On-the-Fly Exact Computation of
Bisimilarity Distances

Tutorial for the prototype implementation

Authors: Giorgio Bacci, Giovanni Bacci, Kim G. Larsen, and Radu Mardare

Thisisatutorial for the prototype implementation of our on-the-fly algorithm for computing the bisimilarity pseudometric of
Desharnaiset al.

This algorithm has been presented in a paper submitted to TACAS 2013 by the same authors of this tutorial, the Mathemat-
ica notebook of thistutorial is available here.

Tutorial

= Encoding and manipulating Markov Chains

A Markov chain M is encoded as aterm of the form MCJz, f] where = and ¢ are respectively the transition funtion and the
label function of M.

The set of statesisimplicitly respresented as alist of integer numbers{1,..., n} indicating theindices of 7 and ¢.

The label function ¢ is encoded as avector {l4, ..., |} (of integers) indicating that the i-th state in M is labelled |;.

The transition function x is encoded as an x n matrix of the form {{x(1,1),..., 7(1,n)},...{7(n,1),..., 7(n,n)} }.

For instance we can encode the Markov chain M =Mt m | abel s] by defining the variablest mand | abel s as
follows:

nesy= |l abels = {1, 2, 1, 1, 1, 2, 1}; tm=
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The Markov chain M can be displayed by means of its undelying graph. Labels are displayed using different colors.


http://dx.doi.org/10.1016/j.tcs.2003.09.013
http://people.cs.aau.dk/~mardare/projects/tools/mc_dist.zip
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nes2;= Pl ot MC[MC[t m | abel s]]

L ¢
yien
O

Another way to encode a transition function is by means of alist of terms of the form Edge[ i, n(i,j),j],forl<i,]j <
n.

npes3= EdgesLi st = {Edge[1, 1/3, 2], Edge[l, 1/3, 3], Edge[l, 1/6, 4], Edge[l, 1/6, 6],
Edge[2, 2/5, 4], Edge[2, 2/5, 3],
Edge[2, 1/5, 6], Edge[3, 1/2, 2], Edge[3, 1/2, 3],
Edge[4, 1/3, 1], Edge[4, 1/3, 3], Edge[4, 1/3, 2],
Edge[5, 1/5, 3], Edge[5, 2/5, 1], Edge[5, 2/5, 2],
Edge[6, 1/2, 1], Edge[6, 1/10, 2], Edge[6, 1/5, 4], Edge[6, 1/5, 61,
Edge[7, 1/3, 3], Edge[7, 1/5, 2],
Edge[7, 1/10, 5], Edge[7, 1/5, 6], Edge[7, 1/6, 71};

EdgesLi st isthen transformed in atranstition matrix using the function Tr ansi t i onMat ri x[ n, EdgeLi st ]

nesal= TransitionMatrix[7, EdgesList] // MatrixForm

Out[254]//MatrixForm=

1 1 1 1
0 5 35 0350
ooggoéo
oggoooo
éé%oooo
gggoooo
3% 05 00

1 1 1 1 1
0 3 30 % 35 %

One can check if the encoding corresponds to awell-formed MC by calling Mar kovChai nQ
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nessi= Mar kovChai nQ[MC[t m | abel s]]

out[255]= True
Given a sequence of Markov chains My, ..., My they can be joined together using the function Joi nMC

nesel= ML = MC[TransitionMatri x[2,

{Edge[1, 1, 1], Edge[2, 1/3, 1], Edge[2, 2/3, 2]1}1, {1, 2}1;

M2 = MC[TransitionMatrix[2, {Edge[l, 1/2, 1], Edge[l, 1/2, 2],
Edge[2, 1/3, 1], Edge[2, 2/3, 21}1, {2, 1}1;

MB = MC[Transi tionMatrix[3, {Edge[l, 1/4, 1], Edge[l, 3/4, 2],
Edge[2, 1/3, 1], Edge[2, 2/3, 2],
Edge[3, 3/5, 2], Edge[3, 2/5, 11}1, {2, 2, 1}1;

Joi nMC[ML, M2, MB] // Pl ot MC

7 3 6 4
@ > : 3
5 ~N—
2
2 3 L
5 4 A
out[259]= @
4
2 1 1
S
3

= Run the on-the-fly algorithm

GivenaMC M = MC[n,/], adiscount factor A € (0,1], and alist of pairs of states Q, the bisimilarity distance of the pairsin
Q can be computed as

neeo= M= MC[tm labels]; A =1;, Q= ({1, 4}, {3, 5}, {1, 2}};
Conput eDi stances[M 2, Q]

1 472
out[261]= {{1, 43 eg, {3, 5} %m, {1, 2} 91}
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If oneisinterested is tracing the computation he can set the option Ver bose as Tr ue
inze2)= Comput eDi stances[M A, {{1, 4}}, Verbose » True]

Pairs to conmpute: {{1, 4}}

Picked pair: {{1, 4}}

Reachabl e states from {{1, 4}} in the current coupling

1 2 3
2 13 o0 0
1,453 |0 5 0
4 o o <

6 | 0 0 :

1 2 3
3,423 3 0
3 |0 2 2

Vari abl es detected to be zero: {}

Reduced Linear System

. d1,4)) |1
6 |. : . ) |12
1]’ Solutlon.( 3 )){ s ]
2

Non optimal schedule for: {1, 4} reduced cost: -2 for introducing {4, 1} as basic

o)
N

0 1

Reachabl e states from {{1, 41} in the current coupling

1 2 3
1

2 | o 3 0

1,458 [0 0 2

4 % 0 0

6 é 0 0

Vari abl es detected to be zero: {}

Reduced Li near System (%)(d(1,4)>::(%); Solution:(d(1,4)):(%)

3
Non optimal schedule for: {1, 4} reduced cost: —E for introducing {1, 3} as basic

Reachabl e states from {{1, 41} in the current coupling

1 2 3
1

2 | o 2 0

1,453 [0 0 2

4 é 0 0

6 é 0 0

Vari abl es detected to be zero: {}

Reduced Linear System |

ol

J(d(1,4))==(2); sSolution: (d(1,4))=|

e
-

Total solved TPs: 2
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Execution Tinme: 0.034067 sec
1
outezl= 1 {1, 4} - —
{ 5)
If oneisiterestesin computing the distance between all pair of statesit sufficesto ask for Al | pairs

inzes;= Comput eDi stances[M A, All ]

1831
- i)
12225

43 1
out[263]= {{1, 1} 50, {1, 2} -1, {1, 3} e (1, 4 o (1, 5}

{1, 6}y -1, {1, 7} {2, 1y -1, {2, 2} >0, {2, 31 -1, {2, 4} > 1,

- ’
61125

23 43
{27 5} 4)11 {2! 6} - T {21 7}%11 {37 1} - T {31 2}%11 {37 3} 4)01
163 815

143 472 627 1
{3! 4}%—1 {3! 5}_>—! {31 6}%11 {3! 7}_>—! {41 l}%_! {41 2}911
815 4075 4075 5

143 286 22507
{45 3}%71 {4! 4}_>01 {45 5}%71 {41 6}_>11 {45 7}%75
815 4075 183375
1831 472 286
{5, 1} » » {5, 2} -1, {5, 3}>——, {5 4} > , {5, 5} -0,
12225 4075 5

13297 23
{5, 6}y->1, {6, 7} > ——, {6, 1} > 1, {6, 2} > ——, {6, 3} =1,
183375 163

8171
{67 4}61’ {61 5}%11 {61 6}%07 {67 7}%11 {7’ 1}% 1 {71 2}%11
61125

627
{7! 3} > {7! 4}97! {71 5} ) {7! 6}_>11 {7! 7} %0}
4075 183375 183375

The output is returned as a set of ArrayRules, so that one can easily transform it into a matrix using the function SparseArray

ineal= Spar seArray [Comput eDi stances[M A, All ], {7, 7}]1 // Matri xForm

Out[264]//MatrixForm=

43 1 1831 8171
0 1 815 5 12225 1 61125
23
1 0 1 1 1 163 1
43 143 472 627
815 1 0 815 4075 1 4075
1 143 286 22507
5 1 815 0 4075 1 183375
1831 4 472 286 0 1 _lossi
12225 4075 4075 122250
23
163 1 1 1 0 1
8171 627 22507 10351 4 0
61125 4075 183375 122250

m Example taken from the paper submitted at TACAS 2013

Here we use the MC presented in the paper submitted at TACAS 2013 in order to show most of the features of our on-the-fly
algorithm.
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inzes)= EdgesPaper
{Edge[1, 1/3,
Edge[2,
Edge[3,
Edge [4,
Edge[5,
Edge[6,
Edge[7,
Edge[7, 1/10, 5],

