1]S×S can be turned into a metric space by means of the supremum norm

‖d− d′‖ = sup
s,t∈S
|d(s, t)− d′(s, t)|.

Next we show that the λ-discounted functional operator ∆λ is λ-non-expansive, that is

‖∆λ(d′)− ∆λ(d)‖ ≤ λ · ‖d′ − d‖,

for any d, d′ ∈ [0, 1]S×S.
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Lemma 14.2.7. The operator ∆λ is λ-non-expansive

Proof. By [45, Corollary 1], to prove that ∆λ is λ-non-expansive it suffices to show that,
whenever d v d′ then, for all s, t ∈ S,

∆λ(d′)(s, t)− ∆λ(d)(s, t) ≤ λ · ‖d′ − d‖.

The only nontrivial case is when s, t /∈ A and L(s, t) < λ · T (d)(s, t).
Assume that for some ω ∈ Ω(τ(s), τ(t)),

Kd(s, t)(τ(s), τ(t)) = ∑
u,v∈S

d(u, v) ·ω(u, v).

Then, we have

∆λ(d′)(s, t)− ∆λ(d′)(s, t) ≤ λ ·
(
T (d′)(s, s′)− T (d)(s, s′)

)
≤ λ ·

(
Kd′(s, t)−Kd(s, t)

)
≤ λ ·

(
∑

u,v∈S
d′(u, v) ·ω(u, v)− ∑

u,v∈S
d(u, v) ·ω(u, v)

)

= λ ·
(

∑
u,v∈S

(d′(u, v)− d(u, v)) ·ω(u, v)
)

≤ λ ·
(

∑
u,v∈S

‖d′ − d‖ ·ω(u, v)
)

= λ ·
(
‖d′ − d‖ · ∑

u,v∈S
ω(u, v)

)

= λ · ‖d′ − d‖ .

It is standard that [0, 1]S×S with the supremum norm forms a complete metric space
(i.e, every Cauchy sequence converges). Therefore, since λ ∈ (0, 1), a direct conse-
quence of Lemma 14.2.7 and Banach’s fixed point theorem is the following.

Theorem 14.2.8. For any λ ∈ (0, 1), δλ is the unique fixed point of ∆λ. Moreover, for any
n ∈ N and d : S× S→ [0, 1] the following inequality holds.

‖δλ − ∆n
λ(d)‖ ≤

λn

1− λ
‖∆λ(d)− d‖.
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Now we are ready to state the main theorem of this section.

Theorem 14.2.9 (Bisimilarity pseudometric). The least fixed point δλ of ∆λ is a pseudometric.
Moreover, for any s, t ∈ S,

s ∼ t iff δλ(s, t) = 0.

Proof. We first prove that δλ is a pseudometric.
By Lemma 14.2.7 and Banach’s fixed point theorem,

δλ =
⊔

n∈N
∆n

λ(0).

Clearly, 0 is a pseudometric. Thus, by Lemma 14.2.6, a simple induction on n shows
that, for all n ∈ N , ∆n

λ(0) is a pseudometric.
Since the least upper bound with respect to v preserves pseudometrics, we have

that δλ is a pseudometric too.
Now we are left to prove that, for any s, t ∈ S,

s ∼ t iff δλ(s, t) = 0.

(⇒) We prove that R = {(s, s′) | δλ(s, t) = 0} is a stochastic bisimulation. Clearly, R is
an equivalence.

Assume (s, s′) ∈ R, then, by definition of ∆λ, one of the following holds:

1. s, t ∈ A and L(s, t) = 0;

2. s, t /∈ A, L(s, t) = 0, and T (δλ)(s, t) = 0.

If (1) holds, from L(s, t) = 0, we get that `(s) = `(t).
If (2) holds, then we have E(s, t) = 0 and Kδλ

(τ(s), τ(t)) = 0. Since E(s, t) = 0 we get
Exp(ρ(s)) = Exp(ρ(t)) and hence ρ(s) = ρ(t). By [25, Lemma 3.1], Kδλ

(τ(s), τ(t)) = 0
implies that, for all C ∈ S/R, τ(s)(C) = τ(t)(C). Therefore R is a bisimulation.

(⇐) Let R ⊆ S× S be a stochastic bisimulation onM, and define dR : S× S → [0, 1] by
dR(s, t) = 0 if (s, t) ∈ R and dR(s, t) = 1 if (s, t) /∈ R.

We show that ∆λ(dR) v dR.
If (s, t) /∈ R, then dR(s, t) = 1 ≥ ∆λ(dR)(s, t).
If (s, t) ∈ R, then `(s) = `(t) and one of the following holds:

1. s, t ∈ A;

2. s, t /∈ A, ρ(s) = ρ(t) and, ∀C ∈ S/R. τ(s)(C) = τ(t)(C).

If (1) holds, ∆λ(dR)(s, t) = L(s, t) = 0 = dR(s, t).
If (2) holds, by [25, Lemma 3.1] and the fact that, for all C ∈ S/R, τ(s)(C) = τ(t)(C), we
have KdR(τ(s), τ(t)) = 0. Moreover E(s, t) = 0. This gives us

∆λ(dR)(s, t) = 0 = dR(s, t).

By the generality of the bisimulation relation R and by Tarski’s fixed point theorem, we
have that s ∼ s′ implies δλ(s, s′) = 0.
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14.3 Complexity and Linear Programming representation

In this section, we study the problem of computing the bisimilarity distance by consid-
ering two different approaches.

The first approach is an iterative method that approximates δλ from below (resp.
above) successively applying the operator ∆λ starting from the least (resp. greatest) ele-
ment in [0, 1]S×S.

The second approach is based on a linear program characterization of δλ that is based
on the Kantorovich duality [48]. In contrast to an analogous proposal in [14], our linear
program has a number of constraints that is polynomially bounded in the size of the
CTMC. As a consequence, the bisimilarity distance δλ can be computed in polynomial
time in the size of the CTMC.

14.3.1 Iterative method

From Theorem 14.2.8 it follows that in order to get ε-close to δλ, for any ε > 0, it is
sufficient to iterate the application of the fixed point operator dlogλ εe times.

Proposition 14.3.1. For any ε > 0 and d : S× S→ [0, 1],

‖δλ − ∆dlogλ εe
λ (d)‖ ≤ ε.

Proof. From Theorem 14.2.8 we have

‖δλ − ∆n
λ(d)‖ ≤

λn

1− λ
‖∆λ(d)− d‖

and since ‖∆λ(d)− d‖ ≤ 1, we get ‖δλ − ∆n
λ(d)‖ ≤

λn

1−λ .
For n = logλ(ε− ελ), we have ε = λn

1−λ . Therefore, using Lemma 14.2.7 and the fact
that dlogλ εe ≥ logλ(ε− ελ), we obtain

‖δλ − ∆dlogλ εe
λ (d)‖ ≤ ε.

The above result provides us with a simple method for approximating δλ. If the
starting point is 0 we obtain an under-approximation, whereas starting from 1 we get
an over-approximation. Both the approximations can be taken arbitrary close to the
exact value.

However, as shown in the following example, the exact distance value cannot be
reached in general. This holds for any discount factor.

Example 14.3.2 ( [14]). Consider the {red, blue}-labeled CTMC represented in the figure below.
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s
1

t
1

u
1

1 λ

1− λ

1

Let dL : L× L → [0, 1] be the discrete metric over L, defined as dL(l, l′) = 0 if l′ = l′ and 1
otherwise. One can check that δλ(s, t) = λ−λ2

1−λ2 and, for all n ∈ N ,

∆n
λ(0)(s, t) ≤ λ− λ2n+1

1 + λ
.

Since, for all n ∈ N ,
λ− λ2n+1

1 + λ
<

λ− λ2

1− λ2 ,

we have that the fixed point cannot be reached in a finite number of iterations. �

In [14] it is shown that the bisimilarity distance of Desharnais et al. [22] can be com-
puted exactly by iterating the fixed point operator up to a precision that allows one to
use the continued fraction algorithm to yield the exact value of the fixed point. This
method can be applied provided that the pseudometric has rational values. In their
case, this is ensured assuming that the transition probabilities are rational.

Unfortunately, in our case this cannot be ensured under the same conditions. Indeed,
the total variation distance between exponential distributions with rates r, r′ > 0 is
analytically solved as follows

‖Exp(r)− Exp(r′)‖TV =


0 if r = r′

∣∣∣∣∣∣
(

r′

r

) r
r−r′
−
(

r′

r

) r′
r−r′

∣∣∣∣∣∣ otherwise
(14.3.1)

Thus, even restricting to rational exit-rates and probabilities, the distance may have
irrational values. As a consequence, we cannot compute, in general, the exact distance
values.

14.3.2 Linear Program Characterization

Our linear program characterization leverages on two key results. The first one is the
uniqueness of the fixed point of ∆λ (Theorem 14.2.8). The second one is a dual linear
program characterization of the Kantorovich distance.
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For S finite, d : S× S→ [0, 1], and µ, ν ∈ D(S), the value Kd(µ, ν) coincides with the
optimal value of the following linear program

Kd(µ, ν) = min
ω

∑
s,t∈S

d(u, v) ·ωu,v

∑v ωu,v = µ(u) ∀u ∈ S
∑u ωu,v = ν(v) ∀v ∈ S .

(14.3.2)

By a standard argument in linear optimization, the above can be alternatively repre-
sented by the following dual linear program

Kd(µ, ν) = max
y ∑

u∈S
(µ(u)− ν(u)) · yu

yu − yv ≤ d(u, v) ∀u, v ∈ S .

(14.3.3)

This alternative characterization is a special case of a more general result commonly
known as the Kantorovich duality and largely studied in linear optimization theory (see [48]).

Let n = |S| and m = n− |A|. Consider the linear program in Figure 14.2, hereafter
denoted by Dλ(M), with variables d ∈ Rn2

, y ∈ Rm2+n and k, m ∈ Rm2
.

The objective function of Dλ(M) attains its optimal value when k and m are maxi-
mized in every component. Therefore, according to (14.3.3), an optimal solution
(d∗, y∗, k∗, m∗) ∈ Dλ(M) satisfies the following equalities

∀s, t 6∈ A. m∗s,t = min{L(s, t), λ
(
E(s, t) + (1− E(s, t))Kd∗(τ(s), τ(t))

)
}

∀s, t 6∈ A. k∗s,t = Kd∗(τ(s), τ(t))

By the above equalities and by the feasibility of the solution, it follows that d∗ is a fixed
point of ∆λ. Since the distance is the unique fixed point of ∆λ, d∗ = δλ.

Theorem 14.3.3. LetM be a CTMC, λ ∈ (0, 1) be a discount factor, and (d∗, y∗, k∗, m∗) be
an optimal solution of Dλ(M). Then, for all s, t ∈ S, d∗s,t = δλ(s, t) .

Proof. Let (d∗, y∗, k∗, m∗) be an optimal solution of Dλ(M), and consider the following
linear program, hereafter denoted by D′λ.

arg max
y,k,m

∑s,t 6∈A ks,t + ms,t

ms,t ≤ L(s, t) ∀s, t 6∈ A

ms,t ≤ λ
(
E(s, t) + (1− E(s, t))ks,t

)
∀s, t 6∈ A

ks,t = ∑u∈S(τ(s)(u)− τ(s)(u)) · ys,t
u ∀s, t 6∈ A

ys,t
u − ys,t

v ≤ d∗u,v ∀s, t 6∈ A, ∀u, v ∈ S
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arg max
d,y,k,m

∑s,t 6∈A ks,t + ms,t

ds,t = 1 ∀s, t ∈ S. s 6≡A t
ds,t = L(s, t) ∀s, t ∈ A

ds,t = L(s, t) + λ
(
E(s, t) + (1− E(s, t))ks,t

)
−ms,t ∀s, t 6∈ A

ms,t ≤ L(s, t) ∀s, t 6∈ A

ms,t ≤ λ
(
E(s, t) + (1− E(s, t))ks,t

)
∀s, t 6∈ A

ks,t = ∑u∈S(τ(s)(u)− τ(s)(u)) · ys,t
u ∀s, t 6∈ A

ys,t
u − ys,t

v ≤ du,v ∀s, t 6∈ A, ∀u, v ∈ S

Figure 14.2: Linear program characterization of δλ for λ ∈ (0, 1).

Since d∗ is part of a feasible solution of Dλ(M) and the constraints of D′λ are a subset of
those of Dλ(M), the optimal value for D′λ is greater or equal than the one for Dλ(M).

For each s, t 6∈ A, when ks,t is maximal also ms,t reaches its maximal value. Therefore,
an optimal solution for D′λ will be achieved when, for each s, t 6∈ A, the following holds

ks,t = max
y

∑u∈S(τ(s)(u)− τ(s)(u)) · yu

yu − yv ≤ d∗u,v ∀u, v ∈ S
(14.3.4)

By the Kantorowich duality (14.3.3), the optimal value of (14.3.4) is Kd∗(τ(s), τ(t)).
Since ms,t is a lower bound for {L(s, t), λ

(
E(s, t) + (1− E(s, t))ks,t

)
}, we obtain an opti-

mal solution for D′λ by instantiating the variables as follows

∀s, t 6∈ A. ms,t = min{L(s, t), λ
(
E(s, t) + (1− E(s, t))Kd∗(τ(s), τ(t))

)
} (14.3.5)

∀s, t 6∈ A. ks,t = Kd∗(τ(s), τ(t)) (14.3.6)

∀s, t 6∈ A. ys,t ∈ arg max
y

∑u∈S(τ(s)(u)− τ(t)(u)) · yu

yu − yv ≤ d∗u,v ∀u, v ∈ S

(14.3.7)

We will show that the above instantiation is part of a feasible solution of Dλ(M),
provided that d∗ is a fixed point for ∆λ. For any s, t 6∈ A the following holds

d∗s,t = L(s, t) + λ
(
E(s, t) + (1− E(s, t)) ks,t

)
−ms,t (by def. Dλ(M))

= L(s, t) + λ
(
E(s, t) + (1− E(s, t)) Kd∗(τ(s), τ(t))

)
−ms,t (by (14.3.6))

= L(s, t) + T (d∗)(s, t)−ms,t (by def. T )
= L(s, t) + T (d∗)(s, t)−min{L(s, t), T (d∗)(s, t)} (by (14.3.5) and def. T )
= max{L(s, t), T (d∗)(s, t)} ,

thus d∗ is a fixed point of ∆λ. The thesis follows by Theorem 14.2.8.
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In [14] it has been shown that the bisimilarity distance of Desharnais et al. can be
computed in polynomial time as the solution of a linear program that can be solved by
using the ellipsoid method. However, in their proposal the number of constraints may
be exponential in the size of the model. This is due to the fact that the Kantorovich
distance is resolved listing all the couplings that correspond to vertices of the trans-
portation polytopes involved in the definition of the distance [23].

In contrast, our proposal has a number of constraints and unknowns2 bounded by
4|S|2 and |S|3 + 3|S|2, respectively. This allows one to use general algorithms for solving
LP problems (such as the simplex and the interior point methods) that, in practice, are
more efficient than the ellipsoid method.

Moreover, this allows us to state the following complexity result.

Theorem 14.3.4. δλ can be computed in polynomial-time in the size ofM.

Proof. Using Theorem 14.3.3, δλ can be computed within the time it takes to construct
and solve Dλ(M).

Dλ(M) has a number of constraints and unknowns that is bounded by a polynomial
in the size of M, therefore its construction can be performed in polynomial time. For
the same reason, Dλ(M) admits a polynomial time separation algorithm: whenever a
solution is given, its feasibility is checked by scanning each inequality in Dλ(M); oth-
erwise, the first encountered inequality that is not satisfied is returned as a separation
hyperplane.

Therefore, the thesis follows by solving Dλ(M) using the ellipsoid method together
with the naive separation algorithm described above.

14.4 Alternative Characterization of the Pseudometric

In the following, we propose an alternative characterization of the bisimilarity distance
δλ, based on the notion of coupling structure. Our result generalizes the one proposed
in [5, 14] for MCs, to the continuous-time settings.

Definition 14.4.1 (Coupling Structure). Let M = (S, A, π, `) be a CTMC. A coupling
structure forM is a function

C : (S \ A)× (S \ A)→ D(S× S)

such that, for all s, t /∈ A,
C(s, t) ∈ Ω(τ(s), τ(t)).

2Actually, the variables k are used only for ease the presentation but they can be removed by substitu-
tion.
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Intuitively, a coupling structure forM can be though of as a joint transition proba-
bility distribution with left and right marginals point wisely equal to τ : S \ A→ D(S).

The following definition adapts the definition of the operator ∆λ (see Definition 14.2.4)
with respect to the notion of coupling structure for a CTMC.

Definition 14.4.2. Let M = (S, A, τ, ρ, `) be a CTMC, C a coupling structure for M, and
λ ∈ (0, 1) a discount factor. The function ΓCλ : [0, 1]S×S → [0, 1]S×S is defined, for arbitrary
d : S× S→ [0, 1] and s, t ∈ S as follows.

ΓCλ(d)(s, t) =


1 if s 6≡A t
L(s, t) if s, t ∈ A
max{L(s, t), λ ·Θ(d)(s, t)} if s, t /∈ A

where L, E : S× S → [0, 1] are as in Definition 14.2.4 and Θ : [0, 1]S×S → [0, 1]S×S is given
by

Θ(d)(s, t) = E(s, t) + (1− E(s, t)) · ∑
u,v∈S

d(u, v) · C(s, t)(u, v) .

Recall that the Kantorovich distance between two distributions µ and ν is defined as

Kd(µ, ν) = min
ω

∑
u,v∈S

d(u, v) ·ω(u, v),

where the minimum is taken over all the possible couplings ω ∈ Ω(µ, ν). Thus, the
operator ΓCλ can intuitively be thought of as a possible instance of ∆Mλ with respect to a
fixed choice of the couplings given by C.

One can easily check that ΓCλ is monotone, thus, applying Tarski’s fixed point theo-
rem, it admits least and greatest fixed points. The least fixed point, in particular, will be
denoted by γCλ and referred to as the λ-discrepancy of C.

Theorem 14.4.3 (Minimum coupling). For an arbitrary CTMCM,

δλ = min{γCλ | C coupling structure forM}.
Proof. We first prove that δλ v γCλ, for any coupling structure C forM.

By Tarski’s fixed point theorem, it suffices to prove that, for any d : S× S → [0, 1],
∆λ(d) v ΓCλ(d).

The only nontrivial case is when s, t /∈ A, which follows by definition of Kd, by
noticing that T (d)(s, t) ≤ Θ(d)(s, t) and that the maximum is order preserving.

It remains to prove that the minimum is attained. To this end, define a coupling
structure C∗ as C∗(s, t) = ωs,t, for s, t /∈ A, where ωs,t ∈ Ω(τ(s), τ(t)) is such that

Kδλ
(τ(s), τ(t)) = ∑

u,v
δλ(u, v) ·ωs,t(u, v).

By construction, δλ = ΓC
∗
(δλ), hence γC

∗
λ v δλ.

Since C∗ is a coupling structure forM, by what we have shown above we also have
δλ v γC

∗
λ . Therefore, δλ = γC

∗
λ .
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14.5 Greedy Computation of the Bisimilarity Distance

Inspired by the characterization given in Theorem 14.4.3, we propose a procedure to
compute the bisimilarity pseudometric that is alternative to those previously described.

The set of coupling structures forM can be endowed with the preorder Eλ defined
by

C Eλ C ′ iff γCλ v γC
′

λ .

Theorem 14.4.3 suggests to look at all the coupling structures C forM in order to find
an optimal one, i.e., minimal w.r.t. Eλ.

However, it is clear that the enumeration of all the couplings is unfeasible, therefore
it is crucial to provide an efficient search strategy which prevents us to do that. More-
over, we also need an efficient method for computing the λ-discrepancy associated with
a coupling structure.

14.5.1 Computing the λ-Discrepancy

In this subsection we consider the problem of computing the λ-discrepancy associated
with a coupling structure.

Using Tarski’s fixed point theorem, γCλ corresponds to the least pre-fixed point of ΓC ,
that is

γCλ =
l
{d ∈ [0, 1]S×S | ΓC(d) v d}.

This allows us to compute the λ-discrepancy associated with C as the optimal solution
of the following linear program, denoted by Discrλ(C).

arg min
d

∑s,t∈S ds,t

ds,t ≥ 1 if s 6≡A t
ds,t ≥ L(s, t) if s ≡A t

ds,t ≥ λ
(
E(s, t) + (1− E(s, t)) ·∑u,v∈S du,v · C(s, t)(u, v)

)
if s, t /∈ A

Discrλ(C) has a number of inequalities that is bounded by 2|S|2 and |S|2 unknowns,
thus, it can be efficiently solved using the interior point method.

Remark 14.5.1. If one is interested in computing the λ-discrepancy for a particular pair
of states (s, t), the method above can be applied on the least independent set of inequal-
ities containing the variable ds,t. Moreover, assuming that for some pairs the values
associated to d are known, the set of constraints can be further decreased by substitu-
tion. �
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14.5.2 Greedy Strategy for Optimal Coupling Structures

Now we propose a greedy strategy that moves toward an optimal coupling structure
starting from any given one. Then, we provide sufficient and necessary conditions for a
coupling structure to ensure that its associated λ-discrepancy coincides with δλ.

Hereafter we fix a CTMCM = (S, A, τ, ρ, `) and a coupling structure C for it.
The greedy strategy takes a coupling structure and locally updates it at a given pair

of states in such a way that it decreases it with respect to Eλ.
For s, t /∈ A and ω ∈ Ω(τ(s), τ(t)), we denote by C[(s, t)/ω] the update of C at (s, t)

with ω, defined as
C[(s, t)/ω](u, v) = C(u, v),

for all (u, v) 6= (s, t) and
C[(s, t)/ω](s, t) = ω;

it is worth noting that, by construction, C[(s, t)/ω] is a coupling structure ofM.

The next lemma gives a sufficient condition for an update to be effective for the
strategy.

Lemma 14.5.2. Let s, t /∈ A and ω ∈ Ω(τ(s), τ(t)). Then, for D = C[(s, t)/ω] and any
λ ∈ (0, 1],

if ΓDλ (γ
C
λ)(s, t) < γCλ(s, t) then γDλ < γCλ.

Proof. It suffices to show that ΓD(γCλ) < γCλ, i.e., that γCλ is a strict post-fixed point of ΓDλ .
Then, the thesis follows by Tarski’s fixed point theorem.

Let u, v ∈ S. If u 6≡A v, then

ΓDλ (γ
C
λ)(u, v) = 1 = ΓCλ(γ

C
λ)(u, v) = γCλ(u, v).

If u, v ∈ A, then

ΓDλ (γ
C
λ)(u, v) = L(u, v) = ΓCλ(γ

C
λ)(u, v) = γCλ(u, v).

If u, v /∈ A and (u, v) 6= (s, t), by definition of D, we have that ω̄(u, v) = ω(u, v),
hence

ΓCλ(γ
C
λ)(u, v) = ΓDλ (γ

C
λ)(u, v).

The remaining case, i.e., (u, v) = (s, t), holds by hypothesis.
This proves ΓD(γCλ) < γCλ.

Lemma 14.5.2 states that C can be improved w.r.t. Eλ by updating it at (s, t), if
s, t /∈ A and there exists a coupling ω ∈ Ω(τ(s), τ(t)) such that the following holds

∑
u,v∈S

γCλ(u, v) ·ω(u, v) < ∑
u,v∈S

γCλ(u, v) · C(s, t)(u, v) .
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A coupling that enjoys the above condition is ω ∈ TP(γCλ, τ(s), τ(t)) where, for arbitrary
µ, ν ∈ D(S) and c : S× S→ [0, 1]

TP(c, µ, ν) = arg min
ω

∑s,t∈S c(u, v) ·ωu,v

∑v ωu,v = µ(u) ∀u ∈ S
∑u ωu,v = ν(v) ∀v ∈ S .

(14.5.1)

The above mentioned problem is usually referred to as the (homogeneous) trans-
portation problem with µ and ν as the left and the right marginals, respectively, and trans-
portation costs c. This problem has been extensively studied and comes with (several)
efficient polynomial algorithmic solutions [20, 26].

This gives us an efficient solution to update any coupling structure, that, together
with Lemma 14.5.2 represents a strategy for moving toward δλ by successive improve-
ments on the coupling structures.

Now we proceed giving a sufficient and necessary condition for termination.

Lemma 14.5.3. Let C be a coupling for the CTMCM. If γCλ 6= δλ, then there exist s, t /∈ A
and a coupling structure D = C[(s, t)/ω] forM such that

ΓDλ (γ
C
λ)(s, t) < γCλ(s, t).

Proof. We proceed by contraposition.
If for all s, t /∈ A and ω ∈ Ω(τ(s), τ(t)),

ΓDλ (γ
C
λ)(s, t) ≥ γCλ(s, t),

then γCλ = ∆λ(γ
C
λ).

Since, by Theorem 14.2.8, ∆λ has a unique fixed point, γCλ = δλ.

The above result ensures that, unless C is optimal w.r.t Eλ, the hypothesis of Lemma 14.5.2
are satisfied, so that, we can further improve C as aforesaid.

The next statement proves that this search strategy is correct.

Theorem 14.5.4. Let C be a coupling for the CTMCM. Then, δλ = γCλ iff there is no coupling
D forM such that ΓDλ (γ

C
λ) < γCλ.

Proof. We prove that δλ 6= γCλ iff there exists D such that ΓDλ (γ
C
λ) < γCλ.

(⇒) Assume δλ 6= γCλ.
By Lemma 14.5.3, there exists a pair of states s, t ∈ S and a coupling ω ∈ Ω(τ(s), τ(t))

such that
λ · ∑

u,v∈S
γCλ(u, v) ·ω(u, v) < γCλ(s, t).
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As in the proof of Lemma 14.5.2, we have that D = C[(s, t)/ω] satisflies ΓD(γCλ) < γCλ.
(⇐) Let D be such that ΓDλ (γ

C
λ) < γCλ.

By Tarski’s fixed point theorem γDλ < γCλ. Applying Theorem 14.4.3,

δλ v γDλ < γCλ.

Therefore, δλ 6= γCλ.

Remark 14.5.5. Note that, in general, there could be an infinite number of couplings
structures for a given CTMC.

However, for each fixed d ∈ [0, 1]S×S, the linear function mapping ω to ∑u,v∈S d(u, v) ·
ω(u, v) achieves its minimum at some vertex in the transportation polytope Ω(τ(s), τ(t)).

Since the number of such vertices are finite, using the optimal TP schedule for the
update, ensures that the search strategy is always terminating. �

14.6 The On-the-Fly Algorithm

In this section we describe an on-the-fly technique for computing the bisimilarity dis-
tance δλ fully exploiting the greedy strategy of Section 14.5.2.

Let Q ⊆ S × S and consider the problem of computing δλ(s, t) for all (s, t) ∈ Q.
Recall that the strategy proposed in Section 14.5.2 consists in a traversal

C0 .λ C1 .λ · · · .λ Cn

of the set of coupling structures forM that starts from an arbitrary coupling structure
C0 and leads to an optimal one Cn. We observe that, for any i < n

1. the improvement of each coupling structure Ci is obtained by a local update at some
pair of states u, v /∈ A, namely Ci+1 = Ci[(u, v)/ω] for some ω ∈ TP(γCi

λ , τ(u), τ(v));

2. the pair (u, v) is chosen according to an optimality check that is performed locally
among the couplings in Ω(τ(u), τ(v)), i.e., Ci(u, v) /∈ TP(γCi

λ , τ(u), τ(v));

3. whenever a coupling structure Ci is considered, its associated λ-discrepancy γ
Ci
λ

can be computed by solving the linear program Discrλ(Ci) of Section 14.5.1.

Among the observations above, only the last one requires to look at the coupling struc-
ture Ci. However, as noticed in Remark 14.5.1, the value γ

Ci
λ (s, t) can be computed with-

out considering the entire set of constraints of Discrλ(Ci), but only the least independent
set of inequalities that contains the variable ds,t. Moreover, provided that for some pairs
of states E ⊆ S × S the value of the distance is known, the linear program Discrλ(Ci)
can be further reduced by substituting the occurrences of the unknown du,v by the con-
stant δλ(u, v), for each (u, v) ∈ E. This suggests that we do not need to store the entire
coupling structures, but they can be constructed on-the-fly during the calculation.
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Specifically, the couplings that are demanded to compute γ
Ci
λ (s, t) are only those

Ci(u, v) such that (s, t) ;∗Ci,E
(u, v), where ;∗Ci,E

is the reflexive and transitive closure of
;Ci,E ⊆ S2 × S2, defined by

(s′, t′) ;Ci,E (u′, v′) iff Ci(s′, t′)(u′, v′) > 0 and (u′, v′) /∈ E .

The computation of the bisimilarity pseudometric is implemented by Algorithm 6.
It takes as input a finite CTMCM = (S, A, τ, ρ, `), a discount factor λ ∈ (0, 1), and a
query set Q ⊆ S× S. We assume the following global variables to store:

• C: the current (partial) coupling structure;

• d: the λ-discrepancy associated with C;

• ToCompute: the pairs of states for which the distance has to be computed;

• Exact: the set pairs of states (s, t) such that d(s, t) = δλ(s, t), hence those pairs
which do not need to be further improved3;

• Visited: the set of pairs of states that as been visited so far.

Moreover,Rs,t(Exact, C) will denote the set {(u, v) | (s, t) ;∗C,Exact (u, v)}.

At the beginning (line 1–2) both the coupling structure C and the discrepancy d are
empty, there are no visited states, no exact computed distances, and the pairs to be
computed are those in the input query.

While there are still pairs left to be computed (line 3), we pick one (line 4), say (s, t).
According to the definition of δλ, if s 6≡A t then δλ(s, t) = 1; if s = t then δλ(s, t) = 0
and if s, t ∈ A then δλ(s, t) = L(s, t), so that, d(s, t) is set accordingly, and (s, t) is added
to Exact (lines 5–10).

Otherwise, if (s, t) was not previously visited, a coupling ω ∈ Ω(τ(s), τ(t)) is guessed,
and the routine SetPair updates the coupling structure C at (s, t) with ω (line 14), then
the routine Discrepancy updates d with the λ-discrepancy associated with C (line 16).

According to the greedy strategy, C is successively improved and d is consequently
updated, until no further improvements are possible (lines 17–21).

Each improvement is obtained by replacing a sub-optimal coupling C(u, v), for some
(u, v) ∈ Rs,t(Exact, C), by one taken from TP(d, τ(u), τ(v)) (line 17). Note that, each
improvement actually affects the current value of d(s, t), since the update is performed
on a pair inRs,t(Exact, C).

It is worth to note that C and Exact are constantly updated, henceRs,t(Exact, C) may
differ from one iteration to another.

When line 22 is reached, for each (u, v) ∈ Rs,t(Exact, C), we are guaranteed that
d(u, v) = δλ(s, t), therefore Rs,t(Exact, C) is added to Exact and, for these pairs, d will

3Actually, the set Exact contains those pairs such that |d(s, t)− δλ(s, t)| ≤ ε where ε corresponds to the
precision of the machine. In our implementation ε = 10−9.
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Algorithm 6 On-the-Fly Bisimilarity Pseudometric
Input: CTMCM = (S, A, τ, ρ, `); discount factor λ ∈ (0, 1); query Q ⊆ S× S.

1. C ← empty; DomC ← ∅; d← empty; —initialize data structures—
2. Visited← ∅; Exact← ∅; ToCompute← Q
3. while ToCompute 6= ∅ do
4. pick (s, t) ∈ ToCompute
5. if s 6≡A t then
6. d(s, t)← 1; Exact← Exact ∪ {(s, t)}; Visited← Visited ∪ {(s, t)}
7. else if s = t then
8. d(s, t)← 0; Exact← Exact ∪ {(s, t)}; Visited← Visited ∪ {(s, t)}
9. else if s, t ∈ A then

10. d(s, t)← L(s, t); Exact← Exact ∪ {(s, t)}; Visited← Visited ∪ {(s, t)}
11. else —if (s, t) is nontrivial—
12. if (s, t) /∈ Visited then —if (s, t) has not been encountered so far—
13. pick ω ∈ Ω(τ(s), τ(t)) —guess a coupling—
14. SetPair(M, (s, t), ω) —update the current coupling structure—
15. end if
16. Discrepancy(λ, (s, t)) —update d as the λ-discrepancy for C—
17. while ∃(u, v) ∈ Rs,t(Exact, C) such that C(u, v) /∈ TP(d, τ(u), τ(v)) do
18. ω ∈ TP(d, τ(u), τ(v)) —pick an optimal coupling for s, t w.r.t. d—
19. SetPair(M, (u, v), ω) —improve the current coupling structure—
20. Discrepancy(λ, (s, t)) —update d as the λ-discrepancy for C—
21. end while
22. Exact← Exact ∪RC(s, t) —add new exact distances—
23. remove from C all the couplings associated with a pair in Exact
24. end if
25. ToCompute← ToCompute \ Exact —remove exactly computed pairs—
26. end while
27. return d�Q —return the distance for all pairs in Q—

no longer be updated. At this point (line 23), the couplings associated with the pairs in
Exact can be removed from C.

At line 25, the exact pairs computed so far are removed from ToCompute.
Finally, if no more pairs need be considered, the exact distance on Q is returned

(line 27).

Algorithm 6 calls the subroutines SetPair and Discrepancy. The former is used to
construct and update the coupling structure C, the latter to update the current over-
approximation d during the computation. Next, we explain how they work.