Pl ot NC[m:Paper ]

out[268]=

2/5,
172,
1/3,
1/5,
172,
1/3,

2],
41,
21,
11,
31,
11,
31,

Edge[1,
Edge[2,
Edge[3,
Edge [4,
Edge [5,
Edge [6,
Edge[7,

1/3, 3], Edge[1, 1/6, 4], Edge[l, 1/6, 6],

2/5, 3], Edge[2, 1/5, 61,
1/2, 31,

1/3, 3], Edge[4, 1/3, 21,
2/5, 11, Edge[5, 2/5, 21,

1/10, 2], Edge[6, 1/5, 4], Edge[6, 1/5, 6],

1/5, 27,

Edge[7, 1/5, 6], Edge[7, 1/6, 71};
| abel sPaper = {1, 2, 1, 1, 1, 2, 1};

ncPaper = MC[Transiti onMatri x[Lengt hel abel sPaper, EdgesPaper ]

L et us compute the distance between the state 1 and 4, namely d(1,4)

nize9)= Conput eDi st ances [ntPaper,
{{1, 4}}
{{1, 4}}

Pairs to conpute:

Pi cked pair:

1, {{1, 4}}, Verbose -» True]

Reachabl e states from {{1, 4}} in the current coupling

{1, 4} >

1

o A WN

o o O wlk

O O wl- O

o OoO|w

ol ol

, | abel sPaper 1;
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o |w

{3, 4} > 2
3

O wlk|
ol ol N

wl-

Vari abl es detected to be zero: {}

Reduced Linear System
0 1

. d1,4)) |1

6 . H . ’ 12

1]' Solutlon.(d<3,4)>:[l]
2

Non optimal schedule for: {1, 4} reduced cost: -2 for introducing {4, 1} as basic

Reachabl e states from {{1, 41} in the current coupling

1 2 3
1

2 | o 2 0

1,453 [0 0 3

4 é 0 0

6 % 0 0

Vari abl es detected to be zero: {}

Reduced Li near System (% ) (d(1,4) )::(?15 ); Solution: (d(1,4) ):(% )
. 3 . . .
Non optimal schedule for: {1, 4} reduced cost: _B for introducing {1, 3} as basic
Reachabl e states from {{1, 4}} in the current coupling
1 2 3
1
2 0 3 0
1,453 |0 0 3
1
4 P 0 0
1
6 P 0 0
Vari abl es detected to be zero: {}
Reduced Li near System (% ) (d(1,4) >:(% );  Solution: (d(1,4) ):(% )

Total solved TPs: 2
Execution Tinme: 0.037961 sec

Out[269]= {{1, 431 - é}

Looking the execution trace we see that during the computation of d(1,4) an over-approximation for the distance d(3,4) is
computed.

This happens because the we encountered a coupling that demands d(3,4) for computing an over-approximation of d(1,4).

However, the first improvement of the current coupling makes the computation of d(3,4) no more demanded for d(1,4), so
that no further improvement on (3,4) is made.

On the other hand, as shown in the execution trace that follows, the exact computation of d(3,4) demands an exact computa
tion of d(1,3), d(1,4) and d(2,6)

ine7op= Conput eDi st ances [ncPaper, 1, {{3, 4}}, Verbose » True]
Pairs to conpute: {{3, 4}}
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Picked pair: {{3, 4}}

Reachabl e states from {{3, 4}} in the current coupling

| 1 2 3
1 1
3, 4-2 |3 5 O
1 1
3 0 P =

Vari abl es detected to be zero: {}

Reduced Linear System (1)(d(3,4))::(%); Solution:(d(3,4)):(—;)

Non optimal schedule for: {3, 4} reduced cost: -1 for introducing {2, 1} as basic

Reachabl e states from {{3, 41} in the current coupling

2 3
2 é 0
1 1
1,31-3 | 5 %
1
4 o <
1
6 0 .
1 2 3
1 1
3,42 | 5 3 O
1 1
S 15 0 3

Vari abl es detected to be zero: {}

1 -5 )/ds3 3 d(1,3 =
Red d Li Svst 6(<,)):3; Sol ut i :((,)): 35
educe i near System 1y d(3. 4) 1 ol ution d(3. 4) B
6 6 35
Non optimal schedule for: {1, 3} reduced cost: -1 for introducing {4, 1} as basic

Reachabl e states from {{3, 4}} in the current coupling

2 3
2 13 o0
1,353 [0 3
4 1o <
6 |z O
1 2 3
2 13 o0 0
(1,4)-3 |0 5 0
4 |0 0 %
6 |0 o0 <
1 4 6
3 | 2 0 0 0
AR
6 | 0 0 0 :
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o |w

{3, 4} > 2

2
1
3
3 0

ol olr| P

wlk

Vari abl es detected to be zero: {}

1 1
10 -5 -3
o 1 o0 -2
Reduced Li near System 6
22 .1 1 9o
5 10
1
-2 0 o0 1
0 127
d(1,3) 5 d(1,3)) | 1o
d(1,4) 6 : d(1,4) |_| 105
== ; Sol ut : =
d(2,6) 1—10 OTutton- 1 42, 6) 83
d(3, 4) 1 d(3, 4) E
6 1955

Non optimal schedule for: {1, 4} reduced cost: -2 for introducing {4, 1} as basic

Reachabl e states from {{3, 4}} in the current coupling

2 3
2 é 0
1,353 [0 3
1
4 0 s
6 % 0
1 2 3
1
2 | o 2 0
1 1
1, 4y-3 | 5 0 3
1
4 | o 0 1
6 é 0 0
1 4 6
3 é 0 0
{2, 6} > 1 1 1
4l % W 5 0
6 0 0 0 e
1 2 3
1 1
3, 4-2 |53 3 0
1 1
3 1% 0 3

Vari abl es detected to be zero: {}
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1 1
10 -5 -5
19 o 1
Reduced Linear System ° 6
"5 w0 0
1
% 0 0 1
0 _103
d(1, 3) 1 d(1,3) P
d(1,4) 6 : d(1,4) | _| 1oa0
== ; Sol ut : =
d(2,6) Lo SOTUNIONT g o 6y || 2
10 1949
d(3,4) 1 d(3,4) 242
6 1949
Non optimal schedule for: {1, 4}
46
reduced cost: -—— for introducing {3, 1} as basic
1949

Reachabl e states from {{3, 4}} in the current coupling

2 3
2 é 0
1,313 |0 3
1
4 | o 2
6 é 0
1 2 3
1
2 0 3 0
1,453 [0 0 2
4 % 0 0
6 % 0 0
1 4 6
3 § 0 0 0
{2, 6} > 1 1 1
4l % w 5 0O
1
6 | 0 0 2
1 2 3
1 1
3, 4-2 |5 3 0
1 1
S 1% 0 3

Vari abl es detected to be zero: {}
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1 1
10 -5 -5
o ¢ 0 ©
Reduced Linear System )
1
.
5 0
1
5 0 1
0 A3
d(1,3) 1 d(1,3) o1s
d(1, 4) 6 . d(1, 4) 5
== ; Sol ut : =
d(2,6) L SRR g2,e) || 2
d(3, 4) : d3.4) ) | a3

815
Total solved TPs: 4

Execution Tinme: 0.090483 sec
143

out[270]= {{3, 43 > —}
815

We have seen that the exact computation of d(3,4) demands for the exact compuatation of d(1,3), d(1,4), d(2,6).

One would claim that if we ask for the exact computation of d(3,4), d(1,4) and d(2,6) the compuatation will do the same
steps made for d(3,4).

In some sense this is true, since we will need to compute the same set of distances, however we have seen that the exact
computation of d(1,4) does not need an exact compuation of the remaining pairs.

Thus, considering the pair (1,4) before (3,4) will allow us to reduce the size of the linear equation systems computed for
d(3,4).

inz71= Comput eDi st ances [ncPaper, 1, {{1, 4}, {2, 6}, {3, 4}}, Verbose - True]
Pairs to conmpute: {{1, 4}, {2, 6}, {3, 4}}
Picked pair: {{2, 6}}

Reachabl e states from {{2, 6}} in the current coupling

2 3
2_§ 0
1,353 | 5 3
4 1o <
6 | 0 <
1 2 3
2 |13 0 o0
1,430 5 0
4 1o o £
6 | 0 0 2
1 4 6
3 | 2 0 o0
R
6 0 o
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o |w

{3, 4} > 2
3

O wlk|
ol ol N

wlk

Vari abl es detected to be zero: {}

1 o o _1 1 S
6 (d(1,3) : d(1,3)) | 3
_ 1 0 -1 ||d(1,4) s : d(1,4) 12
Reduced Li near System 6 ’ == ; Sol ution: ' =
Hees = g 21 o ||d@e) | T2 WO g 2,6) || 2
5o d@.4) ) | ¥ d(3,4)) |2
0 0 O > 5
197
Non optimal schedule for: {1, 3} reduced cost: —?0 for introducing {4, 1} as basic

Reachabl e states from {{2, 6}} in the current coupling

2 3
2 é 0
1,353 [0 3
1
4 0 s
6 % 0
1 2 3
2 é 0 0
1,458 |0 < o0
1
4 | o0 0 1
1
6 | 0 0 <
1 4 6
3 § 0 0 0
{2, 6} > 1 1 1
4l % W 5 0
6 0 0 e
1 2 3
1 1
3, 4-2 |3 5 0
1 1
3]0 < 2

Vari abl es detected to be zero: {}
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Reduced Li near System

0 0 1
0 83
d(1,3) 5 d(1,3) o’
d(1,4) | _ | & | o 1dL4) || 2
d2.6) |~ Tlo ; Solution: d2.6) || 27
d(3, 4) 1 d3,4)) |1
, 1

2
Non optimal schedule for: {1, 4} reduced cost: -2 for introducing {4, 1} as basic

Reachabl e states from {{2, 6}} in the current coupling

2 3
2 é 0
1,353 [0 3
1
4 | o 2
6 é 0
1 2 3
1
2 | o 2 0
1 1
1,43 |35 0 3
1
4 | o 0 2
6 % 0 0
1 4 6
3 § 0 0 0
{216}% 1 1
4 1% @ 5 0
6 0 0 e
1 2 3
1 1
3,423 5 0
1 1
3 | o0 2 2

Vari abl es detected to be zero: {}
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1 1
10 -5 -5
19 o 1
Reduced Li near System 6 6
2 1 1 0
5 10
0 0 0 1
0 s
d(1,3) 1 d(1,3) 11384
d1,4) 6 . d1,4) 7
== ; Sol ut : =
d(2,6) = | OTutron 142 6) 23
d(3, 4) 1 d(3,4)) | 3¢
2 2
23
Non optimal schedule for: {1, 4} reduced cost: -— for introducing {3, 1} as basic

Reachabl e states from {{2, 6}} in the current coupling

2 3
2 é 0
1,353 | 0 3
1
4 | o0 <
6 é 0
1 2 3
1
2 ]lo 3 0
1,458 [0 0 2
4 % 0 0
6 é 0 0
1 4 6
3 § 0 0
{2, 6} > 1 1 1
4 1% W@ 5 0O
6 0 0 0 e
1 2 3
1 1
3,42 |3 7 0
1 1
3]0 2 2

Vari abl es detected to be zero: {}



Reduced Li near System

Non opti

Reachabl

{1,

{li

{21

{3!

Vari abl es detected to be zero: {}

31 >

431 -

61—

431 >

mal

e states from {{2, 6}} in the current coupling

-
vk Bk olk ©

Sol uti on:

schedul e for:

{3, 4} reduced cost:

2 3
2§o
1
3 |0 2
1
4 1o <
eéo
1 2 3
1
2 1o 3 o0
1
3 o o =
4%00
eéoo
1 4 6
3§ 0 o0
i 1 1
4 1% W@ 5 0O
1
6 |0 o 0o =
1 2 3
1 1
2 |z 3 0
1 1
S 15 0 3

olk

= O O
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-—— for introducing {2, 1} as basic
280
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1 1
10 -5 -5
o ¢ 0 ©
Reduced Linear System )
1
-2 -1 1 0
5 0
1
5 0 1
0 A3
d(1,3) 1 d(1,3) o1s
d(1, 4) 6 . d(1, 4) 5
== ; Sol ution: =
d(2, 6) 1 HH d(2,6) | | 2
d(3, 4) 1 d3.4) ) | a3
6 815

4
Non optimal schedule for: {1, 4} reduced cost: _1_63 for introducing {3, 3} as basic

Reachabl e states from {{2, 6}} in the current coupling

2 3
2 é 0
1,353 [0 3
1
4 0 s
6 % 0
1 2 3
1
2 | o 2 0
1,458 [0 0 2
4 é 0 0
6 % 0 0
1 4 6
3 § 0 0 0
{2, 6} > 1 1 1
4l % W 5 0
6 0 0 e
1 2 3
1 1
3,42 |53 3 0
1 1
S 1% 0 3

Vari abl es detected to be zero: {}
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o
ola O
o
o

Reduced Linear System

2 1
"5 w0 0
1
1 0o 1
0 A3
d(1,3) 1 d(1,3) o1s
d(1,4) [ | ® | C o d@a) | | s
d2.6) | Tlo ; Sol ution: d2.6) || 23
d(3, 4) 1 d3,4)) |
2 143

815
Total solved TPs: 5
Execution Tinme: 0.132869 sec
1 23 143
out[271]= {{1, 4y - —, {2, 6} > ——, {3, 4}9—}
5 163 815

Another way to limit the exploration of the MC is to give estimates for some distances. For instance, we have seen that for
computing the distance d(3,4) we need to solve exactly

the problem for the pair (2,6). Assume we have an over-approximation of the exact value for d(2,6), we can use this informa-
tion in order to further reduce the exploration of the MC.

in721= Conput eDi st ances[m:Paper, 1, {{3, 41},

) 25
Ver bose » True, Estimates » {{2, 6} -> F}]

Pairs to conpute: {{3, 4}}
Picked pair: {{3, 4}}

Reachabl e states from {{3, 4}} in the current coupling

| 1 2 3
1 1
3, 4-2 |3 ¢ O
1 1
3 0 —6 3

Vari abl es detected to be zero: {}

Reduced Linear System (1) (d(3,4) )::(% )i Solution: (d(3,4) ):(% )
Non optimal schedule for: {3, 4} reduced cost: -1 for introducing {2, 1} as basic

Reachabl e states from {{3, 41} in the current coupling

2 3

2 é 0

1 1

1, 3y-3 | 5 %

1

4 1o 2

1

6 |0 2
1 2 3

1 1
3,423 3 0
1 1
S |5 0 3
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Vari abl es detected to be zero: {}

1 -1 1 13
Reduced Linear System . 16 (gzé 2; )——(i : Sol ution: (gg i; ): E
6 6 35
) 301 _ ) )
Non optimal schedule for: {1, 3} reduced cost: —l—63 for introducing {4, 1} as basic

Reachabl e states from {{3, 4}} in the current coupling

2 3
2 é 0
(1,353 | 0 3
1
4 0 s
6 % 0
1 2 3
1 1
3,42 | 5 3 O
1 1
S 15 0 3

Vari abl es detected to be zero: {}

Reduced Li near System 1003

5705

25 313
(d<1,3) ): 978 |.  golution: (d(1,3) ): 5705
' “1d(3
Total solved TPs: 2

Execution Tinme: 0.031808 sec

1003

out[272]= JL{S, 431 - %}

Using the estimate % for the distance d(2,6) we considerably reduced the number of steps for computing a good over-
approximation for d(3,4).
m Unfair Tossing Coins

In this example we model two unfair flipping coins.
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n273= EdgesCoin[e_] : = {Edge[l, 1/2-e, 11,

Edge[l, 1/2+e, 2], Edge[2, 1/2-¢, 2], Edge[2, 1/2+e, 1]};
| abel Coin: = {1, 2};

(mrcCoi n = Joi nMC[MC[TransitionMatri x[2, EdgesCoin[1/10]], | abel Coin],
MC[Transi tionMatri x[2, EdgesCoin[1/9]], | abel Coin]]) // PlotMC

2 3 1
_— 7‘?3)7\
~—__ -

5

out[275]=

7 4 L 3
1 — 8
18

in276= Comput eDi stances[nt, 1, All, Verbose » True]

Pairs to conpute: ({1, 3}, {2, 4}}

Picked pair: {{1, 3}}

Reachabl e states from {{1, 3}} in the current coupling

1, 31> 1

2, 4151
2

N
gl,_,uwlww o;|\‘w

'o_o‘l\‘ o|d mlwng B

Vari abl es detected to be zero: {}

1

1

[N

Reduced Li near System

1
5 d1.3)) [ |. o d,3)) (1
ERET! (d<2,4>)(1]’ S°'”“°”'(d<2 4>)’(1)
5

Total solved TPs: O
Execution Tinme: 0.009969 sec

oupre= {{1, 1} -0, {1, 2y -1, {1, 311, {1, 4)->1, {2, 1} -1,
{2, 2y -0, {2, 3}>1, {2,451, (3, 1}y->1, {3, 2} >1,
{3, 3} -0, {3, 4)y->1, {4, 1} 51, {4, 2y -1, {4, 3}y -1, {4, 4, -0}

m The Craps Game

Here we present two different MCs modeling two slightly different versions for the “ craps game”. These models have both
been taken from the book Principles of Model Checking, Examples 10.4 and 10.23 respectivelty. We compare the two
models by means of the distance beteween their initial states.