SetPair (Algorithm 7) takes as input a CTMC M = (S, A, τ, ρ, `), a pair of states
s, t ∈ S, and a coupling ω ∈ Ω(τ(s), τ(t)).
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Algorithm 7 SetPair(M, (s, t), ω)

Input: CTMCM = (S, A, τ, ρ, `); s, t ∈ S; ω ∈ Ω(τ(s), τ(t))
1. C(s, t)← ω —update the coupling at (s, t) with ω—
2. Visited← Visited ∪ {(s, t)} —set (s, t) as visited—
3. for all (u, v) /∈ Visited such that (s, t) ;C,Exact (u, v) do —for all demanded pairs—
4. Visited← Visited ∪ {(u, v)}
5. if u = v then d(u, v)← 0; Exact← Exact ∪ {(u, v)};
6. if u 6≡A v then d(u, v)← 1; Exact← Exact ∪ {(u, v)};
7. if u, v ∈ A then d(u, v)← L(u, v); Exact← Exact ∪ {(u, v)};
8. // propagate the construction
9. if (u, v) /∈ Exact then

10. pick ω′ ∈ Ω(τ(u), τ(v)) —guess a matching—
11. SetPair(M, (u, v), ω′)
12. end if
13. end for

Algorithm 8 Discrepancy(λ, (s, t))
Input: discount factor λ ∈ (0, 1); s, t ∈ S \ A

1. Let LP be the linear program obtained from Discrλ(C) by keeping only the inequal-
ities associated with pairs in Rs,t(Exact, C) and replacing the unknown du,v by the
constant d(u, v), for all (u, v) ∈ Exact.

2. d∗ ← optimal solution of LP
3. for all (u, v) ∈ Rs,t(Exact, C) do —update distances—
4. d(u, v)← d∗u,v
5. if d(u, v) = 0 or d(u, v) = L(u, v) then
6. Exact← Exact∪ {(u, v)}
7. end if
8. end for

In lines 1–2, the coupling structure C is set to ω at (s, t), then (s, t) is added to Visited.
The on-the-fly construction of the coupling structure is recursively propagated to the

demanded successor pairs of (s, t) according to the information accumulated so far.
During this construction, if some states with trivial distances are encountered, d and

Exact are updated accordingly (lines 5–7).

Discrepancy (Algorithm 8) takes as input a discount factor λ ∈ (0, 1) and a pair
of states s, t /∈ A. It constructs the least independent linear program obtained from
Discrλ(C), that can compute γCλ(s, t) using the information accumulated so far (line 1).

At the lines 3–7 the current λ-discrepancy is updated accordingly; and those pairs
(u, v) ∈ Rs,t(Exact, C) for which the current λ-discrepancy coincide with the distance
are added to Exact.
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Figure 14.3: Execution trace for the computation of δ1
2
(1, 4) (details in Example 14.6.1).

Next, we present a simple example of Algorithm 6, emphasizing the main features
of our method:

1. the on-the-fly construction of the (partial) coupling, and

2. the restriction only to those variables which are demanded for the solution of the
system of linear equations.

Example 14.6.1 (On-the-fly computation). Consider the CTMC in Figure 14.3, and assume
that we want to compute the λ-discounted bisimilarity distance between states s1 and s4, for
λ = 1

2 .

Algorithm 6 starts by guessing an initial coupling structure C0. This is done by considering
only the pairs of states which are really needed in the computation.

Starting from the pair (s1, s4) a coupling in ω1,4 ∈ Ω(τ(s1), τ(s4)) is guessed as in Fig-
ure 14.3 and assigned to C0(s1, s4).

This demands for the exploration of the pairs (s2, s3), (s2, s4), (s1, s2) and the guess of three
new couplings ω2,3 ∈ Ω(τ(s2), τ(s3)), ω2,4 ∈ Ω(τ(s2), τ(s4)), and ω1,2 ∈ Ω(τ(s1), τ(s2)),
to be associated in C0 with their corresponding pairs.

Since no other pairs are demanded, the construction of C0 terminates as shown in Figure 14.3.

The λ-discrepancy associated with C0 for the pair (s1, s4) is obtained as the solution of the
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following reduced linear program

arg min
d

(d1,4 + d2,3 + d2,4 + d1,2)

d1,4 ≥
1
6

d1,4 ≥
α

2
+

(1− α)

2
·
(4

9
· d2,3 +

8
21
· d2,4 +

11
63
·

=0︷︸︸︷
d4,4

)
d2,3 ≥

1
2

d2,3 ≥
α

2
+

(1− α)

2
·
(1

4
· d1,2 +

1
4
·

=0︷︸︸︷
d2,2 +

1
2
· d2,4

)
d2,4 ≥

2
3

d2,4 ≥
1
2
·
(1

9
· d1,2 +

5
36
· d1,4 +

4
9
· d2,3 +

11
36
· d2,4

)
d1,2 ≥

1
2

d1,2 ≥
α

2
+

(1− α)

2
·
(5

7
·

=0︷︸︸︷
d2,2 +

1
4
· d1,4 +

1
28
· d2,4

)
where α = ‖Exp(15)− Exp(9)‖TV =

6√3/5
25 (by Equation (14.3.1)).

Note that, the bisimilarity distance for the pairs (s2, s2) and (s4, s4) is always 0, thus d2,2
and d4,4 are substituted accordingly.

The solution of the above linear program is

dC0(s1, s4) =
α

2
+

5(1− α)

21
,

dC0(s2, s3) =
1
2

,

dC0(s2, s4) =
2
3

,

and
dC0(s1, s2) =

1
2

.

Since, the λ-discrepancy for (s2, s3), (s2, s4), and (s1, s2) equals the distance L between
their labels, it coincides with the bisimilarity distance, hence it cannot be further decreased.
Consequently, the pairs of states are added to the set Exact and their associated couplings are
removed from C0. Note that, these pairs will no longer be considered in the construction of a
coupling structure.



300 CHAPTER 14. A DISTANCE FOR CONTINUOUS-TIME MARKOV CHAINS

In order to decrease the λ-discrepancy of (s1, s4), Algorithm 6 constructs a new coupling
structure C1.

According to our greedy strategy, C1 is obtained from C0 updating C0(s1, s4) (i.e., the only
coupling left) by the coupling ω′1,4 ∈ Ω(τ(s1), τ(s4)) (shown in Figure 14.3) that is obtained
as the solution of a transportation problem with marginals τ(s1) and τ(s4), where the current
λ-discrepancy is taken as cost function.

The resulting coupling does not demand for the exploration of new pairs in the CTMC, hence
the construction of C1 terminates. The reduced linear program associated with C1 is given by

arg min
d

d1,4

d1,4 ≥
1
6

d1,4 ≥
α

2
+

(1− α)

2
·
(1

9
·

=0︷︸︸︷
d2,2 +

4
9
·

= 1
2︷︸︸︷

d2,3 +
10
63
·

= 2
3︷︸︸︷

d2,4 +
2
7
·

=0︷︸︸︷
d4,4

)
whose solution is dC1(s1, s4) =

α
2 + 31(1−α)

189 .
Solving again a new transportation problem with the improved current λ-discrepancy as cost

function, we discover that the coupling structure C1 cannot be further improved, hence we stop
the computation, returning

δλ(s1, s4) = dC1(s1, s4) =
α

2
+

31(1− α)

189
.

�

Remark 14.6.2. Algorithm 6 can also be used for computing over-approximated dis-
tances. Indeed, assuming over-estimates for some particular distances are already known,
they can be taken as inputs and used in our algorithm simply storing them in the vari-
able d and treated as “exact” values. In this way, our method will return the least over-
approximation of the distance agreeing with the given over-estimates. This modifi-
cation of the algorithm can be used to further decrease the exploration of the CTMC.
Moreover, it can be employed in combination with approximated algorithms, having
the advantage of an on-the-fly state space exploration. �

14.7 Experimental Results

In this section, we evaluate the performances of the on-the-fly algorithm on a collection
of randomly generated4 CTMCs.

Firstly, we compare the execution times of the on-the-fly algorithm with those of the
iterative method proposed in Section 14.3.1. Since the iterative method only allows for

4 The tests have been performed on a prototype implementation coded in Wolfram Mathematicar 9
(available at http://people.cs.aau.dk/~mardare/tools.html) running on an Intel Core-i7 3.4 GHz
processor with 12GB of RAM.

http://people.cs.aau.dk/~mardare/tools.html
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# States On-the-Fly (exact) Iterating (approximated) Approx.
Time (s) # TPs # Iterations # TPs Error

10 0.352 10.500 2.660 266.667 0.0339
12 0.772 19.700 2.850 410.403 0.0388
14 2.496 35.800 3.880 760.480 0.0318
16 4.549 50.607 5.142 1316.570 0.0230
18 13.709 78.611 6.638 2151.021 0.0206
20 22.044 109.146 7.243 2897.560 0.0149
22 50.258 140.727 7.409 3586.010 0.0145
24 67.049 175.481 7.826 4508.310 0.0141
26 112.924 219.255 9.509 6428.150 0.0025
28 247.583 295.533 11.133 8728.530 0.0004
30 284.252 307.698 10.679 9611.320 0.0006
40 296.633 330.824 11.294 18070.600 0.0004
50 807.522 368.500 16.900 42250.000 0.00001

Table 14.1: Comparison between the on-the-fly algorithm and the iterative method.

the computation of the distance for all state pairs at once, the comparison is (in fairness)
made with respect to runs of our on-the-fly algorithm with input query being the set of
all state pairs. For each input instance, the comparison involves the following steps:

1. we run the on-the-fly algorithm, storing both execution time and the number of
solved transportation problems,

2. then, on the same instance, we execute the iterative method until the running time
exceeds that of step 1. We report the number of iterations and the number of
solved transportation problems.

3. Finally, we calculate the approximation error between the exact solution δλ com-
puted by our method at step 1 and the approximate result d obtained in step 2 by
the iterative method, as ‖δλ − d‖.

This has been made on a collection of CTMCs varying from 10 to 50 states. For each
n = 10, . . . , 30, we have considered 40 randomly generated CTMCs per out-degree,
varying from 3 to n; whereas for n = 40 and 50, the out-degree varies from 3 to 10.
Table 14.1 reports the average results of the comparison obtained for a discount factor
λ = 1

2 .
As it can be seen, our use of a greedy strategy in the construction of the couplings

leads to a significant improvement in the performances. We are able to compute the
exact solution before the iterative method can under-approximate it with an absolute
error of ≈ 0.03, which is a non-negligible error for a value within the interval [0, 1].

So far, we only examined the case when the on-the-fly algorithm is run on all state
pairs at once. Now, we show how the performance of our method is improved even
further when the distance is computed only for single pairs of states.
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# States out-deg = 3 3 ≤ out-deg ≤ # States/2
Time (s) # TPs Time (s) # TPs

30 0.304 0.383 18.113 21.379
40 2.045 0.954 34.582 22.877
50 7.832 16.304 50.258 139.427

# States out-deg = 3
Time (s) # TPs

60 34.858 12.053
70 48.016 14.166
80 73.419 29.383
90 75.591 13.116

100 158.027 20.301

Table 14.2: Average performances of the on-the-fly algorithm on single-pair queries.
Execution times and number of performed TPs are reported for CTMCs with different
out-degree. For instances with more than 50 states the out-degree is fixed to 3;

Table 14.2 shows the average execution times and number of solved transportation
problems for (nontrivial) single-pair queries for randomly generated of CTMCs with
number of states varying from 30 to 100. In the first two columns we consider CTMCs
with out-degree equal to 3, while the last two columns show the average values for
out-degrees varying from 3 to haft of the number of states of the CTMCs.

The results show that, when the out-degree of the CTMCs is low, our algorithm
performs orders of magnitude better than in the general case.

Notably, our on-the-fly method scales well when the out-degree is small and succes-
sive computation of the current λ-discrepancy are performed on a relatively small set
of pairs.

As for the linear program characterization of the bisimilarity distance illustrated in
Section 14.3.2, tests performed on small CTMCs show that solving Dλ(M) is inefficient
in practice, both using the simplex and the interior-point methods5. Even for CTMCs
with less than 20 states, the computation times are in the order of hours. For this rea-
son, the efficiency of our on-the-fly technique is by no mean comparable to the linear
program solution.

14.8 Conclusive Remarks

In this Chapter, we proposed a bisimilarity pseudometric for measuring the behavioral
similarity between CTMCs, that extends the one on MCs introduced by Desharnais et
al. in [22].

Moreover, we gave a novel linear program characterization of the distance that, dif-
ferently from similar previous proposals, have a number of constraints which is poly-
nomial in the size of the CTMC. This proved that the bisimilarity pseudometric can be
computed in polynomial time.

5The implementation is done in Wolfram Mathematicar 9 and uses the Linear Program solvers avail-
able in the standard library.
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Finally, we defined an on-the-fly algorithm for computing the bisimilarity distance.
We demonstrated that, using on-the-fly techniques the computation time is improved
with orders of magnitude with respect to the corresponding iterative and linear pro-
gram approaches. Our technique allows for the computation on a set of target distances
that might be done by only investigating a significantly reduced set of states and for
further improvement of speed.

Our algorithm can be practically used to address a large spectrum of problems. For
instance, it can be seen as a method to decide whether two states of a given CTMC are
probabilistic bisimilar, to identify bisimilarity classes, or to solve lumpability problems.
It is sufficiently robust to be used with approximation techniques as, for instance, to
provide a least over-approximation of the behavioural distance given over-estimates
of some particular distances. It can be integrated with other approximate algorithms,
having the advantage of the efficient on-the-fly state space exploration.

Having a practically efficient tool to compute bisimilarity distances opens the per-
spective of new applications already announced in previous Chapters. One of these is
the state space reduction problem for CTMCs. Our technique can be used in this context
as an indicator for the sets of neighbor states that can be collapsed due to their similar-
ity. It also provides a tool to estimate the difference between the initial CTMC and the
reduced one, hence a tool for the approximation theory of CTMCs.
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Chapter 15

Total Variation Distances of
Semi-Markov Chains

15.1 Introduction

The growing interest in quantitative aspects in the real world applications motivated the
introduction of quantitative models and formal methods for studying their behaviors.
Classically, the behavior of two models is compared by means of an equivalence (e.g.,
bisimilarity, trace equivalence, etc.). However, when the models are parametric on some
numerical values subject to error estimates or obtained from statistical samplings, any
notion of equivalence for comparing two systems is too strong a concept, where from
the necessity to relax it towards a concept of behavioural distance.

As we have already seen in the previous Chapters, the first proposals of behavioral
distances in the literature are based on the Kantorovich metric and, like bisimilarity, are
branching-time. In this Chapter instead, we consider a linear-time metric. Our attention
on linear-time properties is motivated by the fact that in many applications the system to
be modeled cannot be internally accessed, but only tested via observations performed
over a set of random executions. For instance, this is mostly common in application
domains such as systems biology, modeling/testing, and machine learning.

An other aspect we want to consider are real-time properties. These are important
for performance evaluation of cyber-physical systems and dependability analysis.

In this respect, we consider as models the so-called semi-Markov chains (SMCs),
which are continuous-time probabilistic transition systems where the residence time on
states is governed by generic distributions on the positive real line. SMCs subsume
many probabilistic models also studied in the previous Chapters of this monograph,
such as the Markov chains (MCs) and the continuous-time Markov Chains (CTMCs).

Regarding the behavioural distance, we study the total variation between proba-
bility measures induced by an SMC over infinite timed traces, which corresponds to

305
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the largest possible difference between the probabilities that the measures assign to the
same event.

One of most appealing features of the total variation distance between MCs is its
relation to probabilistic model checking. Specifically, the total variation is known to
be a bound for the maximal difference with respect to the probability of satisfying LTL
formulas. However, also the indiscrete distance (that returns distance 0 to identical
states, 1 otherwise) is a bound for it, but it is clear that it is of no help. What is important,
is to establish how tight is a given bound.

In the first part of this Chapter we address this problem in the case of SMCs and
probabilistic model checking of linear real-time specifications expressed either as met-
ric temporal logic (MTL) formulas [2, 3], or languages accepted by timed automata
(TAs) [1].

The relation between the total variation and model checking is even tighter than
expected: we show that the bound is actually an equality. This holds both for MTL
properties and for TAs languages. These are obtained from a more general result (The-
orem 15.4.2), which also entails other nontrivial characterizations of the distance.

Since, SMCs and MTL are extension of MCs and LTL, respectively, the same result
holds for the discrete-time case.

This further motivates the study of efficient methods for computing the total vari-
ation. Unfortunately, in [17, 34] this problem is proven to be NP-hard in the case of
MCs, and to the best of our knowledge, its decidability is still an open problem. Nev-
ertheless, we prove that the problem of approximating the total variation distance with
arbitrary precision is computable. This is done providing two sequences that converge
from below and above to the total variation distance. This result generalizes that of [17]
to the real-time setting. Our approach, however, is different, as it is basing on a duality
that characterizes the total variation between two measures as the minimal discrepancy
associated with their couplings.

The technical contributions of this Chapter can be summarized as follows.
1. We solved the open problem of measuring how tight is the upper-bound given by

the total variation distance with respect to the variational distance ranging over MTL
formulas and TA specifications, respectively. This has been made possible due to a
more general result —the actual main contribution of the section— that yields many
other interesting characterizations of the total variation on SMCs.