http://books.google.de/books/about/Principles_of_model_checking.html?hl=de&id=nDQiAQAAIAAJ
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ne77i= start =1; won =2; lost =3; other =4; (% | abels %)

| abel sGanmel = {start, won, | ost, other, other, other, other, other, other};

edgeGanel =
{Edge[1, 1/12, 4], Edge[l, 1/12, 9], Edge[l1, 1/9, 5], Edge[1, 1/9, 8],
Edge[l, 5/36, 6], Edge[1l, 5/36, 7], Edge[l, 2/9, won], Edge[l, 1/9, lost],
Edge [won, 1, won], Edge[l ost, 1, | ost], Edge[4, 3 /4, 4],
Edge[4, 1/12, won], Edge[4, 1/6, |ost], Edge[9, 1, 9],
Edge[5, 13 /18, 5], Edge[5, 1/9, won], Edge[5, 1/6, |lost], Edge[8, 1, 8],
Edge[6, 13 /18, 6], Edge[6, 1/9, won], Edge[6, 1/6, | ost], Edge[7, 1, 71};

ineso)= (gamel = MC[Transi ti onMatri x[Lengt hel abel sGanel, edgeGanel], | abel sGanel]) //
Pl ot MC

out[280]=

nes= | abel sGane2 =1 abel sGanel;
edgeGane?2 =
{Edge[1, 1/12, 4], Edge[l, 1/12, 9], Edge[1, 1/9, 5], Edge[1, 1/9, 8],
Edge[l, 5736, 6], Edge[1l, 5/36, 7], Edge[l, 2/9, won], Edge[l, 1/9, lost],
Edge [won, 1, won], Edge[l ost, 1, | ost],
Edge[4, 3 /4, 4], Edge[4, 1/12, won], Edge([4, 1/6, lost],
Edge[9, 3/4, 9], Edge[9, 1/12, won], Edge[9, 1/6, |ost],
Edge[5, 13 /18, 5], Edge[5, 1/9, won], Edge[5, 1/6, |ost],
Edge[8, 13 /18, 8], Edge[8, 1/9, won], Edge[8, 1/6, lost],
Edge[6, 25/ 36, 6], Edge[6, 5/ 36, won], Edge[6, 1/6, |ost],
Edge[7, 25/36, 7], Edge[7, 5/36, won], Edge[7, 1/6, |ost]};



OnTheFlyDist.nb |21

ns3= (game2 = MC[Transi ti onMatri x[Lengt hel abel sGane2, edgeGane2], | abel sGanme2]) //
Pl ot MC

13 25
18 36

()
al

out[283]=

|

7 \ 5
Q Q
4 18

inzs4p= Comput eDi st ances [Joi nMC[ganel, gane2], 1, {{1, 10}}, Verbose -» True]
Pairs to conmpute: {{1, 10}}
Picked pair: {{1, 10}}

Reachabl e states from {{1, 10}} in the current coupling

11 12 13 14 15 16 17 18
2 g 0 0 0 0 0 0 0
3 0 g 0 0 0 0 0 0
1
4 | o0 0 = 0 0 0 0 0
(1,10} 55 | © 0 0 : 0 0 0 0
5
6 | 0 0 0 0 = 0 0 0
5
710 0 0 0 0 = 0 0
8 | o 0 0 0 0 0 g 0
1
9 ]o0 0 0 0 0 0 0 =
11
2, 11} » — 1 ——
{ }—>2 T
12
3, 12} » — 1 <
{ }—>3 1
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{4!

{5,

{6,

{7,

{81

{9,
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11 12 13
2 | £ o0 0
13
b2 3 | o 1 0
6
3
4 | o 0 3
11 12 14
2 é 0 0
14
173 | o 1 0
6
13
5 | 0 0 1
11 12 15
2 é 0 0
15} - 1 5
3 | = = o0
1 25
6 | 0 2 2
11 12 16
16} -1 = 12 %
36 6 36
11 12 17
=51z 1 13
9 6 18
11 12 18
18} » 1 1 3
o1l =z % 2

5 5 1
L -% "3 %
11
0 0 0
Reduced Linear System |0 O % 0
5
0 O 0 -
0O O 0 0
0
d(1, 10) 1 d(1, 10)
d (6, 15) 12 d (6, 15)
d(7,16) |==| 36 |; Solution: |d(7,16)
d (8, 17) 5 d(8,17)
d (9, 18) 8 d (9, 18)
p
Non optimal schedul e for:

{1, 10} reduced cost:

sk O O O
a Sle

4
-— for
11

Reachabl e states from {{1, 10}} in the current coupling

i ntroducing {1, 6} as basic
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11 12 13 14 15 16 17 18
2 | 2 0 0 0 0 0 0 0
3]0 5 0 0 0 0 0 0
1
4 0 0 - 0 0 0 0 0
1,10} 55 | © 0 0 5 0 0 0 0
5
6 0 0 0 0 P 0 0 0
5
7 0 0 0 0 0 % 0 0
8 | o 0 0 0 0 0 : 0
9 | o0 0 0 0 0 0 0 =
11 12 15
2 | 3 0 0
{6, 15}% 1 5
3 % e 0
1 25
6 3% 3
11 12 16
36 6 36
11 12 17
9 6 18
11 12 18
(9, 18) > T T 1 3
12 6 4
Vari abl es detected to be zero: {}
5 5 1 1
L-% 3% 5 1
11
0 3 0 0 0
Reduced Linear System |0 O % 0 0
5
0 O 0 5 O
1
0O O 0 0 2
0 71
d(1, 10) 1 d(1, 10) 198
d (6, 15) > d (6, 15) 2
d(7,16) |==| 35 |; Solution:|d(7,16) |= 111
d(8,17) 5 d (8, 17) 1
18
d(9, 18) 1 d(9, 18) 1
4
Non optimal schedule for: {6, 15} reduced cost: -1 for introducing {3, 1} as basic

Reachabl e states from {{1, 10}} in the current coupling
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11 12 13 14 15 16 17 18
2 g 0 0 0 0 0 0 0
3 |0 é 0 0 0 0 0 0
1
4 | o 0 r 0 0 0 0 0
1,10} 55 | © 0 0 5 0 0 0 0
5
6 | 0 0 0 0 = 0 0 0
5
710 0 0 0 0 = 0 0
8 0 0 0 0 0 0 é 0
9 | o 0 0 0 0 0 0 =
11 12 15
2 é 0 0
{6, 15}% 1
3]0 2 0
1 25
613 O 3%
11 12 16
36 36
11 12 17
9 6 18
11 12 18
(9,18 > ¢ - I 3
12 6 4
Vari abl es detected to be zero: {}
5 5 1 1
1-% "% 5 .
11
0z 0 0 0
Reduced Linear System |0 O % 0 0
5
00 0 4 O
1
o0 o0 o0 <
O 137
d (1, 10) 1 d(1,10) 296
d (6, 15) ji d (6, 15) 1
d(7,16) |==| 35 |; Solution:|d(7,16) |= 111
d(s, 17) 5 d(s, 17) |
18
d (9, 18) 1 d (9, 18) |
4

Tot al sol ved TPs:

2

Execution Tinme: 0.127852 sec

137

out[284]= {{1, 10} » E}
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= Bisimilarity Distance and Bisimilarity Quotient
Let M be a (randomly generated) Markov chain with 50 states and outer-degree 2

insesl:= NuNBSt at es = 50; out er Degr ee = 2;
nt = Randonivear kovChai n[nuntt at es, out er Degr ee];
Pl ot MCent

24

4 L ﬁz\%\L 30
5 481 € < .

40 P19
657|244 »

iy ; 8 \6 15
117 410 o 28

\J\ g A ‘b p713 — 180 (109) 1 o 30 11
o423, T : 37
/!/ — y . A
5‘7/ N/ Qg2 Az

out[368]= y
453532 /'
6411

682 38 R4 25

the bisimilarity pseudometric can also be used in order to detect all the bisimilarity classes, i.e. the equivalence classes of the
set of state w.r.t probabilistic bisimilarity

inzeo;= Bi si nCl asses[nT]

oupeo- ({1, 23, 37, 43}, (2, 4, 6, 13, 15, 27, 32, 34, 38, 40, 41, 44, 45, 46, 47, 48, 50},
(3}, (5, 7, 9, 16, 17, 24, 26, 33, 35, 36, 42}, {8}, {10}, {11},
(12, 19, 22, 39}, {14}, {18}, {20}, {21}, (25}, {28}, {29}, {30}, {31}, {49}

so that this can be used to construct an MC M’ bisimilar to M with all the states that are bisimilar in M lumped together.
M’ isalso known as the bisimilar quotient of M.


http://dx.doi.org/10.1016/0890-5401(91)90030-6
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in37op= Bi si mQuotient [nc] // Pl ot MC

11
@
7
o 11,
\l\ 39 27
y
® 139

.

_ ]
out[370]= o0 73

a7
12

Obvousy, for any MC M, the bisimilarity quotient of two copies of M joined together correspons to M itselfs

in371:= Joi nMC[ncPaper, ncPaper] // Pl ot MC

out[371]=
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in372)= Bi si mQuot i ent [Joi nMC[ntPaper, ncPaper]] // Pl ot MC

(o (>
A
=
e

Implementation

m Utilities
inzoz)= Di ffDi st [d1_, d2_] : = Max[Fl atten[Abs[d1-d2]]1];
neo3i= ZeroMatrix[n_] :=SparseArray[{}, {n, n}l;
neoal= TestAll [list_, test_]:=Andee (test /@list);
neosi= DebugPrint [s___]1:=Print[s] /; OptionVal ue[Conput eDi st ances, Verbose];

inzos)= Print ActiveProbl ens[di st_, problens_, querylLst ] :=
Modul e[{ActivePrint, active = Reachabl eProbl ens [di st, probl ens, querylLst ]},
ActivePrint [{u_, v_}»actv_]:=
Print [{u, v} - PrPrint [problensfu, vl1] /; actv;
Print ["Reachabl e states from", queryLst, " in the current coupling"l;
Scan[ActivePrint, ArrayRul es[active]]
(*DebugPri nt [Mat ri xFor meMapl ndexed [Acti vePri nt, probl enms, {2}]1]%*)
1 /; OptionVal ue[Conput eDi st ances, Verbose];

ino7:= Print Probl ens [problens_] : =
DebugPri nt [Matri xFor meMap [PrPrint, problemnms, {2}11;
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m Labelled Markov Chains (LMCs)

nposi= Al l Pairs[MC[_, |abels_1]:=
Modul e[ {si ze = Lengt hel abel s}, Joinee (Table[{i, j}, {i, size}, {j, size}])];

ineooi= SamelLabel sPairs[ntc: MC[_, | abels_]1: =
Sel ect [Al | Pai rsent, Equal ee (I abel s[#]) &];

in3oo)= Mar kovChai nQ[MC[TM , | abels_ 1] : =
Modul e [{si ze, a, b},
size = Lengthel abel s; {a, b} = D nensi ons[TM];
(» check if the sizes are consistent,
and if TMis a probability distribution matrix =)
size==aAa=bA TestAl [(Plusee#& &) /@eTM # == 1 &]
1 /; MatchQ[l abels, {__Integer}] A (x labels is a list of integers x)
Matri xQ[TM Mat chQ[#, _Rational 1V IntegerQ[#] &]
(*» TMis a matrix of rationals x);
Mar kovChai nQ[_] : = Fal se;

Given alist of edges of theform Edge[ s, p, t] indicating that there exists atransition from the state s tot with probabil-
ity p,
TransitionMatrix[| S|, edgeLi st] returnsthe transition matrix - induced by them.

inEoz= TransitionMatri x[nunBtates_ , edgelList_]:=

Modul e [ {f },

f [Edge[x_, p_, Yy_11:={X, Yy} ->p;
Spar seArray [f /@edgeLi st, {nunttates, nunttates}]
1

Joi nMCreturns a graphical representation of a given Markov chain

inzo3;= Joi NnMC[seq__MC] : = Fol d[Joi nMCAux, Firste{seq}, Reste{seq}l;
Joi nMCAux [MC[tnmL_, 11 ], MC[tn2_, 12_]]:=
Modul e[{n = Lengthell, m=Lengthel 2},
MC[ArrayFl atten[

{{tml, SparseArray[{}, {n, m}]1}, {SparseArray[{}, {m n}], tn2}}],
Join[l1, I2]]

1
Pl ot MCreturns agraphical representation of a given Markov chain

inzos)= Pl ot MC[edgeLi st : {__ Edge}] : =
Modul e[ {f },
f [Edge[x_, p_, Y_1]:=Labeled[x >y, pl;
G aph[f /e@edgeli st, VertexLabel s » "Name", VertexSi ze » 0. 1]
1
Pl ot MCIMC[tm_, | abel s_]]: =
Modul e[ {f, g, edgelist},
f [Edge[x_, p_, Y_11 :=Labeled[x »y, pl;
gl bl _, {vertex_}]:=vertex >Hue[l/ (Ibl +1)7];
edgel i st = Edge [#[1, 1], #[21, #[1, 2] &/@Mbst @ArrayRul es[tm];
G aph[f /eedgelist, VertexLabel s » "Nane",
VertexSize - 0.1, VertexStyl e » Mapl ndexed[g, | abel s]]
1
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= Random generation of LMCs

inzo7:= RandonRati onal [rmax_, n_] : =
(Random nt eger [{1, #}] /#) &/@Random nt eger [{1, rmax}, n]

RandonPr obDi str givesapseudorandom list of rationalsr,, ..., rpsuchthat>? ;r; = 1

inz0s)= RandonProbDi str [rmax_, n_] : =
Mbdul e[ {r nd = RandonRat i onal [rmax, n], total },
total = Pl useernd,
(#/total) &/ernd
1

inool= Randomlransi ti onMatri X [nuntt at es_, maxDegree_] : =
Modul e [ {MakeRows},
MakeRow[degree_] : = Shuffl ee
Joi n[Tabl e[0, {nunttat es -degree}], RandonProbDi str [nuntt at es, degree]];
Spar seArrayeTabl e [MakeRow[Randonml nt eger [{1, maxDegree}]], {nunftates}]
1 /; nuntt at es > maxDegr ee;
Randonilransi ti onMatri x[nunSt ates_, maxDegree_] : =
(Message [Randonilransi ti onMatri x: : nnar g, nunSt ates, maxDegree]; Abort []1);

1= Randomlransiti onMatri x::nnarg =
"The argunent 1" is not greater than or equal to "2 .";

in3121= Randomvar kovChai n[nuntt at es_, maxDegree_] : =
MC[Randomlransi ti onMatri x [nuntt at es, maxDegr ee],
Randonl nt eger [{0, 1}, nunttates]];

np1s= Shuffle[{}]:={};
Shuffleflst_1:=
Modul e[ {l eft, right, pick = Random nteger [{1, Lengthel st }]},
| eft = Take[l st, pick]; right =Drop[lst, pickl];
Joi n[{l st [pi ck]}, Shuffle[Mst el eft], Shuffle[right]]
1

= Transportation Problem
Given two e-numbersx and y, Epsi | onLeq[ x, y] determinesif x < y providedthate — +0.

n1sp= EpsilonLeq[x_, y_1: =
| f [Epsil onRenoval [x -y] == 0, (x check if x-y depends only on ex)
EpsilonFix[x -y, 1] < 0, (*» set € > 0 and check again =x)

Epsi | onRenoval [x -y] < 0 (» set e[]= 0 and check again =)

1

inzier= EpsilonM n[x_, y_]1:= If [EpsilonLeq[x, VI, X, Y1;

n317:= Epsil onPerturbation[ns_, nt_]: =
Modul e [ {AddEpsi | on},
AddEpsilon[k_][{a_, id_}]:={a + ke[], id};
{AddEpsil on[1l] /@ns, Append[Most [nt ], AddEpsilon[Lengthexns][Last ent]]}
I

3= EpsilonFi x[x_, evalue_]:=x /. e[] » eval ue;
ns191= Epsi | onRemoval [x_1 : = Epsil onFi x[x, 07];

inzzop= 1 ndexed[l st _]1:=Thread[{l st, Table[i, {i, 1, Lengthel st}]1}];
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nz21)= QuessVertexAux [ _J[ns_, nt _1:={}/; 7S = {} || ~nt = {};
GuessVertexAux[strategy ]([ns_, nt_]: =
Modul e[ {G},
GI{i_, j_}¥:=
Modul e[{rec},
rec =|f [EpsilonLeq[ns[i, 17, nt [j, 1017, (*ns[i, 1] < nt [, 1]*)
GuessVertexAux [strategy]|
Drop[ns, {i}], ReplacePart [nt, {j, 1} »nt[j, 101 - ns[i, 1111,
QuessVert exAux [strategy] [Repl acePart [ns, {i, 1} > ns[i, 1] - nt [j, 111,
Drop[nt, {j }111;
Prepend[rec, {ns[i, 21, nt @, 21} » EpsilonM n[ns[i, 1T, wnt O, 1111
I
G[strategy[ns, nt]]
1

inz23r= NorthWest Strategy[_, _1:= {1, 1};

in@24;= ToMatrix[ns_, nt_, vertex_]:=
Modul e [ {mapS, revmapS, mapT, revnapT, t oMap, nmapl ndex, nmappedvertex},
toMap[i ndexlst_]:=
Modul e[ {i ndex = Tabl e[i, {i, 1, Lengthei ndex| st}] },
{Thread[Rul e[i ndex, i ndexl|st]], Thread[Rul e[i ndex| st, i ndex]]}1;
mapl ndex[{s_, t_}->val _]:={s /. revmapS, t /. revmapT} » val ;