2. We provide sufficient conditions to construct sequences that converge, from be-
low and above, to the total variation distance. Differently from [17], the converging
conditions are not specific to the probabilistic transition system at hand, but the re-
sults hold for probability measures on an arbitrary measurable space. These results are
instantiated to characterize two specific sequences that converge to the total variation
distance between SMCs.
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3. Last but not least, we prove the computability of the converging sequences of the
previous point. This yields a computable procedure to approximate the total variation
distance with arbitrary precision.

15.2 Preliminaries

In this section, we recall some basic notions used in the Chapter and fix the notation.
For deeper insides on some of these topics, the reader is also refereed to the Chapter
Preliminaries of this monograph.

As before in this monograph, the set of functions from X to Y is denoted by YX and
for f ∈ YX, let

≡ f = {(x, x′) | f (x) = f (x′)}.

Given an equivalence relation R ⊆ X × X, the set of R-equivalence classes is denoted
by X/R and [x]R denotes the equivalence class of x ∈ X.

Hereafter (R≥0, B) denotes the measurable space of positive real numbers (includ-
ing zero) with Borel algebra.

Given a measurable space (X, Σ),in what follows ∆(X, Σ) denotes the set of prob-
ability measures on (X, Σ) and let D(X) = ∆(X, 2X) be the set of discrete probability
distributions on (X, Σ).

Given a measurable function f : (X, Σ)→ (Y, Θ), any measure µ on (X, Σ) defines a
measure µ[ f ] on (Y, Θ) by

µ[ f ](E) = µ( f−1(E)),

for all E ∈ Θ; it is called the push forward of µ under f .
Given µ and ν measures on (X, Σ) and (Y, Θ), respectively, the product measure µ× ν

on (X, Σ)⊗ (Y, Θ) is uniquely defined by

(µ× ν)(E× F) = µ(E) · ν(E),

for all (E, F) ∈ Σ×Θ.
A measure ω on (X, Σ)⊗ (Y, Θ) is a coupling for (µ, ν) if for all E ∈ Σ and F ∈ Θ,

ω(E× Y) = µ(E) and ω(X × F) = ν(F); µ is called the left and ν the right marginals of
ω. We denote by Ω(µ, ν) the set of couplings for (µ, ν).

Given a measurable space (X, Σ), the set of measures ∆(X, Σ) is metrized by the total
variation distance, defined for arbitrary µ, ν ∈ ∆(X, Σ) by

‖µ− ν‖ = sup
E∈Σ
|µ(E)− ν(E)|.
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The space of timed paths.

A timed path over a set X is an infinite sequence

π = x0, t0, x1, t1 . . . ,

where xi ∈ X and ti ∈ R≥0; ti are called time delays.
For any i ∈ N , let

π[i] = xi, π〈i〉 = ti,

π|i = x0, t0, .., ti−1, xi and π|i = xi, ti, xi+1, ti+1, . . . .

Let Π(X) denote the set of timed paths on X.

The cylinder set (of rank n) for Xi ⊆ X and Ri ⊆ R≥0, i = 0..n is the set

C(X0, R0, .., Rn−1, Xn) = {π ∈ Π(X) | π|n ∈ X0 × R0 × · · · × Rn−1 × Xn}.

For F ⊆ 2X and I ⊆ 2R≥0 , let

Cn(F , I) = {C(X0, R0, .., Rn−1, Xn) | Xi ∈ F , Ri ∈ I},

for n ∈ N and
C(F , I) =

⋃
n∈N

Cn(F , I).

If (X, Σ) is a measurable space, Π(X, Σ) denotes the measurable space of timed paths
with σ-algebra generated by C(Σ, B).

If Σ = σ(F ) and B = σ(I), then σ(C(Σ, B)) = σ(C(F , I)). Moreover, if both F and
I are fields, so is C(F , I).

Any function f : X → Y can be stepwise extended to f ω : Π(X) → Π(Y). Note that
if f is measurable, so is f ω.

Before concluding this section we prove a couple of ”folklore” results that will be
useful in what follows.

Proposition 15.2.1. Let A ⊆ R be a bounded nonempty set and A its closure in the topology
of R. Then,

(i) sup A ∈ A;

(ii) sup A = sup A.

Proof. First, notice that since A 6= ∅ and is bounded, by Dedekind axiom, the supre-
mum of A (and A) in R exists. Moreover, recall that, for any B ⊆ R,

B = ad(B) := {x ∈ R | ∀ε > 0. (x− ε, x + ε) ∩ B 6= ∅} ,
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where ad(B) denotes the set of points adherent to B.
Let α = sup A.
(i) We prove that α ∈ A.
Let ε > 0, then α− ε is not an upper bound for A. This means that there exists x ∈ A

such that α− ε < x ≤ α and, in particular, that x ∈ (α− ε, α + ε) ∩ A. Therefore α ∈ A.
(ii) Let β = sup A.
By A ⊆ A = A and (i), we have α ≤ β ∈ A. We prove that α = β.
Assume by contradiction that α 6= β and let ε := β − α. Clearly ε > 0, so that, by

β ∈ A, we have that (β− ε, β + ε) ∩ A 6= ∅. This means that there exists x ∈ A such
that α = β− ε < x, in contradiction with the hypothesis that α = sup A.

Proposition 15.2.2. Let f : X → Y be a continuous function and A ⊆ X. Then, f (A) =

f (A), where A denotes the closure of A in the corresponding topology.

Proof. (⊇) A function f : X → Y is continuous iff for all B ⊆ X, f (B) ⊆ f (B). Therefore,
f (A) ⊆ f (A). Since f (A) is closed, we have f (A) ⊆ f (A).

(⊆) The result follows by A ⊆ A and monotonicity of f (·) and (·).

Proposition 15.2.3. Let X be nonempty, f : X → R be a bounded continuous real-valued
function, and D ⊆ X be dense in X. Then sup f (D) = sup f (X).

Proof. Notice that, since X 6= ∅ and f is bounded, by Dedekind axiom, both sup f (D)
and sup f (X) exist. By Propositions 15.2.1, 15.2.2, and D = X, we have

sup f (D)
(Prop.15.2.1)

= sup f (D)
(Prop.15.2.2)

= sup f (D) = sup f (X)
(Prop.15.2.1)

= sup f (X) ,

which proves the thesis.

15.3 Semi-Markov Chains and Trace Distance

In this section we introduce the labelled semi-Markov chains (SMCs), models that sub-
sume most of the space-finite Markovian models including Markov chains (MCs) and
continuous-time Markov chains (CTMCs). We define the total variation distance be-
tween SMCs, called trace distance, which measures the difference between two SMCs
w.r.t. their probabilities of generating labelled timed traces.

In what follows we fix a countable set A of atomic properties.

Definition 15.3.1 (Semi-Markov Chains). A labelled semi-Markov chain is a tuple
M = (S, τ, ρ, `) consisting of
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Figure 15.1: Two SMCs. (left) the differences are only in the residence time distributions;
(right) the behavioral differences arise only from their transition distributions.

• a finite set S of states,

• a transition probability function τ : S→ D(S),

• a residence-time probability function ρ : S→ ∆(R≥0),

• a labelling function ` : S→ 2A.

In what follows we useM = (S, τ, ρ, `) to range over the class of SMCs.

Intuitively, if M is in the state s, it moves to an arbitrary state s′ ∈ S within time
t ∈ R≥0 with probability ρ(s)([0, t]) · τ(s)(s′).

For example, in Fig. 15.1(right) the SMC moves from s1 to s2 before time t > 0 with
probability 1

4 ·U[1, 2]([0, t)), where U[i, j] is the uniform distribution on [i, j].
An atomic proposition p ∈ A is said to hold in s if p ∈ l(s).

Notice that MCs are the SMCs s.t. for all s ∈ S, ρ(s) is the Dirac measure at 0
(transitions happen instantaneously); while CTMCs are the SMCs s.t. for all s ∈ S,
ρ(s) = Exp(λ) —the exponential distribution with rate λ > 0.

An SMC in an initial state is a stochastic processes generating timed paths. They are
distributed as in the next definition.

Definition 15.3.2. Given an SMCM and s ∈ S a state inM, let Ps be the unique probability
measure1 on Π(S) such that for all si ∈ S and Ri ∈ B, i = 0..n,

Ps(C({s0}, R0, . . . , Rn−1, {sn})) = 1{s}(s0) ·
n−1

∏
i=0

P(si, Ri, si+1) ,

where 1A is the indicator function of A and P(u, R, v) = ρ(u)(R) · τ(u)(v).

Since the only things that we observe in a state of an SMC are the atomic properties
(labels), timed paths are considered up to label equivalence. This leads to the definition
of trace cylinders, which are elements in C(S/≡`

, B), and to the following equivalence
between states.

1Existence and uniqueness of Ps is guaranteed by the Hahn-Kolmogorov extension theorem and by
the fact that, for all s ∈ S, τ(s) and ρ(s) are finite measures.
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Definition 15.3.3 (Trace Equivalence). For an arbitrary SMC M = (S, τ, ρ, `), the states
s, s′ ∈ S are trace equivalent, written s ≈ s′, if

for all T ∈ C(S/≡`
, B), Ps(T) = Ps′(T).

Hereafter, we use T to denote the set C(S/≡`
, B) of trace cylinders.

If two states of an SMCs are not trace equivalent, then their difference is usually
measured by the total variation distance between their corresponding probabilities re-
stricted to labelled traces.

Definition 15.3.4 (Trace Pseudometric). GivenM = (S, τ, ρ, `), the trace pseudometric
δλ : S× S→ [0, 1] is defined, for arbitrary s, s′ ∈ S, by

δλ(s, s′) = supE∈σ(T ) |Ps(E)−Ps′(E)| .

It is not difficult to observe that two states s, s′ ∈ S are trace equivalent if and only if
δλ(s, s′) = 0. This demonstrates that the trace equivalence is a behavioural distance.

15.4 Trace Distance and Probabilistic Model Checking

In this section we investigate the connections between trace distance and model check-
ing SMCs over linear real-time specifications.

We show that the variational distance over measurable sets expressed either as Met-
ric Temporal Logic (MTL) formulas or as languages accepted by Timed Automata (TAs)
coincides with the trace distance introduced in the previous section. Both these results
are instances of a more general result (Theorem 15.4.2), which also entails other similar
nontrivial characterizations of the trace distance.

A measure µ on the measurable space (X, Σ) induces the so-called Fréchet-Nikodym
pseudometric on Σ, dµ : Σ× Σ→ R≥0 defined for arbitrary E, F ∈ Σ, by

dµ(E, F) = µ(E4 F),

where E4 F := (E \ F) ∪ (F \ E) is the symmetric difference between sets2.

Recall that in a (pseudo)metric space a subset D is dense if its closure D (i.e., the
set of all the points arbitrarily close to D) coincides with the entire space. In order to
prove the aforementioned general result, we need firstly to provide a sufficient condi-
tion for a family of measurable sets to be dense with respect to the Fréchet-Nikodym
pseudometric for some finite measure.

2Triangular inequality follows by monotonicity and sub-additivity of µ noticing that, A4 C ⊆ (A4
B) ∪ (B4 C).



312 CHAPTER 15. TOTAL VARIATION DISTANCES OF SEMI-MARKOV CHAINS

Lemma 15.4.1. Let (X, Σ) be a measurable space and µ be a finite measure on it. If Σ is
generated by a field F , then F is dense in the pseudometric space (Σ, dµ).

Proof. The closure of F under dµ is given by

F = {E ∈ Σ | ∀ε > 0. ∃F ∈ F . dµ(E, F) < ε} .

We show that F = Σ.
Clearly, F ⊆ Σ.
The converse inclusion follows from F ⊆ F and Σ = σ(F ), if we show that F is a

σ-algebra. This is what we prove below.

• Complement. Let E ∈ F . We want to show that Ec ∈ F , where Ec := Σ \ E denotes
the complement of E in Σ.

Let ε > 0. From E ∈ F , there exists F ∈ F such that dµ(E, F) < ε. Moreover, note
that E4 F = Ec4 Fc, so

dµ(Ec, Fc) = µ(Ec4 Fc) = µ(E4 F) = dµ(E, F) ,

and dµ(Ec, Fc) < ε. By hypothesis, F is a field, hence Fc ∈ F . Due to the generality
of choosing ε > 0, we get that Ec ∈ F .

• Countable Union. Let {Ei | i ∈ N} ⊆ F . We want to show that
⋃

i∈N Ei ∈ F .

Let ε > 0. To prove the thesis it suffices to show that following statements hold:

a) there exists k ∈ N , such that dµ(
⋃

i∈N Ei,
⋃k

i=0 Ei) <
ε
2 ;

b) for all n ∈ N , there exist F0, . . . , Fn ∈ F , such that dµ(
⋃n

i=0 Ei,
⋃n

i=0 Fi) <
ε
2 .

Indeed, by applying the triangular inequality on (a) and (b), we have that there
exist k ∈ N and F0, . . . , Fk ∈ F such that

dµ(
⋃

i∈N Ei,
⋃k

i=0 Fi) ≤ dµ(
⋃

i∈N Ei,
⋃k

i=0 Ei) + dµ(
⋃k

i=0 Ei,
⋃k

i=0 Fi) < ε .

Since, by hypothesis, F is a field, we also have that
⋃k

i=0 Fi ∈ F . Therefore, due to
the generality of ε > 0, we will obtain that

⋃
i∈N Ei ∈ F .

(a). Since (
⋃n

i=0 Ei)n∈N is a countable increasing sequence in Σ converging to⋃
i∈N Ei, by ω-continuity from below of µ, we have that (µ(

⋃n
i=0))n∈N converges

in R to µ(
⋃

i∈N Ei). This means that there exists and index k ∈ N such that

|µ(⋃i∈N Ei)− µ(
⋃k

i=0 Ei)| < ε
2

Using the fact that
⋃

i∈N Ei ⊆
⋃k

i=0 Ei and the monotonicity, the additivity and the
finiteness of µ,

dµ(
⋃

i∈N Ei,
⋃k

i=0 Ei) = µ(
⋃

i∈N Ei4
⋃k

i=0 Ei)

= µ(
⋃

i∈N Ei \
⋃k

i=0 Ei)

= µ(
⋃

i∈N Ei)− µ(
⋃k

i=0 Ei) <
ε
2 .
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(b). Let n ∈ N . By E0, . . . , En ∈ F , there exists F0, . . . , Fn ∈ F such that

dµ(Ei, Fi) <
ε

2n
.

Moreover, note that
n⋃

i=0

Ei4
n⋃

i=0

Fi ⊆
n⋃

i=0

(Ei4 Fi),

so that by monotonicity and sub-additivity of µ we have

dµ(
⋃n

i=0 Ei,
⋃k

i=0 Fi) = µ(
⋃n

i=0 Ei4
⋃n

i=0 Fi)

≤ µ(
⋃n

i=0(Ei4 Fi))

≤ ∑n
i=0 µ(Ei4 Fi) < ∑n

i=0
ε

2n = ε
2 .

With this result in hands we can state the main theorem of this section.

Theorem 15.4.2. Let (X, Σ) be a measurable space and µ, ν be two finite measures on it. If Σ is
generated by a field F , then

‖µ− ν‖ = sup
E∈F
|µ(E)− ν(E)|.

Proof. For Y 6= ∅ and f : Y → R bounded and continuous, if D ⊆ Y is dense then
sup f (D) = sup f (Y). By Lemma 15.4.1, F is dense in (Σ, dµ+ν). We show that |µ −
ν| : Σ → R is bounded and continuous. Let E and F be arbitrary measurable sets in Σ,
then

µ(E) = µ(E \ F) + µ(E ∩ F) (µ additive)
≤ µ((E \ F) ∪ (F \ E)) + µ(F) (µ monotone)
= µ(E4 F) + µ(E) (by def)
= µ(E4 F) + ν(E4 F) + µ(F) (ν positive)
= dµ+ν(E, F) + µ(F) . (by def)

This implies that, for all E, F ∈ Σ,

dµ+ν(E, F) ≥ |µ(E)− µ(F)|,

hence µ : Σ → R is 1-Lipschitz continuous. Analogously, also ν : Σ → R is 1-Lipschitz
continuous. Then, continuity of |µ− ν| : Σ → R follows by composition of continuous
functions. Moreover, |µ− ν| is bounded because, by hypothesis, µ and ν are finite.
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15.4.1 Model Checking for MTL Formulas

Metric Temporal Logic [2] has been introduced as a formalism for reasoning on se-
quences of events in a real-time setting. The grammar of formulas is as follows

ϕ ::= p | ⊥ | ϕ→ ϕ | X[t,t′]ϕ | ϕ U[t,t′] ϕ ,

where p ∈ A and [t, t′] are positive-real intervals with rational boundaries. MTL ex-
tends the linear-temporal logic operators next and until of LTL with a real time con-
straint expressed in the form of a closed interval within which the modal observation is
realized.

The formal semantics3 of MTL is given by means of a satisfiability relation defined,
for an arbitrary SMCM and a timed path π ∈ Π(S), as follows [38].