{{mapS, revmapS}, {mapT, revmapT}} = toMap[#[AI |, 2]] &/@ {ns, nt };
mappedvert ex = nmapl ndex /evertex;
I ndexedVert ex [mapS, nmapT, mappedvertex[Al |, 17,
Spar seArray [mappedvert ex, Length /@ {ss, nt }]1]
I
in32si= QuessVertex[ns_, nt _]: =
Modul e [{ens, ent },
{ens, ent } = Epsil onPerturbation[ns, =nt];
ToMatri x[ens, ent, QuessVertexAux [NorthWest Strategy] [ens, ent 1]
I

Addt oBase[d, vertex] == {reducedcost, non-basic cell}
returns the non-basic cell which has the minimal reduced cogt, if the vertex has no non-basic cells, then it returns{ co, {0,0}}.
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in326)= Addt oBase [di st _, | ndexedVertex[mapS_, napT_, basicCells_, V_1]1:=

St eppi ngSt one[ non-basic cel |,

the base

inE27= SteppingStone[{s_, t_}, vertex: | ndexedVertex[mapS_, mapT_, basicCells_, V_]1]:=

Modul e[ {si zeS = Lengt hemapS, sizeT = Lengt hemapT,
t, get Cost, ReducedCost, uv, makeRow, base},

makeRow[ {1, j _}]: = {SparseArray[{{1, sizeS+j} »>1}, {1, sizeS+sizeT}]};

makeRow[{i _, j_}]:=
{SparseArray[{{1, i} »1, {1, sizeS+j}>1}, {1, sizeS+sizeT}]1};

getCost [{i _, j_}]:=getDistValue[dist, {i /. mapS, j /. mapT}];

ReducedCost [_, {i _, j_}]1:=
Modul e[ {r educedcost =getCost [{i, j}] -uv[i]-uv[sizeS+j1},
| f [base[1] > reducedcost,
base = {reducedcost, {i, j}}
(» update the current |east reduced cost =)
]; reducedcost ];

(*» u-v nodifiers (Ui, ..., Usizes, V1, ..., VsizeT) *)
uv = Li near Sol ve [
Nor mal @ArrayFl atten[makeRow/@basi cCel | s], get Cost /@ebasi cCel | s7;

[31

(*DebugPrint ["u-v Problem ", Matri xFor meAr rayFl att en[makeRow/@basi cCel | s1,

Mat ri xFor meuv, Mat ri xFor m[get Cost /@basi cCel | s]11; *)
base = {0, {0, 0}}; (* init cell =x)
(» scan the cells conputing their reduced cost =)
Mapl ndexed [ReducedCost, V, {2}1;
base (» return the cell with the | east reduced cost «x)

1.

Modul e[{M d, ol dBasi cCel |, newBasi cCel | s},

{ol dBasi cCel |, M} = St eppi ngSt onePat h[{s, t}, vertex];

(xDebugPri nt [Mat ri xFor meM]; =)

(xDebugPrint ["ol d basic cell: ",

ol dBasicCell, ", new basic cell: ", {s,t}]; %)

d = Extract [V, ol dBasi cCel | ];

(*DebugPri nt ["ammount noved: ", d]; %)

newBasi cCells = basicCells /. ol dBasicCel | - {s, t};
(*DebugPrint ["A d basic cells:",

basicCells,", new basic cells", newBasicCel | s]; *)
I ndexedVert ex [mapS, mapT, newBasi cCel | s, SparseArray[V+d M]]

1.

vert ex] returnsthe vertex obtained by inserting the given non-basic cell into
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in328)= St eppi ngSt onePath[{s_, t_},
vertex: I ndexedVertex [mapS_, mapT_, basicCells_, V_1]:=
Mbdul e[ {nei ghbors, visit, parent, cell, path, getMatrix, visited, f},

visited[_] : = Fal se;
nei ghbors[{u_, True}] : = {&#[2], Fal se} &/e

(Sel ect [basicCel l's, #[1] ==u A Not [visited[{#[2], Fal se}]] &]);
nei ghbors[{v_, Fal se}] : = {#[1], True} &/e

(Sel ect [basicCell's, #[2] ==v A Not [visited[{#[1], True}1] &1);

f[{{a_, True}, {b_, False}}]:={a, b};
f[{{a_, False}, {b_, True}}]:={b, a};

visit [node_] : =

(visited[node] = True;
Scan[ (parent [#] = node; visite#) & nei ghbors[node]]
):

getMatrix[{}, sign_1:={};
getMatrix[lst_, sign_]:-=
(If[sign<OA EpsilonLeq[Extract [V, Firstelst], Extract [V, cell]],
cell =Firstel st]; (x update cell =x)
Append[get Matri x[Rest el st, - sign], Firstelst - sign]);
(» conmpute arrayrul es =)

(*DebugPrint [PrPrintevertex]; =)

(» search for an alternating path froms to t =)
parent [{s, True}] = {}; (x {s,True} is the root of the tree x)
visit [{s, True}]; (* conpute the spanning tree rooted in {s, True} =)

(» get the alternating path from {t,False} to {s,True} =)
pat h = Append [f /ePartition[

(Mbst @Nest Whi | eLi st [parent, {t, False}, #1={} &]), 2, 11, {s, t}1;
cell =Firstepath; path =getMtrix[path, -17;

{cel |, SparseArray[path, D nensionseV]}

1;
in320)= BestVertex[dist_, {redCost_, nbCell _}, vertex_]:=
Modul e[{currVertex =vertex, currRedCost =redCost, currNoCell = nbCell },

Wi | e[curr RedCost < 0,
currVertex = Steppi ngStone[currNbCel |, currVertex];
(» nove to a better vertex =)
(xDebugPrint [PrPrintecurrVertex]; =)
(» update the current |east reduced cost =x)
{curr RedCost, currNbCel | } = Addt oBase[di st, currVertex];
1
currVertex
1
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in3sop= PrPrint [I ndexedVertex[mapS_, mapT_, basicCells_, V_1]1:=
Modul e [ {basi c},

basi c[value_, index_]: =
Styl e [Epsi | onRenoval eval ue, Red, Bol d] /; Menber Q[basi cCel | s, i ndex];
basi c[value_, _]1:=val ue;

Tabl eFor m[Mapl ndexed [basic, V, {2}],
Tabl eHeadi ngs » {ToStri ng[#[2]] &/@nmapS, ToString[#[2]] &/@mapT}]
1
PrPrint [x_]:=X;

m lterative Algorithm

Given the numer of states| S| , Bot t onDi st[| S| ] returnsthe bottom distance
inz3z;= BottonDi st [size_]:=Table[0, {size}, {size}];

in333;= TopDi st [size_]:=Table[l, {size}, {size}];

The funtion A implements the distance transformer

inE34= A[MC[TM_, labels ], A_J[dist_]:=
Modul e[ {si ze = Lengt hel abel s, Margi nal, TP, Newval ue},
Mar gi nal [state_] : = Sel ect [i ndexed[TM[state, Al I 1], &#[1] > 0 &];
TP[s_, t_]1:=Modul e[{vertex = GuessVertex[Marginal [s], Marginal [t]]},
Best Vert ex [di st, Addt oBase[di st, vertex], vertex]];

Newval ue[s_, t _]:
Newval ue[s_, t _]:

Modul e[ {cel | Cost, opt Schedul e = TP[s, t]},

cel | Cost [I ndexedVertex[mapS_, mapT_, _, V_I11[{i _, j_}]:=
getDi st Val ue[dist, {i /. mapS, j /. mapT}] = Epsi | onRenmoval [V[i, j11;

A %= Plus @@ (cel | Cost [opt Schedul e] /@ opt Schedul e[3])

1

(» conmpute the new val ues for each pair =)
Tabl e[Newval ue[s, t], {s, size}, {t, size}]
1

nE3s= lterativeAlg[nmc: MC[_, labels_1, a_,
OptionsPattern[{StoppingTime -> 4, Verbose » Fal se}]1] : =
Modul e[{t =0, iterCount =0, size =Length[labels], dt, old, curr},
Set Opt i ons [Conput eDi st ances, Verbose -» Opti onVal ue[Verbose]];
(» initialization =)
ol d = TopDi st [Lengt h[l abel s17;
curr = BottonDi st [Lengt h[l abel s17;
(» iteratively apply A, until the extact result is reached or
the StoppingTi mre has been exceeded )
VWil e[t < OptionValue[Stoppi ngTime] A curr # old, ( =*)
old =curr;
{dt, curr} =Tim ng[A[nT, A][old]];
t +=dt; iterCount ++;
1
{t, R[iterCount, Length[SaneLabel sPairs[nc]], curr]}
1

1/; | abel s[s] # | abel s[tT1;

|33
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= On-the-fly Algorithm for computing Bisimilarity Pseudometric

Given as input an indexed vertex v, SubPr obl ens[ v] returns the list of active subproblems. This is simply done by
selecting the (non-degenerate) basic cells of w.

in3el= SubPr obl ens [| ndexedVert ex [mapS_, mapT_, basicCells_, V_1]:=
Del et eDupli cates[(Sort [{#[1] /. mapS, #[2] /. mapT}] &) /e
Sel ect [basi cCel | s, Epsil onRenoval [Extract [V, #]] >0 &]1;

in337)= Fi xedDi stancef[dist _, {i_, j_3}]:=MatchQ[distf[i, jI, _Fixed];
(» says if the distance is fixed or not =)

in33gi= KnownPr obl em[di st _, problens_, {i _, j_3}1:=
(» decide whether the problem (i,j) has already been considered =)
Fi xedDi stance[dist, {i, j}] || MatchQ[problenms[i, jI, _I ndexedVertex];

in339p= AddProbl em[nc: MC[_, _ ], dist_][problenms_, {i , j_}]1:=
probl ems /; KnownProbl em[di st, problens, {i, j}1;
AddPr obl em[nc: MC[TM_, | abels_1], dist_]1[problens_, {i_, j_3}]:=

Modul e[ {Mar gi nal , newertex},
Mar gi nal [state_] : = Sel ect [i ndexed[TM[state, Al I T], #[1] > 0 &];
newertex = GuessVertex[Marginal [i], Marginal [j 1];
(» guess a fesible transposrtation schedul e x)
Updat ePr obl ens [nt, di st ][problens, {i, j}, newertex]
(» recursively update the problens matrix =)

1
in341= AddProbl ems[nt: MC[_, _1, dist_][problens_, querylLst ] :=
Fol d [AddPr obl em[nt, di st ], probl ens, queryLst];

inz42= Updat eProbl ens [nc: MC[_, _], dist_][problems_, {i_, j_}, newertex_]:=
AddProbl ens [nt, dist]]
Repl acePart [probl ens, {i, j} » newertex], SubProbl ens [newertex]];

Compute the coefficients Vert exCoef fs[ (w ((S, t), (U, V)) ) uvyes2 21 et vy @((S, t), (U, v)) |
for the given (vertex) schedule

inz43)= VertexCoeffs[MC[_, | abel s_], dist_,
I ndexedVertex [mapS_, mapT_, basicCells_, V_11: =
Modul e [ {coef f Val ue, gat her Fun, aggr },
coeffvalue[{i _, j_}]1:=
get Di st Val ue[dist, {i /. mapS, j /. mapT}] = Epsi |l onRenoval [V[i, j11;

gatherFun[{i _, j_}]1:=0/; FixedDi stance[dist, Sort [{i /. mapS, j /. mapT}]11;
(* constant =)
gatherFun[{i _, j_}]:=Sort[{i /. mapS, j /. mapT}]; (*= coefficient =)

aggr [VCoef f s[unknown_, const _], Ist: {x_, __ }]:=
VCoef f s [unknown, Fol d[#1 + coeffVal ue[#2] & const, Ist]] /;
gat her Fun[x] == 0;
aggr [VCoef f s [unknown_, const _], Ist: {x_, _ }]:=
VCoef f s [Append [unknown,
gat her Fun[x] -» Fol d[#1 + Epsi | onRenoval [Extract [V, #2]1] & O, Ist]], const];

Fol d[aggr, VCoeffs[{}, 01,
Gat her By [Sel ect [basi cCel | s, coeffVal ue[#] >0 &], gat her Fun]]



OnTheFlyDist.nb |35

Acti vePr obl ens maps  each active problem to its  coefficients
(S, t) HVGrtQXCOfoS[(&) ((S, t)1 (U, V)) )(U,V)ES?’ Zl (uy#1l (v) LL)((S, t>, (U, V))}

in344= ActiveProbl ens[nc: MC[_, | abels_], dist_, problems_, queryLst_]: =
Most @ ArrayRul eseFol d[Acti veProbl ensAux [nt, di st, probl ens],
ZeroMatri x[Lengt hel abel s], querylLst];
ActiveProbl emsAux [MC[_, labels ], dist_, J[active , {s_,t _}]:=
active /; FixedD stance[dist, {s, t}] || MatchQ[active[s, t], _VCoeffs];
Acti veProbl emsAux[nt: MC[_, ], dist_, problens_][active_, {s_, t _}]:=
Fol d[Act i veProbl ensAux [nt, di st, problens],
Repl acePart [active, {s, t} -» VertexCoeffs[nt, dist, problens[s, t1]1,
SubPr obl ens [probl ems[s, t]11;

in347= Reachabl ePr obl ens [di st _, probl ens_, querylLst_] : =
Fol d[DFS[di st, probl ens],
SparseArray[{}, D nensi onsedi st, Fal se], querylLst];
DFS[di st _, problens_][visited_, {s_, t_}]:=
visited /; visited[s, t1V Fi xedDi stance[dist, {s, t}];
DFS[di st _, problens_][visited , {s_, t_}]:=
Fol d[DFS[di st, probl ens],
Repl acePart [visited, {s, t} - True], SubProbl ens[problensfs, t]11;

in3sop= Updat eW t hDi screpancy[a_, nt: MC[_, | abels_1], dist_, problens_, querylLst_7]: =
Modul e[
{aggr, VO = {}, V={}, AdjList =Table[{}, {Lengthel abel s}, {Lengthel abel s}],
egrul es, DFS, not Free, zeroVars, freeVari abl es, RenoveFree, PrintD, d,
t oBi nd, nmakeRow, A, b, sol, eqNunber, var Map, i nvVar Map, const Map},
PrintD[{x_, y_}]:="d(" <>ToString[x]<>"," <>ToString[y]<>")";

aggr [id_->VCoeffs[lst_, n_1]:=

(If[n=0, VO =Append[VO, id], V=Append[V, id]];

Adj Li st = Fol d[Repl acePart [#1, #2 » Append[Extract [#1, #2], id]] &
Adj List, Ist[Al, 171);

DFS[visited , id_]:=visited/; Extract [visited, id];
DFS[visited_, id_]:=

Fol d[DFS, Repl acePart [visited, id- True], Extract [Adj List, id]];
RenoveFreel[id_ ->VCoeffs[lst , n_1]:=

i d->VCoeffs[Sel ect [| st, Extract [not Free, First e#] &), nJ;

toBi nd[i ndex_ -» VCoeffs[_, const_], {n_}]:={index »n, n->index, n- const};
makeRow[i ndex_ -» VCoeffs[rules , 1]:=
{SparseArray[{l, index /. varMap} » 1, {1, eqNunber}] -
A SparseArray [ ({1, &#[1] /. varMap} - #[2] &) /erul es, {1, eqNunber }1};

eqrul es = ActiveProbl ens [nT, dist, probl ens, querylLst];
(» compute coefficients of active problens x)

(* LOOK FOR POSSI BLE FREE-VARI ABLES )

Scan[aggr, eqrul es]; (% construct the inverse graph =)

not Free = Fol d[DFS, SparseArray[{}, D nensionsedist, Fal se], VI;
(» detect non-free variables x)

zeroVars = Sel ect [VO, Not @Extract [not Free, #] &];

(» detect zero-variables x)

DebugPrint ["Vari abl es detected to be zero:", PrintD/@zeroVars];
(» "GAUSSI AN ELI M NATI ON' *)
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eqrul es = RenoveFr ee /@ Sel ect [eqrul es, Extract [not Free, First e#] &];

(» remove free variables fromeqrules )

sol =

| f [ (eqNunber = Lengt heeqrul es) > 0,

(* CONSTRUCT THE SI NGULAR EQUATI ON SYSTEM x)
{var Map, i nvVar Map, const Map} = Tr anspose [Mapl ndexed [t oBi nd, eqrul es]];
A= ArrayFl atten[makeRow/@eqrul es];
b = X Spar seArray [const Map, {egNunber }1;
sol = LinearSol ve[Nor mal @A, Nornal eb];

d=MtrixForm[(PrintD[# /. i nvVarMap]) &/@Tabl e[i, {i, Lengthesol }17;
DebugPrint ["Reduced Li near System ",

Mat ri xFor meA, d, "==", Matri xFor meb,

"; Solution:", d, "=", sol // MatrixForm;
sol,

DebugPrint ["Reduced Linear System it is enpty"];

{}
1

Repl acePart [di st,
Join[# - Fixed[0] &/@zeroVars, (= fix free variables to zero =)
Mapl ndexed [ (#2[1] /. i nvVar Map) - #1 & sol 1]
(» new values for the non-free variabl es x)
1
1;
ns1= getDi stVal ue[dist_, index: {_, _}]:=
Modul e [ {get Val ue},
get Val ue [Fi xed[v_]]:=vV;
getValue[v_]: =v;

get Val ue [Extract [di st, Sort @i ndex]]
1

nszi= I nitDi stances[MC[_, | abels_], estimates_] : =
Modul e[ {nuntt at es = Lengt hel abel s, set Di st },
setDist[s_, t_]:=Fixed[0] /; s=1t;
setDist[s_, t _]:=Fixed[1] /; |abels[s] # ! abel s[t];
setDist[s_, t_1]:
Fi xed[{s, t} /. estimates] /; MenberQ[estimates, {s, t} > _1;
setDist[s_, t_]:=1;