M, π � p if p ∈ `(π[0]) ,
M, π � ⊥ never ,
M, π � ϕ→ ψ ifM, π � ψ wheneverM, π � ϕ ,

M, π � X[t,t′]ϕ if π〈0〉 ∈ [t, t′], andM, π|1 � ϕ ,

M, π � ϕ U[t,t′] ψ if ∃i > 0 such that ∑i−1
k=0 π〈k〉 ∈ [t, t′],M, π|i � ψ,

andM, π|j � ϕ whenever 0 ≤ j < i .

Having fixed an SMCM, let

JϕK = {π | M, π � ϕ}

and
JLK = {JϕK | ϕ ∈ L},

for any L ⊆ MTL. Let MTL− be the fragment of MTL without until operator.

Lemma 15.4.3. With the previous notations, the following statements hold.

1. JMTLK ⊆ σ(T )

2. T ⊆ σ(JMTL−K).

Proof. We prove the two statements separately.
1. By structural induction on the syntax of ϕ ∈ MTL we prove that JϕK ∈ σ(T ).

3This is known as the point-based semantics, since the connectives quantify over a countable set of
positions in the path; it differs from the interval-based semantics, adopted in [15, 39], which associates
a state with each point in the real line, and let the temporal connectives quantify over intervals with
uncountable many points.
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Atomic prop. JaK = {π | a ∈ `(π[0])} = ⋃{C([s]≡`
) | s ∈ `−1({a |})}. Since S is finite

and C([s]≡`
) ∈ T for all s ∈ S, then JaK ∈ σ(T ).

False. J⊥K = ∅ ∈ σ(T ).

Implication. Jϕ → ψK = J¬ϕ ∨ ψK = JϕKc ∪ JψK. By inductive hypothesis, JϕK, JψK ∈
σ(T ), therefore Jϕ→ ψK ∈ σ(T ).

Next. Consider X I ϕ. The following hold

JX I ϕK = {π | π〈0〉 ∈ I, andM, π|1 � ϕ} (by def. of X)
= {π | π〈0〉 ∈ I, and π|1 ∈ JϕK} (by def. of J·K)

= (·)〈0〉−1(I) ∩ (·)|−1
1 (JϕK) (by def. of (·)〈0〉 and (·)|1)

By inductive hypothesis and the fact that both (·)〈0〉 and (·)|1 are measurable functions,
it follows that JX I ϕK ∈ σ(T ).

Until. Consider Jϕ U[a,b] ψK. For k > 0 we define the set OnTime@k as

OnTime@k =
⋃
C(X)

∣∣∣∣∣∣∣∣∣∣
Ci ∈ S/≡`

, t−i , t+i ∈ Q+, for 0 ≤ i ≤ k,
k−1

∑
i=0

t−i ≥ a,
k−1

∑
i=0

t+i ≤ b, t−i ≤ t+i ,

X = C0, [t−0 , t+0 ], . . . , [t−k−1, t+k−1], Cn


Notice that OnTime@k is a countable union of cylinders in T (the number of unions is
bounded by |(S×Q2

+)
k+1|), hence it is a measurable set in σ(T ).

OnTime@k = {π | ∀i < k. ∑k−1
i=0 π〈i〉 ∈ [a, b]} (15.4.1)

The inclusion from left to right trivially holds by definition of OnTime@k.

As for the reverse inclusion, let π be a timed path over S, such that π〈i〉 = ti (i =

0..k− 1) and ∑k−1
i=0 ti ∈ [a, b].

We have to prove that there exist t−i , t+i ∈ Q+ such that t−i ≤ ti ≤ t+i , ∑k−1
i=0 t−i ≥ a, and

∑k−1
i=0 t+i ≤ b.

When k = 1 it suffices to take t−1 = a and t+1 = b.

Assume k > 1. Let ∆ = 2h/10h for some h ∈ N large enough to satisfy the following
two inequalities ∑k−1

i=0 ti − ∆ > a and ∑k−2
i=0 ti + ∆ < b. Let t−i = ti = t+i if ti ∈ Q+,

otherwise we choose some t−i , t+i ∈ Q+ that satisfy

t−i < ti < t+i , t−i > ti − ∆/2k and t+i < ti + ∆/2k . (15.4.2)
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We proceed by showing that the constraints (15.4.2) are sufficient to prove that

k−1

∑
i=0

t−i ≥ a and
k−1

∑
i=0

t+i ≤ b,

then we show how to pick t−i , t+i ∈ Q+ in order to satisfy (15.4.2). The following hold

k−1

∑
i=0

ti − ∆ <
k−1

∑
i=0

(t−i + ∆/2k)− ∆ = (by (15.4.2))

=
k−1

∑
i=0

t−i − ∆/2 ≤
k−1

∑
i=0

t−i . (by ∆ ≥ 0)

By construction,
k−1

∑
i=0

ti − ∆ > a, hence
k−1

∑
i=0

t−i > a. Analogously,

k−2

∑
i=0

ti + ∆ >
k−1

∑
i=0

(t+i − ∆/2k)− ∆ = (by (15.4.2))

=
k−2

∑
i=0

t+i + (k + 1)∆/2k ≥
k−2

∑
i=0

t+i . (by ∆ ≥ 0)

By construction,
k−2

∑
i=0

ti + ∆ < b, hence
k−2

∑
i=0

t+i < b.

One can check that the constraints (15.4.2) are easily satisfied if we pick

t−i = btic+
b10h · {ti}c

10h , t+i = btic+
b10h · {ti}c+ 1

10h ,

for some large enough h ∈ N , where {ti} denotes the fractional part of ti 6∈ Q+. This
proves (15.4.1).

Jϕ U[a,b] ψK

=

π

∣∣∣∣∣∣∣
∃i > 0.

i−1

∑
k=0

π〈i〉 ∈ [a, b], andM, π|i � ψ,

∀0 ≤ j < i.M, π|j � ϕ

 (by def. U)

=

π

∣∣∣∣∣∣∣
∃i > 0.

i−1

∑
k=0

π〈i〉 ∈ [a, b], and π|i ∈ JψK,

∀0 ≤ j < i. π|j ∈ JϕK

 (by def. J·K)

=
⋃
i>0

⋂
0≤j<i

((·)|−1
j (JϕK) ∩ (·)|−1

i (JψK) ∩OnTime@i) . (by def. (·)|k and (15.4.1))

By inductive hypothesis on ϕ, ψ and measurability of (·)|k for arbitrary k ∈ N , it fol-
lows that Jϕ U[a,b] ψK ∈ σ(T ).
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2. We show that σ(T ) ⊆ σ(JMTL−K).
Let I be the family of closed intervals in R≥0 with rational endpoints. It is standard

that σ(I) = B, and from it one can easily verify σ(C(S/≡`
, I)) = σ(T ).

Therefore, to prove σ(T ) ⊆ σ(JMTL−K), it suffices to show C(S/≡`
, I) ⊆ σ(JMTL−K).

Let define Ap : A× C(S/≡`
, I)→ MTL− as

Ap(a,C(C)) =

{
a if C ⊆ `−1(a)
¬a othewise

Ap(a,C(C, I, X)) =

{
a ∧ X I Ap(a,C(X)) if C ⊆ `−1(a)

¬a ∧ X I Ap(a,C(X)) otherwise ,

Let C = C(C0, I0, . . . , In−1, Cn) ∈ C(S/≡`
, I), one can prove by induction on n that⋂

a∈A

JAp(a, C)K = C.

Since σ(JMTL−K) is closed under countable intersection, we conclude that C ∈ σ(JMTL−K).

Lemma 15.4.3 states that (1) MTL formulas describe events in the σ-algebra gener-
ated by the trace cylinders; and (2) the trace cylinders are measurable sets generated by
MTL formulas without until operator. Consequently, the probabilistic model checking
problem for SMC, which is to determine the probability Ps(JϕK) given the initial state s
ofM, is well defined. Moreover, for any L ⊆ MTL,

δL(s, s′) = supϕ∈L |Ps(JϕK)−Ps′(JϕK)|

is a well-defined pseudometric that distinguishes states w.r.t. their maximal difference
in the likelihood of satisfying formulas in L.

Obviously, the trace distance δλ is an upper bound of δL; however, Theorem 15.4.2
reveals a set of conditions on L guaranteeing that the two actually coincide.

Corollary 15.4.4 (Logical Characterization). Let L be a Boolean-closed fragment of MTL s.t.
T ⊆ σ(JLK). Then, δL = δλ. In particular, δMTL = δMTL− = δλ.

Proof. L is closed under all Boolean operators, therefore JLK is a field.
Applying Lemma 15.4.3(1), since L ⊆ MTL, we get JLK ⊆ σ(T ).
Because T ⊆ σ(JLK), it follows that σ(JLK) = σ(T ). The equality δL = δλ now

follows by Theorem 15.4.2.
In particular δMTL = δMTL− = δλ follows from Lemma 15.4.3(2).
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Remark 15.4.5. The supremum in Corollary 15.4.4 is not a maximum. Fig.15.1 shows
two examples. The SMC on the right is taken from [17, Example 1]4, where it is proven
that δλ(s1, s4) has a maximizing event that is not an ω-regular language. As for the SMC
on the left, the maximizing event corresponding to δλ(u, v) should have the form X I>
for I = [0, log(3)− log(2)]. However, the previous is not an MTL formula since I has
an irrational endpoint. �

15.4.2 Model Checking for Timed Automata

Timed Automata (TAs) [1] have been introduced to model the behavior of real-time
systems over time. Here we consider TAs without location invariants.

Let X be a finite set of variables (clocks) and V(X ) the set of valuations v : X → R≥0.
As usual, for v ∈ V(X ), t ∈ R≥0 and X ⊆ X , we denote by 0 the null valuation, by v + t
the t-delay of v and by v[X := t] the update of X in v.

A clock guard g ∈ G(X ) over X is a finite set of expressions of the form x ./ q, for
x ∈ X , q ∈ Q+ and ./ ∈ {<,≤,>,≥ |}.

We say that a valuation v ∈ V(X ) satisfies a clock guard g ∈ G(X ), written v � g, if
v(x) ./ n holds, for all x ./ q ∈ g.

Two clock guards g, g′ ∈ G(X ) are orthogonal (or non-overlapping), written g ⊥ g′, if
there is no v ∈ V(X ) such that v � g and v � g′.

Definition 15.4.6 (Timed Automaton). A timed (Muller) automaton over a set of clocks X
is a tuple A = (Q, L, q0, F,→) consisting of

• a finite set Q of locations,

• a set L of input symbols,

• an initial location q0 ∈ Q,

• a family F ⊆ 2Q of final sets of locations,

• a transition relation→ ⊆ Q× L× G(X )× 2X ×Q.

A is deterministic if
[(q, a, g, X, q′), (q, a, g′, X′, q′′) ∈ → and g 6= g′] implies g ⊥ g′;

A is resetting if
(q, a, g, X, q′) ∈ → implies X = X .

4The SMC has been adapted to the current setting where the labels are in the state, instead of in the
transitions.
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Given a TA A = (Q, L, q0, F,→), a run of A over a timed path π = a0, t0, a1, t1, . . . is
an infinite sequence

(q0, v0)
a0,t0−−−→ (q1, v1)

a1,t1−−−→ (q2, v2)
a2,t2−−−→ · · ·

with qi ∈ Q and vi ∈ V(X ) for all i ≥ 0, satisfying the following requirements:

• (initialization) v0 = 0;

• (consecution) for all i ≥ 0, exists (qi, ai, gi, Xi, qi+1) ∈→ such that

vi+1 = (vi + ti)[Xi := 0] and vi + ti � gi.

A run over π is accepting (π is accepted by A) if the set of locations visited infinitely
often is in F. Let L(A) be the set of timed paths accepted by A.

A deterministic timed automata (DTA) is a TA that has at most one accepting run
over a given timed path in Π(L). With respect to TAs, which are only closed under
finite union and intersection, DTAs are also closed under complement [1].

To relate TAs and SMCs, consider an SMCM = (S, τ, ρ, `) and a TA A that uses the
labels ofM as input symbols. Let

JAK = {π | `ω(π) ∈ L(A)}

be the set of timed paths inM accepted by A and for any set F ∈ TA, let

JFK = {JAK | A ∈ F}.

With this definition we can prove, for TAs a similar lemma with Lemma 15.4.3 that
we have previously proven for MTL.

Lemma 15.4.7. With the previous notations, the following statements hold.

1. JTAK ⊆ σ(T )

2. T ⊆ σ(JDTAK).

Proof. We prove the two statements separately.
1. This is proven in [16, Theorem 3.2] and the proof can be identically applied for

our case.
2. We show σ(T ) ⊆ σ(JDTAK).
Let I be the family of closed intervals in R≥0 with rational endpoints. It is standard

that σ(I) = B, and from it one can easily verify σ(C(S/≡`
, I)) = σ(T ). Therefore, to

show σ(T ) ⊆ σ(JDTAK) it suffices to prove that C(S/≡`
, I) ⊆ σ(JDTAK).

Let C = C([s0]≡`
, I0, . . . , In−1, [sn]≡`

) ∈ C(S/≡`
, I).
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We define a DTA A = (Q, 2A, q0, F,→) such that JAK = C.
Let Q = {q0, . . . , qn |}, F = {{qn |} |} and for a (shared) clock x ∈ X in each guard,

let

→ ={(qi, `(si), gi,X , qi+1) | gi = a ≤ x ≤ b for Ii = [a, b], 0 ≤ i ≤ n}∪
{(qn, l,∅,X , qn) | l ⊆ A} .

It is easy to see that the only accepted timed paths π ∈ L(A) are such that

π|n = `(s0), t0, . . . , tn−1, `(sn)

and ti ∈ Ii (0 ≤ i ≤ n− 1), because clocks are always resetting. And this concludes our
proof.

Lemma 15.4.7 states that the model checking problem for an SMCM against a TA
A, which is to determine the probability Ps(JAK) given the initial state s ofM, is well
defined and for any Φ ⊆ TA we can define the pseudometric

δΦ(s, s′) = supA∈Φ |Ps(JAK)−Ps′(JAK)|

that distinguishes states looking at a specific subclass Φ of TA specifications. For a
generic Φ ⊆ TA, the trace distance is an upper bound of δΦ. However, Theorem 15.4.2
provides conditions that guarantee the equality of the two distances.

Corollary 15.4.8. Let Φ ⊆ TA be closed under Boolean operations and such that T ⊆ σ(JΦK).
Then, δΦ = δλ. In particular, δTA = δDTA = δλ.

Proof. Φ is closed under all Boolean operators, therefore JΦK is a field.
By Lemma 15.4.7(1) since Φ ⊆ TA, we get JΦK ⊆ σ(T ).
Because T ⊆ σ(JΦK), it follows that σ(JΦK) = σ(T ).
The equality δΦ = δλ follows from Theorem 15.4.2. In particular, δDTA = δλ follows

from Lemma 15.4.7(2) and the fact that DTAs are closed under all Boolean operators [1].
The equality δTA = δλ, follows from δλ ≥ δTA ≥ δDTA.

Single-clock Resetting DTAs.

The decidability of model checking CTMCs against TA specifications is an open prob-
lem, even for the subclass of DTAs. Recently, Chen et al. [16] provided a decidable
algorithm for the case of single-clock DTAs (1-DTAs). In this context, an alternative char-
acterization of the trace distance in terms of 1-DTAs is appealing.

Notice however that Corollary 15.4.8 cannot be applied, since 1-DTAs are not closed
under union. However, we show that the resetting 1-DTAs (1-RDTA) satisfy the require-
ments, hence δ1-DTA = δ1-RDTA = δλ.

Lemma 15.4.9. With the previous notations, the following statements hold.



15.5. GENERAL CONVERGENCE CRITERIA 321

1. J1-RDTAK is a field;

2. T ⊆ σ(J1-RDTAK).

Proof. 1. It suffices to prove that 1-RDTAs are closed under union and complement. As
for the latter, one only needs to take the complement of the set of final locations (similar
to [1]). Closure under union is proven via a product construction similar to [1, p.334],
by noticing that the resetting condition on the automata allows one to use a single clock
in the product.

2. The proof of Lemma 15.4.7(2) actually uses 1-RDTAs.

15.5 General Convergence Criteria

In this section we provide sufficient conditions to construct sequences that converge,
from below and from above, to the total variation distance between a generic pair of
probability measures. Eventually, we instantiate these results to the specific case of the
trace distance on SMCs.

Convergence from Below.

To define a converging sequence of under-approximations of the total variation dis-
tance, we exploit Theorem 15.4.2.

Theorem 15.5.1. Let (X, Σ) be a measurable space and µ, ν be probability measures on it. Let

F0 ⊆ F1 ⊆ F2 ⊆ . . .

be a sequence s.t. F =
⋃

i∈N Fi is a field that generates Σ and

li = sup{|µ(E)− ν(E)| | E ∈ Fi} .

Then, li ≤ li+1 for all i ∈ N and
sup
i∈N

li = ‖µ− ν‖.

Proof. That li ≤ li+1, follows from Fi ⊆ Fi+1.
Because F is a field such that σ(F ) = Σ, µ and ν are finite measures and

sup
i∈N

li = sup
E∈F
|µ(E)− ν(E)|.

Further, Theorem 15.4.2 concludes our proof.