Tabl e[setDi st [s, t], {s, nunBtates}, {t, nunBtates}]
1

Vert exToChange[dist, {s,t}] == {{i,j}, {redCost, nbcell}} if theproblem(i,]j) can be further
minimized, otherwise it returns{ }
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in3s3i= Vert exToChange [probl ems_, dist_, querylLst_]: =
Modul e[{Q= queryLst, i, j, reducedcost, cell, nei ghbours, toVisit,
visited = SparseArray[{}, D nensionseprobl ens, Fal se]},

toVisit [{u_, v_}]:=Not [visited[u, v] VV Fi xedDi stance[dist, {u, v}11;
(*» a new problem should not be visited if it has been visited al ready or
its corresponding value is fixed =)
Wi | e[Lengt heQ > O,
(» take a problem fromthe queue and set it as already visited =)
{i,j}Yy=FirsteQ visited = Repl acePart [visited, {i, ]} > Truel;
(xDebugPrint ["Visited problem™, {i,]}]; *)
(» compute the | east reduced cost for the current problem x)
{reducedcost, cell } = Addt oBase[di st, problens[i, j11;
| f [reducedcost <O,
(» the first encoutered vertex to be changed x)
DebugPrint ["Non optinmal schedule for: ", {i, j}, " reduced cost: ",
reducedcost, " for introducing ", cell, " as basic"];
Return[{{i, j}, {reducedcost, cell }}1],
(» otherwi se | ook forward =)
nei ghbours = Sel ect [SubProbl ens [probl enms[i, j1], toVisit];
Q = Del et ebDupl i cat es@eJoi n[Rest @Q nei ghbour s]
15
(» none of the reached problens can be further decreased x)
{}
I
ins4:= Options [Conput eDi st ances] =
{Ver bose - Fal se, Consi stencyCheck -» True, Estimates » {}};
Conput eDi st ances: : query ="The foll owing queries are ill -fornmed: “1°.";
Comput eDi st ances: : MarkovChain =
"The 1-st argunent is not a well -fornmed rational -val ued
probabilistic Markov Chain.";
Comput eDi st ances: : Di scount Fact or ="The second argunment, nanely
1", nust be arational in the interval (0,17.";
Conput eDi st ances: : Mul ti pl eEsti mates =
"There must be at nost one estimate for each pair";
Conput eDi st ances: : WongEsti nmat es =
"Estimates must be a rationals in the interval (0,11";

Comput eDi stances[nc: MC[_, _1, A, All, options: OptionsPatternf
{Verbose -> Fal se, Consi stencyCheck » True, Estimates » {}}1]: =
Conput eDi st ances[nt, A, Al l Pai rsent, options];
Conput eDi stances[nt: MC[_, _1, A, queryLst , OptionsPattern]
{Verbose -> Fal se, Consi stencyCheck » True, Estimates » {}}]]: =
(I f [OptionVal ue[Consi st encyCheck], Checkl nput [nt, A, querylLst]];
(» Set Options for ConputeDi stance =x)
Set Opt i ons [Conput eDi st ances, Verbose -» Opti onVal ue[Verbose]];
Set Opt i ons [Conput eDi st ances,
Consi st encyCheck - Opti onVal ue[Consi st encyCheck]1];
Set Opt i ons [Conput eDi st ances, Esti mates -» Opti onVal ue[Esti mates]];
(» Start conputing the d,(s,t) =)
Comput eDi st ancesAux [nt, A, queryLst]

):
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in3e2= Checkl nput [mc: MC[_, labels_1, A, querylLst ] :=
Modul e [ {BadQuery, badqueri es, esti mates, BadEsti mat e},
BadQuery[size_][pair: {_Integer, _Integer}]:=
Not [And @@ (I nt er val Mermber Q[I nterval [{1, size}], #] &/epair)];
BadQuery[_]1[_]: = True;
BadEsti mate[si ze_][pair_ -»value_] :=BadQuery[size][pair] V
value <0V val ue > 1\ Not evat chQ[val ue, _Rational | 1];

estimates = OptionVal ue[Conmput eDi st ances, Estinmates];
Whi ch [
Not e Mar kovChai nQ[nt],
Message [Conput eDi st ances: : Mar kovChai n]; Abort [],
A<0V A>1VNot ematchQ[a, _Rational |17,
Message [Conmput eDi st ances: : Di scount Fact or, A]; Abort [],
Lengt heesti mates >
Lengt heDel et eDupl i cat es[esti mates, First es#l == Firsteu2 &],
Message [Conput eDi st ances: : Mul ti pl eEsti mates]; Abort [],
Sel ect [esti mat es, BadQuery[Lengt hel abel s]1]1 > 0,
Message [Conput eDi st ances: : W ongEsti nat es]; Abort [],
(badqueri es = Sel ect [queryLst, BadQuery[Lengthel abel s]]) >0,
Message [Conput eDi st ances: : pai r, badqueries]; Abort []
1
1
in3e3= Comput eDi st ancesAux[nt: MC[TM, | abels_], A_, querylLst_]:=
Modul e[ {sortedQuery, query, Fi xDi stance, currProbl ens, tinmng,

currDist =InitDi stances[nt, OptionVal ue[Conput eDi st ances, Estinmates]],
vtc, prb, rcCell, newertex, iterations =0},

Fi xDi stance[dist_, {s_, t_}]:=dist /; FixedDi stance[dist, {s, t}];
Fi xDi stance[dist_, index: {s_, t_}]:=
Fol d[Fi xDi st ance,
Repl acePart [di st, i ndex » Fi xed[get Di st Val ue[di st, index]1]1],
SubPr obl ens [curr Probl ens[s, t]11;

(» Initialization x)
tinme =FirsteTimng[
sortedQuery = Del et eDupl i cates|[
Sort /@Sel ect [queryLst, Not eFi xedDi st ance([currDi st, #] &]1;
Wi | e[sortedQuery # {},
DebugPrint ["Pairs to conpute: ", sortedQueryl;
(» pick at randoma pair fromthe query =)
query = sortedQuery[Random nt eger [{1, Lengt hesortedQuery}, 111;
DebugPrint ["Picked pair: ", queryl;
currProblens =
AddPr obl ems [nT, currDi st][ZeroMWatri xeLengt hel abel s, query];
Print Acti veProbl ens[currDi st, currProbl ens, query];
currDi st =
Updat eW t hDi screpancy [A, nt, currDist, currProbl emrs, queryl];
(*DebugPrint [Matri xFormecurrDi st ]; *)
(» ook for a non-optinal transportation schedul e x)
vtc = VertexToChangel[currProbl ens, currDist, queryl;
VWil e[vtc # {},
iterations++;
{prb, rcCell} = vtc; (* consider the schedule to be optim zed x)
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(» nove to a better coupling =)
newertex =
Best Vertex[currDist, rcCell, Extract [currProblens, prb]];
currProbl ems = UpdateProbl ens[nt, currDist][
currProbl ens, prb, newertex];
Print Acti veProbl ens[currDi st, currProbl ens, query];
(* update the current
distance with the (locally) conmputed di screpancy =)
currbDi st = UpdateWthDi screpancy[A, nt, currDist,
curr Probl ens, query];
(*DebugPrint [Matri xFormecurrDi st ]; *)
(» ook for the next non-optimal transportation schedul e x)
vtc = VertexToChange[currProbl ens, currDist, queryl];
1
(» Set the current active problens as fixed x)
currbDi st = Fi xDi stance[currDi st, Firstequery];
(*DebugPrint [Mat ri xFormecurrDi st ]; *)
(» update the query list =x)
sortedQuery = Sel ect [sortedQuery, Not @Fi xedDi stance[currDi st, #] &];
15
DebugPrint ["There are no nore pairs to process."];
DebugPrint ["Total solved TPs: ", iterations];
DebugPrint ["Execution Tine: ", tinme, " sec"];
(# > get Di st Val ue[currDi st, #] & /@queryLst
1

= Bisimilarity
BisimQuotient[mc] returns an MC with all bisimilar states lumped together

in3e4:= Bi si mQuotient [nc: MC[tm, labels_1]:=
Modul e[ {Rat e, Quo},
Quo = Bi si nJ assesent;
Rate[cl assl_, class2_] :=Plusee (t m[Fi rst ecl assl, #] &/ecl ass2);
MC[Tabl e[Rate[i, j], {i, Qo}, {j, Quo}], | abel s[First e#] &/@Quo]
1;

BisimClassesmc] returns the quotient w.r.t. bisimilarity
nEesi= Bi simd asses[nc: MC[_, _1]:=

Fi xedPoi nt [ (Uni onee# &) /@ Gat her [#, I ntersection[#l, #2] # {} &] &
Sel ect [Conput eDi stances[nt, 1, All, Verbose -» Fal se], #[2] ==0&][A |, 171;
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