We now instantiate the theorem above to obtain a sequence of under-approximations
for the trace distance on SMCs. According to Theorem 15.5.1, to approximate δλ from
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below, we need an increasing sequence of families of measurable sets of timed paths
whose limit is a field that generates σ(T ).

For k ∈ N , let Ek be the set of all finite unions of cylinders in Ck(S/≡`
,Rk), where

Rk = {
[

n
2k ,

n + 1
2k

)
| 0≤ n < k2k} ∪ {[k, ∞)}.

Note that, these cylinders defined for various k are pairwise disjoint and, in particular,
they form a T -measurable partition of Π(S). The choice is justified by the following
result.

Lemma 15.5.2. For all k ∈ N , Ek ⊆ Ek+1 and
⋃

k∈N Ek is the field generating σ(T ).

Proof. For Ek ⊆ Ek+1, it suffices to prove Ck(S/≡`
,Rk) ⊆ Ek+1. We proceed by induction

on k ≥ 0.
The base case is trivial.
Assume k > 0 and let C ∈ Ck(S/≡`

,Rk).
Note that, for any n ∈ N such that 0 ≤ n < k2k,

n
2k =

2n
2k+1 and 2n < (k + 1)2k+1.

From this is immediate to prove that there exists F ⊆ Ck(S/≡`
,Rk+1) such that

C =
⋃F .

Observe that Rk+1 is a partition of R≥0. So, any C′ = C(C0, R0, .., Rk−1, Ck) ∈
Ck(S/≡`

,Rk+1) can be represented as

C′ =
⋃
{C(C0, R0, .., Rk−1, Ck, R′′, C′′) | R′′ ∈ Rk+1, C′′ ∈ S/≡`

} .

Since Rk+1 and S/≡`
are finite, from the above we get that C can be represented as a

finite union of cylinders in Ck+1(S/≡`
,Rk+1) Hence, C ∈ Ek+1.

Let E =
⋃

k∈N Ek.
Since each Ck(S/≡`

,Rk) forms a finite partition of Π(S), it is immediate to prove that
Ek is a field. Further, because the limit of an increasing sequence of fields is a field, we
obtain that E is a field.

It remains to show σ(E) = σ(T ).
Clearly E ⊆ σ(T ), hence σ(E) ⊆ σ(T ).
For the converse inclusion, letR =

⋃
k∈N Rk and recall that B = σ(CO), where

CO = {[q, q′) | q < q′ ∈ Q+} ∪ {[q, ∞) | q ∈ Q+}

is the family of left-closed right-open intervals with rational endpoints (or ∞).
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Let q < q′ ∈ Q+, then the following hold

[q, q′) =
⋃{[

n
2k ,

n + 1
2k

)∣∣∣∣ q ≤ n
2k <

n + 1
2k ≤ q′, for k ∈ N , 0 ≤ n < k2k

}
,

[q, ∞) =
⋃{[

n
2k ,

n + 1
2k

)∣∣∣∣ q ≤ n
2k , for k ∈ N , 0 ≤ n < k2k

}
.

The above suffices to prove CO ⊆ σ(R), hence B = σ(CO) ⊆ σ(R).
This proves further that σ(C(S/≡`

,R)) ⊆ σ(T ). Clearly, E ⊆ σ(C(S/≡`
,R)), there-

fore σ(E) ⊆ σ(T ).

Given an SMC M, a sequence of under-approximations of the trace distance δλ is
given, for k ∈ N , by δλ↑k : S× S→ [0, 1] defined as follows.

δλ↑k(s, s′) = sup{|Ps(E)−Ps′(E)| | E ∈ Ek} . (15.5.1)

The next result is an immediate consequence of Lemma 15.5.2 and Theorem 15.5.1.

Corollary 15.5.3. For all k ∈ N , δλ↑k ≤ δλ↑k+1 and δλ = supk∈N δλ↑k.

Theorem 15.5.1 suggests alternative constructions of convergent sequences. For ex-
ample, as lower-approximations of δλ one can use the pseudometrics δMTL−k

, where

MTL−k is the set of MTL− formulas of modal depth at most k ∈ N .

Convergence from Above.

The construction of the converging sequence of over-approximations of the total varia-
tion is based on a classic duality result asserting that

the total variation of two measures corresponds to the minimal discrepancy measured among
all their possible couplings [33].

Recall that a coupling ω ∈ Ω(µ, ν) for two probability measures µ, ν on (X, Σ) is a
measure in the product space (X, Σ)⊗ (X, Σ) whose left and right marginals are µ and
ν, respectively. The discrepancy associated to ω is the value ω( 6∼=), where

∼= =
⋂

E∈Σ

{(x, y) | x ∈ E iff y ∈ E}

is the inseparability relation w.r.t. measurable sets in Σ.
The aforementioned duality is stated in the next theorem [33, Th.5.2].
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Lemma 15.5.4. Let µ, ν be probability measures on (X, Σ). Then, provided that 6∼= is measurable
in Σ⊗ Σ,

‖µ− ν‖ = min{ω( 6∼=) | ω ∈ Ω(µ, ν)}.

Proof. We prove that ‖µ− ν‖ is a lower bound for {ω( 6∼=) | ω ∈ Ω(µ, ν)}.
Let ω ∈ Ω(µ, ν) and E ∈ Σ, then

µ(E) = ω(E× X) (ω ∈ Ω(µ, ν))
≥ ω((X× E) ∩∼=) (def. ∼=)
= 1−ω((X× E)c ∪ 6∼=) (complement)
≥ 1−ω((X× E)c)−ω( 6∼=) (sub additivity)
= ω(X× E)−ω( 6∼=) (complement)
= ν(E)−ω( 6∼=) . (ω ∈ Ω(µ, ν))

Thus, by the generality of ω ∈ Ω(µ, ν) and E ∈ Σ, it immediately follows that

‖µ− ν‖ = sup
E∈Σ
|µ(E)− ν(E)| ≤ min{ω( 6∼=) | ω ∈ Ω(µ, ν)}.

Now we prove that there exists an optimal coupling ω∗ ∈ Ω(µ, ν) such that

ω∗( 6∼=) = ‖µ− ν‖.

Define ψ : X → X× X by ψ(x) = (x, x) (it is measurable because ψ−1(E× E′) = E ∩ E′,
for all E, E′ ∈ Σ). Note that ψ−1(∼=) = X, since ψ(x) = (x, x) ∈ ∼=.

If µ = ν, define ω∗ = µ[ψ] (to check that this is a coupling and that it is such that
ω∗( 6∼=) = ‖µ− ν‖ is trivial).

Let µ 6= ν. Define µ ∧ ν : Σ→ R≥0 as follows, for E ∈ Σ

(µ ∧ ν)(E) = inf{µ(F) + ν(E \ F) | F ∈ Σ and F ⊆ E} .

The above is a well defined measure (a.k.a. the meet of µ and ν, see [24, Corr.6 pp.163]).
Now define the following derived measures

η = µ− (µ ∧ ν) , η′ = ν− (µ ∧ ν) , ω∗ =
η × η′

1− γ
+ (µ ∧ ν)[ψ] .

where γ = (µ ∧ ν)[ψ](∼=).
Note that, since ψ−1(∼=) = X, (µ ∧ ν)[ψ] puts all its mass in ∼=. Moreover, since

µ 6= ν, we get γ < 1, so ω∗ is well defined and, in particular, ω∗(∼=) = γ.
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Now we show that ω∗ ∈ Ω(µ, ν). Let E ∈ Σ, then

ω∗(E× X) =
η(E) · η′(X)

1− γ
+ (µ ∧ ν)[ψ](E×Π(S)) (def. ω∗)

=
η(E) · (ν(X)− (µ ∧ ν)(X))

1− γ
+ (µ ∧ ν)[ψ](E× X) (def. η′)

=
η(E) · (1− γ)

1− γ
+ (µ ∧ ν)[ψ](E× X) (def. µ ∧ ν)

= µ(E)− (µ ∧ ν)(E) + (µ ∧ ν)[ψ](E× X) (def. η)
= µ(E)− (µ ∧ ν)(E) + (µ ∧ ν)(E) (def. (µ ∧ ν)[ψ])
= µ(E) .

Similarly ω∗(X× E) = ν(E). The following shows that ω∗ is optimal

‖µ− ν‖ = 1− (µ ∧ ν)(X) (def. µ ∧ ν and compl.)
= 1− (µ ∧ ν)[ψ](∼=) (def. ψ)
= 1− γ (def. γ)
= 1−ω∗(∼=) (def. ω∗)
= ω∗( 6∼=) (compl.)

Given the above result, we can state a second general converging criterion to ap-
proach the total variation distance from above.

Theorem 15.5.5. Let (X, Σ) be a measurable space s.t. ∼= ∈ Σ ⊗ Σ and µ, ν be probability
measures on it. Let

Ω0 ⊆ Ω1 ⊆ Ω2 . . .

be an increasing sequence s.t.
⋃

i∈N Ωi is dense in Ω(µ, ν) w.r.t. the total variation distance and
define

ui = inf{ω( 6∼=) | ω ∈ Ωi} .

Then, ui ≥ ui+1, for all i ∈ N and

inf
i∈N

ui = ‖µ− ν‖.

Proof. The inequality ui ≥ ui+1 follows from Ωi ⊆ Ωi+1.
To prove infi∈N ui = ‖µ − ν‖, recall that for Y 6= ∅ and f : Y → R bounded and

continuous, if D ⊆ Y is dense then inf f (D) = inf f (Y).
By hypothesis

⋃
i∈N Ωi ⊆ Ω(µ, ν) is dense; moreover, µ× ν ∈ Ω(µ, ν) 6= ∅.

We show that ev 6∼= : Ω(µ, ν) → R, defined by ev 6∼=(ω) = ω( 6∼=) is bounded and con-
tinuous. It is bounded since all ω ∈ Ω(µ, ν) are finite measures. It is continuous because

‖ω−ω′‖ ≥ |ω( 6∼=)−ω′( 6∼=)| = |ev 6∼=(ω)− ev 6∼=(ω
′)|
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hence, 1-Lipschitz continuous.
Further, applying Lemma 15.5.4, we derive our result.

To conclude this section, we define a sequence of sets of couplings that, according to
Theorem 15.5.5, characterizes the trace distance δλ on SMCs.

Observe that the inseparability relation w.r.t. the σ-algebra generated by trace cylin-
ders is measurable and it can be characterized as follows.

Lemma 15.5.6.

≡`ω =
⋂

E∈σ(T )
{(π, π′) | π ∈ E iff π′ ∈ E} ∈ σ(T )⊗ σ(T ).

Proof. We firstly show that

≡`ω = ∩E∈σ(T ){(π, π′) | π ∈ E iff π′ ∈ E}.

(⊆) It suffices to prove inseparability w.r.t trace cylinders.
Let π ≡`ω π′ and π ∈ C = C(C0, R0, . . . , Rn−1, Cn) ∈ T , for Ci ∈ S/≡`

and Ri ∈ B,
i = 0..n. Then, for all j ∈ N , `(π[j]) = `(π′[j]) (hence, π[j] ≡` π′[j]) and π〈j〉 = π′〈j〉,
so that π′ ∈ C.
(⊇) By contraposition. Let π 6≡`ω π′, then there exist j ∈ N such that π[j] 6≡` π[j] or
π〈j〉 6= π′〈j〉. Let E = (·)|−1

j (C([π[j]]≡`
, {π〈j〉 |}, S)), then π ∈ E but π′ /∈ E. The

inclusion follows since the function (·)|j is measurable.
As for the measurability of≡`ω , it suffices to show that its complement 6≡`ω∈ σ(T )⊗

σ(T ). Define DiffS(k) and DiffT(k), for k ≥ 0, as

DiffS(k) :=
⋃

C∈S/≡`
(·)|−1

k (C(C))× (·)|−1
k (C(S \ C)) ,

DiffT(k) :=
⋃

t<t′∈Q+
(·)|−1

k (C(S, (t, t′), S))× (·)|−1
k (C(S, R≥0 \ (t, t′), S)) .

Measurability of DiffS(k) and DiffT(k) follows immediately from the measurability of
(·)|k.

Now we show that 6≡`ω=
⋃

k∈N
(
DiffS(k) ∪DiffT(k)

)
.

(⊆) Let π 6≡`ω π′. Then, π[j] 6≡` π′[j] or π〈j〉 6= π′〈j〉, for some j ∈ N .

Assume π[j] 6≡` π′[j], then (π, π′) ∈ (·)|−1
j (C(C))× (·)|−1

j (C(S \ C)).

Assume π〈j〉 6= π′〈j〉. Let ε = |π〈j〉 −π′〈j〉|. Since Q+ is dense in R≥0, every nonempty
open set has nonempty intersection with Q+, so that there exist t ∈ Q+ ∩ (π〈j〉− ε, π〈j〉)
and t′ ∈ Q+ ∩ (π〈j〉, π〈j〉+ ε). Clearly, π〈j〉 ∈ (t, t′) and π′〈j〉 /∈ (t, t′), therefore,

(π, π′) ∈ (·)|−1
j (C(S, (t, t′), S))× (·)|−1

j (C(S, R≥0 \ (t, t′), S)).
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(⊇) Let (π, π′) ∈ DiffS(k) ∪DiffT(k), for some k ∈ N . Then, since

DiffS(k) =
⋃

C∈S/≡`
{(π, π′) | π|k ∈ C(C) and π′|k ∈ C(S \ C)}

= {(π, π′) | π[k] 6≡` π′[k]} ,

DiffT(k) =
⋃

t<t′∈Q+
{(π, π′) | π|k ∈ C(S, (t, t′), S), π′|k ∈ C(S, R≥0\(t, t′), S)}

=
⋃

t<t′∈Q+
{(π, π′) | π〈k〉 ∈ (t, t′) and π′〈k〉 /∈ (t, t′)}

⊆ {(π, π′) | π〈k〉 6= π′〈k〉} ,

there exists k ∈ N such that π[k] 6≡` π′[k] or π〈k〉 6= π′〈k〉. Thus, π 6≡`ω π′.

Next we introduce the notion of coupling structure for an SMC. Let

Πk(S) = {s0, t0, .., tk−1, sk | si ∈ S, ti ∈ R≥0}

be the measurable space with σ-algebra generated by

Rk = {{s0} × R0 × ..× Rk−1 × {sk} | si ∈ S, Ri ∈ B}.

Note that, the prefix function (·)|k : Π(S) → Πk(S) is measurable, hence, the push for-
ward w.r.t. it on µ ∈ ∆(Π(S)), denoted by µ|k, is a measure in Πk(S).

Definition 15.5.7 (Coupling Structure). A coupling structure of rank k ∈ N for an SMC
M is a function C : S× S→ ∆(Πk(S)×Πk(S)) such that, for all states s, s′ ∈ S,

C(s, s′) ∈ Ω(Ps|k, Ps′ |
k).

The set of coupling structures of rank k forM is denoted by Ck(M).

A coupling structure of rank k together with a distinguished initial pair of states,
can be intuitively seen as a stochastic process generating pairs of timed paths divided
in multi-steps of length k and distributed according to the following probability.

Definition 15.5.8. For k ∈ N , s, s′ ∈ S states inM and C ∈ Ck(M), let PCs,s′ be the unique
probability measure5 on Π(S)⊗Π(S) such that, for all n ∈ N and

E = {u0} × R0 × ..× Rnk−1×{unk}, F = {v0}×H0× ..×Hnk−1×{vnk} ∈Rnk,

PCs,s′(C(E)×C(F)) = 1{(s,s′)|}(u0, v0) ·∏n−1
h=0 C(uhk, vhk)(Eh× Fh) ,

where C(E) denotes the cylinder obtained as the pre-image under (·)|nk of E and
Eh = {uhk} × Rhk × ..× R(h+1)k−1×{u(h+1)k} (similarly for F).

5The existence and the uniqueness of this measure follow from Hahn-Kolmogorov extension theorem
and the fact that any cylinder of rank k can always be represented as a disjoint union of cylinders of rank
k′ ≥ k (see e.g., [8, pp.29–32]).



328 CHAPTER 15. TOTAL VARIATION DISTANCES OF SEMI-MARKOV CHAINS

The name “coupling structure” is justified by the following result.

Lemma 15.5.9. Let C be a coupling structure forM, then PCs,s′ ∈ Ω(Ps, Ps′).

Proof. Let C ∈ Ck(M). To prove that PCs,s′ ∈ Ω(Ps, Ps′) it suffices to show that, for all
n ∈ N and E = {u0} × R0 × ..× Rnk−1×{unk} ∈ Rnk

PCs,s′(C(E)×Π(S))
(i)
= Ps(C(E)) , PCs,s′(Π(S)× C(E))

(ii)
= Ps′(C(E)) .

We prove (i) by induction on n ≥ 0.
The base case is trivial.
Let n > 0. For any ~v ∈ Snk+1 define F~v = {v0} ×R≥0 × ..×R≥0 × {vnk} and, for

h < n, let F~vh = {vhk} ×R≥0 × ..×R≥0 × {v(h+1)k}. Then the following hold

PCs,s′(C(E)×Π(S)) =

= ∑
~v∈Snk+1

PCs,s′(C(E)× C(F~v)) (additivity)

= ∑
~v∈Snk+1

1{(s,s′)|}(u0, v0) ·
n−1

∏
h=0
C(uhk, vhk)(Eh × F~vh ) (def. PCs,s′)

= ∑
~v∈S(n−1)k+1

PCs,s′(C(E′)× C(F~v)) · C(s(n−1)k, v(n−1)k)(E(n−1) ×Πk(S)) (def. PCs,s′)

= ∑
~v∈S(n−1)k+1

PCs,s′(C(E′)× C(F~v)) ·Ps(n−1)k
(E(n−1)) (C ∈ Ck(M))

= PCs,s′(C(E′)×Π(S)) ·Ps(n−1)k
(E(n−1)) (additivity)

= Ps(C(E′)) ·Ps(n−1)k
(E(n−1)) (inductive hp.)

= Ps(C(E)) (def. PCs,s′)

where E′ = {u0} × R0 × ..× R(n−1)k−1×{u(n−1)k}.
(ii) follows similarly.

We are finally ready to describe a decreasing sequence that converges to the trace
distance on SMCs.

GivenM, let δλ↓k : S× S→ [0, 1] for k ∈ N , be

δλ↓k(s, s′) = min{PCs,s′( 6≡`ω) | C ∈ C2k(M)} . (15.5.2)

According to Theorem 15.5.1, the following suffices to prove the convergence.
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Lemma 15.5.10. Let s, s′ ∈ S be a pair of states of an SMCM. Then,

(i) for all k ∈ N , {PCs,s′ | C ∈ Ck(M)} ⊆ {PCs,s′ | C ∈ C2k(M)};
(ii)

⋃
k∈N {PCs,s′ | C ∈ C2k(M)} is dense in Ω(Ps, Ps′) w.r.t. the total variation.

Proof. We prove the two items separately.

(i) Let k > 0 and C ∈ Ck(M).
Define, for all s, s′ ∈ S, D(s, s′) as the unique measure on Π2k(S)⊗Π2k(S) s.t., for all

E = {u0}× R0× ..× R2k−1×{u2k}

and
F = {v0}×H0× ..×H2k−1×{v2k}

inR2k
D(s, s′)(E× F) = C(s, s′)(E′ × F′) · C(uk, vk)(E′′ × F′′) ,

where E′={u0}× R0×..× Rk−1×{uk} and E′′={uk}× Rk×..× R2k−1×{u2k} (similarly
for F).

To showD ∈ C2k(M) we need to prove that for all s, s′ ∈ S,D(s, s′) ∈ Ω(Ps|2k, Ps′ |
2k).

To this end it is sufficient that, for all measurable sets

E = {u0}× R0× ..× R2k−1×{u2k} ∈ R2k,

the following hold

D(s, s′)(E×Π2k(S))
(*)
= Ps|2k(E) , D(s, s′)(Π2k(S)× E)

(**)
= Ps′ |

2k(E) .

We prove only (*). For any ~v ∈ S2k+1 define F~v = {v0} ×R≥0 × ..×R≥0 × {v2k} and,
for h = 0..1, let F~vh = {vhk} ×R≥0 × ..×R≥0 × {v(h+1)k}. Then we have

D(s, s′)(E×Π2k(S)) =

= ∑~v∈S2k+1 D(s, s′)(E× F~v) (additivity)

= ∑~v∈S2k+1 C(s, s′)(E′ × F~v0 ) · C(uk, vk)(E′′ × F~v1 ) (def. D)

= ∑~v∈Sk+1 C(s, s′)(E′ × F~v0 ) · C(uk, vk)(E′′ ×Πk(S)) (additivity)

= ∑~v∈Sk+1 C(s, s′)(E′ × F~v0 ) ·Puk
|k(E′′) (C ∈ Ck(M))

= C(s, s′)(E′ ×Πk(S)) ·Puk
|k(E′′) (additivity)

= Ps|k(E′) ·Puk
|k(E′′) (C ∈ Ck(M))

= Ps(C(E′)) ·Puk
(C(E′′)) (preimage)

= Ps(C(E)) (def. Ps)

= Ps|2k(E) . (preimage)
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We show that, for arbitrary s, s′ ∈ S, PCs,s′ = PDs,s′ . To this end it suffices to check the
following for all n ∈ N and

E = {u0}× R0× ..× R2nk−1×{u2nk},

F = {v0}×H0× ..×H2nk−1×{v2nk}

inR2nk :
PCs,s′(C(E)× C(F)) = PDs,s′(C(E)× C(F))

We proceed by induction on n ≥ 0. The base case is trivial.
Assume n > 0 and, for i ∈ {k, 2k}, define Ei

h = {uhi}×Rhi× ..×R(h+1)i−1×{u(h+1)i}
(similarly for F). Then the following holds:

PCs,s′(C(E)×C(F)) = 1{(s,s′)|}(u0, v0) ·∏2n−1
h=0 C(uhk, vhk)(Ek

h× Fk
h ) (def. PC)

= 1{(s,s′)|}(u0, v0) ·∏n−1
h=0 D(u2hk, v2hk)(E2k

h × F2k
h ) (def. D)

= PDs,s′(C(E)×C(F)) . (def. PD)

From the above it immediately follows that Ck(M) ⊆ C2k(M).

(ii) We prove the following more general result from which we will obtain (ii).
Let (X, Σ) be a measurable space such that F is a field that generates Σ and let D ⊆ ∆(X)

be such that, for all µ ∈ ∆(X) and F ∈ F , there exists ν ∈ D such that ν(F) = µ(F). Then D
is dense in ∆(X) w.r.t. the total variation distance.

Let E ∈ Σ be an arbitrary measurable set and dE : ∆(X) × ∆(X) → R≥0 be the
pseudometric defined, for µ, ν ∈ ∆(X), by

dE(µ, ν) = |µ(E)− ν(E)|.

Since ‖µ− ν‖ = supE∈Σ dE(µ, ν), to prove that D is dense w.r.t. the total variation dis-
tance it suffices to show that D is dense w.r.t. dE, for any E ∈ Σ.

Let E ∈ Σ and ε > 0. For any µ ∈ ∆(X) we have to provide ν ∈ D such that
dE(µ, ν) < ε.

Define the measure µ̃ as the least upper bound of D∪{µ}w.r.t. the point-wise partial
order between measures:

ν v ν′ iff ν(A) ≤ ν′(A), for all A ∈ Σ.

The existence of µ̃ is guaranteed by [24, Corr.6 pp.163] – note that µ̃ is not necessarily
finite.

Applying Lemma 15.4.1,F ⊆ Σ is dense in (Σ, dµ̃), where dµ̃ is the Fréchet-Nikodym
pseudometric6, hence there exists F ∈ F such that dµ̃(E, F) < ε

2 .

6Notice that Lemma 15.4.1 does not assume the measure to be finite, hence it can be applied to µ̃.
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By hypothesis, there exists ν ∈ D, such that ν(F) = µ(F). Let ω ∈ {µ, ν} then

ω(E) = ω(E \ F) + ω(E ∩ F) (ω additive)
≤ ω((E \ F) ∪ (F \ E)) + ω(F) (ω monotone)
= ω(E4 F) + ω(E) (by def)
≤ µ̃(E4 F) + ω(F) (ω v µ̃)
= dµ̃(E, F) + ω(F) . (by def)

This implies |ω(E) − ω(F)| ≤ dµ̃(E, F), and in particular that |µ(E) − µ(F)| < ε
2 and

|ν(E)− ν(F)| < ε
2 . Then, the density of D follows by

dE(µ, ν) = |µ(E)− ν(E)| (def. dE)
≤ |µ(E)− µ(F)|+ |µ(F)− ν(E)| (triangular ineq.)
= |µ(E)− µ(F)|+ |ν(F)− ν(E)| (ν(F) = µ(F))

<
ε

2
+

ε

2
= ε .

Let s, s′ ∈ S, Ω =
⋃

i∈N {PCs,s′ | C ∈ C2i(M)}.
Given the general result above, to prove (ii) it is sufficient to provide a field F that

generates the σ-algebra of Π(S)⊗Π(S) and to show that, for every µ ∈ Ω(Ps, Ps′) and
F ∈ F , there exists ω ∈ Ω such that ω(F) = µ(F).

Define F =
⋃

k∈N Fk, where Fk denotes the collection of all finite union of measur-
able sets of the form C(E)× C(F), for some E, F ∈ Rk. It holds that Fk ⊆ Fk+1 and Fk is
a field, for all k ∈ N . Therefore F is a field that generates the σ-algebra of Π(S)⊗Π(S).

Let µ ∈ Ω(Ps, Ps′), k ∈ N and D ∈ Ck(M). We define ωk = P
Ck
s,s′ , for

Ck : S× S→ ∆(Πk(S)×Πk(S)) defined by

Ck(u, v) =

{
µ[(·)|k × (·)|k] if (u, v) = (s, s′)
D(u, v) otherwise

where µ[(·)|k × (·)|k] denotes the push forward of µ along (π, π′) 7→ (π|k, π′|k).
Note that, since Ck(M) is nonempty, Ck is well defined.
We show Ck ∈ Ck(M). We just need to prove µ[(·)|k × (·)|k] ∈ Ω(Ps|k, Ps′ |

k) that
corresponds to check

µ[(·)|k×(·)|k](E×Πk(S)) = Ps|k(E)

and
µ[(·)|k×(·)|k](Πk(S)× E) = Ps′ |

k(E),
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for arbitrary E ∈ Rk (we check one equality, the other follows similarly):

µ[(·)|k × (·)|k](E×Πk(S)) = µ(C(E)×Π(S)) (preimage)
= Ps(C(E)) (µ ∈ Ω(Ps, Ps′))

= Ps|k(E) . (preimage)

Next we prove that for all A ∈ Fk, ωk(A) = µ(A). Note that since Fk ⊆ Fk+1, this
suffices to show that ωk(B) = µ(B) holds for all B ∈ Fj such that j ≤ k.

Let A =
⋃n

i=0 C(Ei)×C(Fi) ∈ Fk, for some n ∈ N and Ei, Fi ∈ Rk (i = 0..n). Without
loss of generality we can assume that the C(Ei)×C(Fi)’s forming A are pairwise disjoint
(indeed, Fk is a field, hence we can simply replace any two “overlapping” sets by taking
the intersection and their symmetric difference).

ωk(A) = P
Ck
s,s′(A) (def. ωk)

= ∑n
i=0 P

Ck
s,s′(C(Ei)× C(Fi)) (additivity)

= ∑n
i=0 Ck(s, s′)(Ei × Fi) (def. P

Ck
s,s′)

= ∑n
i=0 µ(C(Ei)× C(Fi)) (def. Ck)

= µ(A) . (additivity)

To conclude the proof, observe that, given µ ∈ Ω(Ps, Ps′) and F ∈ F , there exists
i ∈ N such that F ∈ Fi, and that for ω2i defined as above (w.r.t. µ) is such that ω2i(F) =
µ(F) and ω2i ∈ Ω.

The following corollary derives from Lemma 15.5.10 and Theorem 15.5.5.

Corollary 15.5.11. For all k ∈ N , δλ↓k ≥ δλ↓k+1 and δλ = infk∈N δλ↓k.

15.6 An Approximation Algorithm

This section exploits the aforementioned results to propose a decidable procedure for
approximating the trace distance δλ on SMCs with arbitrary precision.

Let ε > 0 and consider the sequences {δλ↑k | k ∈ N} and {δλ↓k | k ∈ N} from
Section 15.5. The procedure proceeds step-wise (by increasing k ≥ 0) and computing
the difference δλ↓k− δλ↑k until is smaller then ε. Termination and correctness is ensured
by the convergence of the sequences from above and below to the total variation.

Theorem 15.6.1. LetM be a SMC. There exists an algorithm that, given ε > 0, computes a
function d : S× S→ [0, 1] such that |d + δλ| < ε.
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We prove this theorem under two reasonable assumptions regarding SMCs:

A1. For all s, s′ ∈ S and q, q′ ∈ Q+, ρ(s)([q, q′)) is computable;

A2. For all s, s′ ∈ S, ‖ρ(s)− ρ(s′)‖ is computable.

Lemma 15.6.2. Assuming A1, δλ↑k is computable for all k ∈ N .

Proof. For each k ∈ N , the set Ek is finite. Moreover, for each s ∈ S and E ∈ Ek, Ps(E) is
computable thanks to its additivity and the hypothesis A1.

The computability of the sequence {δλ↓k}k∈N is less trivial. Equation (15.5.2) sug-
gests to look for a coupling structure C ∈ C2k(M) that minimizes the discrepancy
PCs,s′( 6≡`ω). This is done by following a searching strategy similar to the one in [5] and
detailed in Chapter 11. This is structured as follows:

1. we provide an alternative characterization of the discrepancy associated with a
coupling structure (Section 15.6.1);

2. we describe how to construct an optimal coupling structure and show that its
associated discrepancy is computable (Section 15.6.2).

15.6.1 Fixed Point Characterization of the Discrepancy

We characterize the discrepancy associated with a coupling structure C by means of the
least fixed point of a suitable operator parametric in C.

To define the fixed point operator it is convenient to split a coupling structure into
two “projections”: one on discrete state transitions (regardless of time delays); and one
on residence times (given that a sequence of transitions has occurred). In order to pro-
vide these, consider

Sk : S→ D(Sk+1) and Tk : Sk → ∆(Rk
≥0)

defined by

Sk(s)(u0..uk) = 1s(u0) ·∏k−1
i=0 τ(ui)(ui+1) , Tk(v1..vk) = ρ(v1)× ··· × ρ(vk) .

Lemma 15.6.3. The set Ck(M) is in bijection with the set of pairs of functions
τC : S× S→ D(Sk+1 × Sk+1) and ρC : Sk × Sk → ∆(Rk

≥0 ×Rk
≥0) such that

τC(u, v) ∈Ω(Sk(u), Sk(v)) and ρC(u1..uk, v1..vk) ∈Ω(Tk(u1..uk), Tk(v1..vk)) .
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Proof. Consider the functions p1 and p2 defined as follows

p1 : Πk(S)→ Sk+1 p2 : Πk(S)→ Rk
≥0

p1(s0, t0, . . . , tk−1, sk) = (s0, . . . , sk) p2(s0, t0, . . . , tk−1, sk) = (t0, . . . , tk−1) .

These are easily seen to be measurable. For C ∈ Ck(M) and (υ, η) satisfying the condi-
tions of the statement, the bijection is given by C 7→ (τC , ρC) and (υ, η) 7→ D, where

τC(s, s′) = C(s, s′)[p1 × p1], ρC(~s,~s′) = C(s0, s′0)(·|(p1 × p1)
−1(~s,~s′))[p2 × p2]

D(s, s′)(~E0,k × ~E′0,k) = υ(s0, s′0)(~s,~s′) · η(~s|k−1,~s′|k−1)(~R, ~R′) .

where ~E0,k and ~E′0,k are as in Definition 15.5.8.

Hereafter we identify the coupling structure C with its bijective image (τC , ρC).
Intuitively, τC(u, v)(u0..uk, v0..vk) is the probability that two copies ofM, scheduled

according to C, have respectively generated the sequences of states u0..uk and v0..vk
starting from u and v; while ρ(u0..uk−1, v0..vk−1)(R× R′) is the probability that, having
observed u0..uk−1 and v0..vk−1, the generated sequence of time delays are in R, R′ ⊆
Rk
≥0, respectively.

For a coupling structure C = (τC , ρC) ∈ Ck(M), we define the self-map ΓC over
[0, 1]-valued functions on Sk+1 × Sk+1 as follows 7.

ΓC(d)(u0..uk, v0..vk) =


0 if α = 0
1 if α 6= 0, ∃i. ui 6≡` vi

β + (1− β) ·
∫

d dτC(uk, vk) otherwise

where β = ρC(u0..uk−1, v0..vk−1)( 6=) and α = τC(u0, v0)(u0..uk, v0..vk).

The operator ΓC is monotonic w.r.t. the point-wise order on [0, 1]-valued functions.
Hence, applying Tarski’s fixed point theorem, ΓC has a least fixed point, which we de-
note by γC

λ .

The next result shows that γC
λ is closely related to the discrepancy associated with

the coupling structure C, and this will eventually be used to compute it.

Lemma 15.6.4. For any coupling structure C,

PCs,s′( 6≡`ω) =
∫

γC
λ dτC(s, s′).

7Since, for all u, v ∈ S, τC(u, v) is a discrete measure on a finite space, the Lebesgue integral∫
d dτC(u, v) in the definition of ΓC is ∑x,y∈Sk+1 d(x, y) · τC(u, v)(x, y).
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Proof. Let k ∈ N and C = (τC , ρC) ∈ Ck(M) be a coupling structure forM = (S, τ, ρ, `).
Define g : Sk+1 × Sk+1 → [0, 1], for x, y ∈ Sk+1, as

g(x, y) =

{
0 if τC(x0, y0)(x, y) = 0
PCx0,y0

( 6≡`ω |{(π1, π2)[0..k] = (x, y)}) otherwise
(15.6.1)

where

• P(A|B) denotes the conditional probability of A given B w.r.t. P defined, as usual,
by P(A|B) = P(A ∩ B)/P(B), when P(B) > 0);

• {(π1, π2)[0..k] = (x, y)} stands for the event (·, ·)[0..k]−1({(x, y)}), where the
function (·, ·)[0..k] is defined by (π1, π2) 7→ (π1[0]..π1[k], π2[0]..π2[k]) – it is not
difficult to check that it is measurable.

Note that g is well defined, since

PCx0,y0
({(π1, π2)[0..k] = (x, y)}) = τC(x0, y0)(x, y).

To prove PCs,s′( 6≡`ω) =
∫

γC
λ dτC(s, s′) it suffices to show that g = γCλ. Indeed,

PCs,s′( 6≡`ω) =
∫

PCs,s′( 6≡`ω |{(π1, π2)[0..k] = (·, ·)}) dPCs,s′ [(·, ·)[0..k]] (cond. pr.)

=
∫

PCs,s′( 6≡`ω |{(π1, π2)[0..k] = (· , ·)}) dτC(s, s′) (def. PC)

=
∫

g dτC(s, s′) =
∫

γC
λ dτC(s, s′) . (by (15.6.1) and g = γC

λ )

Firstly we prove that g is a fixed point of ΓC . We proceed by cases
Case τC(x0, y0)(x, y) = 0. By definition of ΓC and (15.6.1), ΓC(g)(x, y) = 0 = g(x, y).

Case τC(x0, y0)(x, y) > 0 and ∃i ≤ k. xi 6≡` yi. The following hold

g(x, y) = PCx0,y0
( 6≡`ω |{(π1, π2)[0..k] = (x, y)}) (by (15.6.1))

=
PCx0,y0

( 6≡`ω ∩ {(π1, π2)[0..k] = (x, y)})
PCx0,y0

({(π1, π2)[0..k] = (x, y)})
(cond. pr.)

=
PCx0,y0

({(π1, π2)[0..k] = (x, y)})
PCx0,y0

({(π1, π2)[0..k] = (x, y)})
= 1 = ΓC(g)(x, y) ,

where the last equalities follow by {(π1, π2)[0..k] = (x, y)} ⊆ 6≡`ω (because by hypoth-
esis ∃i. xi 6≡` yi) and definition of ΓC .
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Case τC(x0, y0)(x, y) > 0 and ∀i ≤ k. xi ≡` yi. Let

A = {(π1, π2)[|]0..k = (x, y)} and B = {(π1, π2)〈|〉0..k− 1 ∈ 6=},

i.e., the event is (·, ·)〈0..k − 1〉−1( 6=), where the function (·, ·)〈0..k − 1〉 is defined by
(π1, π2) 7→ (π1〈0〉..π1〈k− 1〉, π2〈0〉..π2〈k− 1〉) and it is easy to see that it is measurable.

Let β = ρC(x0..xk−1, y0..yk−1)( 6=). We show that the following hold

(i) PCx0,y0
( 6≡`ω ∩ B|A) = β;

(ii) PCx0,y0
( 6≡`ω ∩ Bc|A) = (1− β) ·

∫
g dτC(xk, yk).

Note that once we have shown (i–ii), g(x, y) = ΓC(g)(x, y) follows immediately because

g(x, y) = PCx0,y0
( 6≡`ω |A) (by (15.6.1))

= PCx0,y0
( 6≡`ω ∩ B|A) + PCx0,y0

( 6≡`ω ∩ Bc|A) (by additivity)

= β + (1− β) ·
∫

g dτC(xk, yk) (by (i) and (ii))

= ΓC(g)(x, y) . (by def. ΓC)

We show (i):

PCx0,y0
( 6≡`ω ∩ B|A) = PCx0,y0

(B|A) (by B ⊆ 6≡`ω )

= ρC(x0..xk−1, y0..yk−1)( 6=) (by def. PC)
= β (by def. β)

We show (ii):

PCx0,y0
( 6≡`ω ∩ Bc|A) =

=
PCx0,y0

( 6≡`ω ∩ Bc ∩ A)

PCx0,y0
(A)

(by cond. pr.)

=
τC(x0, y0)(x, y) · ρC(x0..xk−1, y0..yk−1)(=) ·PCxk,yk

( 6≡`ω)

τC(x0, y0)(x, y)
(by def. PC)

= (1− β) ·PCxk,yk
( 6≡`ω) (by def. β and compl.)

= (1− β) ·
∫

PCxk,yk
( 6≡`ω |{(π1, π2)[0..k] = (·, ·)}) dPCxk,yk

[(·, ·)[0..k]] (cond. pr.)

= (1− β) ·
∫

PCxk,yk
( 6≡`ω |{(π1, π2)[0..k] = (· , ·)}) dτC(xk, yk) (def. PC)

= (1− β) ·
∫

g dτC(xk, yk) . (by (15.6.1))
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Now we prove, by contradiction, that g is actually the least fixed point of ΓC , i.e.,
γC

λ = g.
Assume that γC

λ < g and let

m = maxx,y∈Sk+1{g(x, y)− γC
λ (x, y) |}, x M y ⇐⇒ g(x, y)− γC

λ (x, y) = m .

We show that m = 0, that is γC
λ = g. Assume x M y, we distinguish 3 cases

1. If τC(x0, y0)(x, y) = 0, then by definition of ΓC and the fact that g and γC
λ are fixed

points of it, we have that m = g(x, y)− γC
λ (x, y) = 0− 0 = 0.

2. If τC(x0, y0)(x, y) > 0 and xi 6≡` yi for some 0 ≤ i ≤ k. Analogously, we have that
m = g(x, y)− γC

λ (x, y) = 1− 1 = 0.

3. If τC(x0, y0)(x, y) > 0 and xi ≡` yi for all 0 ≤ i ≤ k. Let β = ρC(x, y)( 6=), then the
following equalities hold

m = g(x, y)− γC
λ (x, y) (by x M y)

= ΓC(g)(x, y)− ΓC(γC
λ )(x, y) (g and γC

λ fixed points)

= (1− β) ·
∫
(g− γC

λ ) dτC(xk, yk) (by def. ΓC)

= (1− β) ·∑u,v∈Sk+1
(

g(u, v)− γC
λ (u, v)

)
· τC(xk, yk)(u, v) . (15.6.2)

By hypothesis on m and τC we have respectively that g(u, v)− γC
λ (u, v) ≤ m for

all u, v ∈ Sk+1 and ∑u,v∈Sk+1 τC(xk, yk)(u, v) = 1, therefore it holds that

(1− β) ·∑u,v∈Sk+1
(

g(u, v)− γC
λ (u, v)

)
· τC(xk, yk)(u, v) ≤ (1− β)m . (15.6.3)

We distinguish two cases:

• if β > 0, then 1− β < 1. By (15.6.2) and (15.6.3) we have that m ≤ (1− β)m.
By the assumption on β this holds only for m = 0;

• if β = 0, by (15.6.3) and (15.6.3) we have that g(u, v)−γC
λ (u, v) = m whenever

τC(xk, yk)(u, v) > 0. Thus τC(xk, yk) has support contained in M. By the
generality of x and y one can prove that

g(x, y)
(15.6.1)
= PCx0,y0

( 6≡`ω | {π1[0..k] = x, π2[0..k] = y}) = 0 .

Therefore γCλ(x, y) 6< g(x, y) = 0, hence m = 0.

This proves that γCλ = g. and concludes our proof.
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15.6.2 Construction of an Optimal Coupling Structure

In this subsection we construct an optimal coupling structure by iterating successive
updates of a given coupling structure. We provide necessary and sufficient conditions
for a coupling structure C to ensure that δλ↓k is obtained from γC

λ .
To this end, we first introduce the notion of update for a coupling structure.

Definition 15.6.5 (Update). Let C = (τC , ρC) ∈ Ck(M). For µ ∈ Ω(Sk(u), Sk(v)) and
ν ∈ Ω(Tk(u1..uk), Tk(v1..vk)), define

• transition update: C[(u, v)/µ] = (τC [(u, v) 7→ µ], ρC);
• delay update: C〈(u1..uk, v1..vk)/ν〉 = (τC , ρC [(u1..uk, v1..vk) 7→ ν]).

where, for a function f : X → Y, f [x 7→ y] denotes the update of f at x with y.

Our update strategy relies on the following result.

Lemma 15.6.6 (Update criteria). Let C = (τC , ρC) ∈ Ck(M) be a coupling structure and
u0..uk, v0..vk ∈ S be such that τC(u0..uk, v0..vk) > 0 and, for all i ≤ k, ui ≡` vi.
Then, for µ ∈ Ω(Sk(uk), Sk(vk)), ν ∈ Ω(Tk(u0..uk−1), Tk(v0..vk−1)) and

D = C[(uk, vk)/µ]〈(u0..uk−1, v1..vk−1)/ν〉,

the inequality γD
λ < γC

λ holds whenever one of the following conditions is fulfilled.

(i) ν( 6=) < ρC(u0..uk−1, v1..vk−1)( 6=) and
∫

γC
λ dµ ≤

∫
γC

λ dτC(uk, vk), or

(ii) ν( 6=) ≤ ρC(u0..uk−1, v1..vk−1)( 6=) and
∫

γC
λ dµ <

∫
γC

λ dτC(uk, vk).

Proof. Let C = (τC , ρC) ∈ Ck(M) be a coupling structure and u0..uk, v0..vk ∈ S be such
that τC(u0..uk, v0..vk) > 0 and for all i ≤ k, ui ≡` vi.

Consider µ ∈ Ω(Sk(uk), Sk(vk)), ν ∈ Ω(Tk(u0..uk−1), Tk(v0..vk−1)) and let D =
C[(uk, vk)/µ]〈(u0..uk−1, v1..vk−1)/ν〉 be an update of C.

We will prove that if (i) or (ii) holds, then γC
λ is a proper prefixed point of ΓD, that is,

ΓD(γC
λ ) < γC

λ . Then, the thesis follows by Tarski’s fixed point theorem.
To this end, let fix α, α′ and β, β′ as

α =
∫

γC
λ dµ α′ =

∫
γC

λ dτC(uk, vk) ,

β = ν( 6=) β′ = ρC(u0..uk−1, v1..vk−1)( 6=) .
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Then, the following inequalities hold

ΓD(γC
λ )(u0..uk, v0..vk) =

= β + (1− β)α (def. ΓD)
≤ β + (1− β)α′ (α ≤ α′)
= α′ − α′ + β + (1− β)α′

= α′ − βα′ − (1− β)α′ + β + (1− β)α′ (0 ≤ β ≤ 1)
= α′ − βα′ + β = α′ + (1− α′)β

≤ α′ + (1− α′)β′ (β ≤ β′)
= β′ + (1− β′)α′ (same as for β + (1− β)α′ = α′ + (1− α′)β)

= ΓC(γC
λ )(u0..uk, v0..vk) (def. ΓC)

= γC
λ . (def. γC

λ )

In particular, for (i) β < β′ or for (ii) α < α, the above inequality is strict.
By construction of D and definition of Γ, it is immediate to prove that, for arbitrary

x, y ∈ Sk+1, ΓD(γC
λ )(x, y) ≤ γC

λ (x, y).
This proves that if (i) or (ii) holds, then γD

λ < γC
λ .

The condition (i) in Lemma 15.6.6 ensures that any C = (τC , ρC) ∈ Ck(M) is im-
proved by replacing ρC with the function ρ∗ : Sk × Sk → ∆(Rk

≥0 ×Rk
≥0) defined as

ρ∗(u0..uk−1, v1..vk−1) = min{ν( 6=) | ν ∈ Ω(Tk(u0..uk−1), Tk(v0..vk−1))}
= ‖Tk(u0..uk−1)−Tk(v0..vk−1)‖ (Lemma 15.5.4)

= 1−∏k−1
i=0 (1− ‖ρ(ui)− ρ(vi)‖) = β∗ ,

where the last equality follows from the definition of Tk(u0..uk−1) and Tk(v0..vk−1) as
product measures.

Notice that, assuming A2, the above is computable. By replacing β in the definition
of ΓC with β∗, γC

λ can be computed as the least solution of the linear equation system
induced by the definition of ΓC .

The condition (ii) of Lemma 15.6.6 suggests to improve C with C[(uk, vk)/µ∗] where

µ∗ = arg min{
∫

γC
λ dµ | µ ∈ Ω(Sk(uk), Sk(vk))}

= arg min{∑x,y∈Sk+1 γC
λ (x, y) · µ(x, y) | µ ∈ Ω(Sk(uk), Sk(vk))} .

The above is a linear program (a.k.a. transportation problem), hence computable.

The sufficient conditions for termination is provided by the following lemma.

Lemma 15.6.7. Let C = (τC , ρ∗) ∈ C2k(M) be such that δλ↓k(u, v) 6=
∫

γC
λ dτC(u, v) for

some u, v ∈ S. Then, there exist u′, v′ ∈ S and µ ∈ Ω(S2k
(u′), S2k

(v′)) such that∫
γC

λ dµ <
∫

γC
λ dτC(u′, v′).
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Proof. Assume that δλ↓k(u, v) 6=
∫

γC
λ dτC(u, v) for some u, v ∈ S and that for all u′, v′ ∈

S and all µ ∈ Ω(S2k
(u′), S2k

(v′)), we have∫
γC

λ dµ ≥
∫

γC
λ dτC(u′, v′).

The hypothesis and Lemma 15.6.6, guarantee that∫
γC

λ dτC(u, v) = min{
∫

γD
λ dτD(u, v) | D ∈ C2k(M)}.

But at the same time

δλ↓k(u, v) = min{PDu,v( 6≡`ω) | D ∈ C2k(M)} (by (15.5.2))

= min{
∫

γD
λ dτD(u, v) | D ∈ C2k(M)} . (by Lemma 15.6.4)

This contradicts the hypothesis that
∫

γC
λ dτC(u, v) 6= δλ↓k(u, v).

Intuitively, the above ensures that, unless C is an optimal coupling structure, (ii) in
Lemma 15.6.6 is satisfied, so that, we can further improve C as aforesaid.

Proposition 15.6.8. Assuming A2, δλ↓k is computable for all k ∈ N .

Proof. The aforementioned strategy ensures that the updated couplings are chosen from
the vertices of the polytopes Ω(Sk(u), Sk(v)), for u, v ∈ S. Since these polytopes have
finitely many vertexes, the procedure eventually terminates. By Lemma 15.6.7, the last
coupling describes δλ↓k.

15.7 Conclusive Remarks

In this Chapter we have showed that the trace distance is the appropriate behavioral
distance to reason about linear real-time properties. This has been done by closing the
gap between the total variation distance and the variational distances with respect to
the events represented either as MTL formulas or languages recognized by TAs.

Actually, we showed that the same result is obtained by considering smaller frag-
ments of MTL, that are strictly less expressive than the entire logic. Analogously, we
showed that for the case of TAs, it suffices to consider the subclass of single-clock al-
ways resetting DTAs.

We have also studied the problem of approximating the trace distance within any
absolute error. We showed that the problem is computable by approximating the total
variation distance both from above and below by means of the computable sequences
{δλ↓k}k and {δλ↑k}k. This both extends the result of [17] to the real-time setting and
gives an alternative way to approximate the total variation distance on MCs.
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For future, we intend to further explore the potentiality of the presented results by
studying how fast the sequences convergence to the total variation distance. Moreover,
we would like to see if similar results can be used to link different behavioral distances,
such as the Kantorovich-based bisimilarity distance and the total variation (for which
the former is know to be an upper bound of the latter) opening for the possibility to
“bridge the gap” between trace and branching-based behavioral distances.

From a computational perspective, also motivated by our previous work [5] on MCs
presented in Chapter 11, we would like to implement an on-the-fly algorithm for com-
puting tight over-approximations of the trace distance.
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Chapter 16

Dansk résumé

Komplekse systemer, der kombinerer kunstige (software-baserede) komponenter og
naturlige komponenter udgr de nye udfordringer indenfor ingenir- og teknologividen-
skab. Sdanne systemer forefindes indenfor adskillige omrder, ssom luftfart, bilindus-
tri, kemiske processer, civil infrastruktur, energi, sundhedsvsenet, produktionssyste-
mer, transport, og husholdningsapparater. Ved analyse af disse systemer, reprsenterer
vi dem ofte som stokastiske processer for at modellere manglende viden, usikkerhed,
eller tilfldigheder. I denne monografi vil vi udvikle et logisk grundlag, der vil hjlpe os
til at forst hvorledes vi kan validere modeller i forhold til de systemer der modelleres.
Mlet er at forst hvornr egenskaber, der observeres p modeller kan konkluderes at vre
korrekte for det modellerede system. For at n dette ml, vil vi udvikle en approksima-
tionsteori for stokastiske systemer, der vil formalisere denne korrespondance mellem
modeller og systemer, samt understtte modellering og simulering af komplekse syste-
mer. Den foreslede forskning kombinerer viden fra logik, matematik, datalogi og in-
genirvidenskab og de opnede resultater forventes at ville have en betydelig effekt p alle
disse omrder.
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